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Abstraet. The theory of orthomodular ortholattices provides mathematical
constructs utilized in the quantum logic approach to the mathematical foundations
of quantum physics. There exists a remarkable connection between the mathematical
theories of orthomodular ortholattices and Baer *-semigroups; therefore, the question
arises whether there exists a phenomenologically interpretable role for Baer *-semi-
groups in the context of the quantum logic approach. Arguments, involving the
quantum theory of measurements, yield the result that the theory of Baer *-semi-
groups provides the mathematical constructs for the discussion of “operations”
and conditional probabilities.

0. Introduction

An affirmative answer to the following question would be extremely
useful in the quantum logic approach to the foundations of quantum
physics:

Question I. Does the collection of events pertaining to a physical
system, which exhibits quantum effects, admit a phenomenologically
interpretable orthomodular ortholattice structure ?

If the word ‘“ortholattice” is replaced by “‘orthoposet’’, then the
answer is evidently affirmative. This aspect of Question I will be reviewed
in Section I.

There exists a remarkable connection between orthomodular ortho-
lattices and Baer *-semigroups. If (S, o, *, ') is a Baer *-semigroup, then
there exists an orthomodular ortholattice (P'(S), =<, ") with P’(S)cC 8.
If (L, <,’) is an orthomodular ortholattice, then there exists a Baer
*.gemigroup (S(L), o, *, ") where S(L) consists of a set of mappings of
from L into L and there exists an injective mapping j:L — S(L).
Since orthomodular ortholattices evidently have a role in the quantum
logic approach?! and since orthomodular ortholattices and Baer *-semi-
groups are closely related mathematical objects, the following question
arises:

* Supported in part by the United States Atomic Energy Commission.
1 For example, the set of events has the structure of an orthomodular ortho-
lattice in von Neumann’'s Hilbert space model of quantum mechanics.
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Question I1. Do Baer *-semigroups have a phenomenologically inter-
pretable role in the quantum logic approach %

In Section II, this question will be answered positively provided one
accepts a number of assertions of the conventional quantum theory of
measurements?. Indeed, the theory of Baer *-semigroups will provide
mathematical constructs for the discussion of operations?® and conditional
probabilities within the context of the quantum logic approach. A
corollary to the affirmative answer of Question IT will be the assertion
that the orthoposet of events in Question I is an ortholattice. Further-
more, a new approach to the phenomenological interpretation of the
lattice operations will be obtained.

Necessary definitions and theorems from the theories of orthomodular
ortholattices and Baer *-semigroups are included in an Appendix.

I. Event-State Structures

The quantum logic approach to the mathematical foundations of
quantum physics studies two distinguished sets, the set of events and the
set of states, pertaining to a physical system. Some formulations of the
quantum logic approach treat events as primitive entities and states as
derived entities (see, for example, [3, 4, 12, 13, 23]). Other formulations
treat the events and the states as equally primitive entities (see, for
example, [7, 9, 15, 17, 18, 25, 28, 30]). Although the collection of axioms
varies from one formulation to another, the following definition yields a
mathematical structure which is widely utilized.

Definition I.1. An event-state structure is a triple (&, &, P) where

i) & is a set called the logic of the event-state structure and an element
of & is called an event,

ii) & is a set and an element of ¥ is called a state,

iii) P is a function P: & x & — [0, 1] called the probability function
and if p € & and « € &, then P(p, «) is called the probability of occurrence
of the event p in the state «,

iv) if p € &, then the subsets & (p) and F,(p) of & are defined by

F(p) ={e€F: P(p, ) = 1}

Fop) ={a2 €S : P(p, ) = 0}
and if « € & (p) (respectively, o € % o(p)) then the event p is said to
occur (respectively, non-occur) with certainty in the state «, and

v) Axioms I.1 through 1.7 are satisfied.
Axiom 1.1. If p, ¢ € & and £, (p) = &1 (q), then p = q.

2 For a review of the quantum theory of measurements, see [11] and [12].
3 The concept of operation was introduced in the algebraic approach to quantum
field theory by Haac and KastrLer [10].
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Axiom 1.2. There exists an event 1 € & such that & (1) = &.

Axiom 1.3. If p, q € & and &, (p) C &1 (q), then Fy(q) T Lo (p).

Axiom I.4. If p € &, then there exists an event p’ € & such that
L) = Fo(p) and Sy (p') = F1(p).

Aziom 1.5, If

i) Py, Pgs - - . € & and

i) & (ps) CFo(py) for i =7,
then there exists a p € & such that

a) S1(p;) C S (p) for all 4,

b) if €& and F;(p,) T F1(q) for all 4, then & (p) S (g), and

c) if « € &, then

P(P, “)ZZP(%’ O() .
(3

Axiom 1.6. If o, p €& and P(p, a) = P(p, ) for all p €&, then
o=p.
Axvom 1.7. If
i) a17a2’~‘-€y;
ii) #;, 85, . . . €[0, 1], and
i) 3t =1,

then there exists an o € & such that

P(p, o) = X t;P(p, @)

for all p € &.

The phenomenological interpretation of the mathematical system,
event-state structure, may be specified by selecting a collection of rules
for the interpretation of the primitive entities: events, states, and
probability function. The following collection is a possible (but obviously
not the only) choice for these rules. An event-state structure (&, &, P)is
associated with the class of physical systems of a specified kind. A state
may be identified with a ‘state-preparation procedure”, that is,
instructions for an apparatus which produces sample physical systems
of the specified kind. An event may be identified with the “occurrence
or non-occurrence’ of a particular phenomenon pertaining to physical
systems of the specified kind. More specifically, an event may be identi-
fied with an “observation procedure”, that is, instructions for an appara-
tus which interacts with a sample physical system and indicates either
yes or no corresponding to the occurrence or non-occurrence of the
phenomenon*. The interpretation of P (p, «) for p € & and « € & would
then be the following. Prepare an ensemble of sample physical systems
utilizing a state-preparation procedure corresponding to c«. Determine

¢ For comments on state-preparation procedures and observation procedures
(in the context of the algebraic approach to quantum physics), see [5].
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the occurrence or non-occurrence of the event p utilizing an observation
procedure for p with each sample of this ensemble. If the ensemble is
sufficiently large, then the frequency of occurrence of P should be close
to P(p, ).

The phenomenological interpretation of the general aspects of the
quantum logic approach are discussed in [12], in particular, Chapters 5
and 6; however, brief comments on the specific axioms adopted above
will be necessary.

Axiom 1.1 asserts that if p and ¢ are events and if the set of states in
which p occurs with certainty coincides with the set of states in which ¢
occurs with certainty, then the events p and g are identical. This axiom
is stronger than the corresponding axiom adopted, for example, in [18]
and [25]. Its adoption is motivated by the phenomenological inter-
pretation of the relation < introduced in the following definition.

Definition 1.2. If (&, &, P) is an event-state structure, then the
relation < on &, called the relation of implication, is defined as follows:
for p,q € &, p = q means & (p) C S (9).

The relation =< is evidently reflexive and transitive, since C is a
reflexive and transitive relation®. Axiom I.1 and the antisymmetry of
C imply that < is antisymmetric; hence, the relation < is a partial
ordering of &. The phenomenological interpretation of the relation <
may be briefly summarized: p =< ¢ means if p occurs with certainty,
then ¢ occurs with certainty. Indeed, if o € &% is any state and if p occurs
with certainty in the state o, then o € & (p) C ¥ (q) when p < g and ¢
occurs with certainty in the state o. This interpretation of < evidently
corresponds to the phenomenological concept of implication (see [12, 13,
23, 24, and 277) more closely than the relation < on & defined as follows
(see [18, 19, 25, and 31]): for p,q €&, p < q means P(p, ) = P(q, «)
for all « € <.

Axioms I.1 and 1.2 assert the existence of a unique event 1 € & such
that %;(1) = & (and, hence, (1) = 0); moreover, 1 is the greatest
element of & with respect to < since p < 1 for all p € &. Axioms 1.1 and
1.4 assert if p € &, then there exists a unique p’ € & such that &) (p)
= Fo(p) and Fo(p') = &, (p). Axiom 1.4 applied to the event 1 ¢ &
yields the unique event 0 in & such that %;(0) = @ and &,(0) = &,
namely, 1’; moreover, 0 is the least element of & with respect to < since
0 < pfor all p € &. These remarks motivate introduction of the following
terminology.

Definition 1.3. Let (&, &, P) be an event-state structure.

a) The unique event 1 € & such that & (1) = & and Sy(1) = 0 is
called the certain event.

5 See the Appendix for definitions of terminology from the theory of ortho-
modular ortholattices.
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b) If p € &, then the unique event p’ € & such that &%, (p') = Fy(p)
and Fy(p') = L (p) is called the negation of p.

¢) The unique event 0, namely, 1’, of & such that &;(0) = 0 and
F6(0) = & is called the impossible event.

Axiom 1.3 asserts if p, ¢ € & and & (p) C &, (q) (that is, “if p occurs
with certainty, then g occurs with certainty”), then &, (¢) C %, (p) (that
is, “if ¢ non-occurs with certainty, then p non-occurs with certainty’’).
Consequently, in terms of < and ’, Axiom L.3 asserts if p, ¢ € & and
p =< g, then ¢’ < p’. From the defining property of p’ and Axiom I.1, it
is also evident that (p’)’ = p for all p € &. Since &) (p) N F;(p') = 0,
the greatest lower bound of p and p’ with respect to < exists and equals
the impossible event 0. Since S (p) N Fo(p') = 0 and Axioms 1.2 and
1.3 are valid, it also follows that the least upper bound of p and p’ with
respect to < exists and equals the certain event 1. These remarks are
summarized by the following theorem.

Theorem L.1. If (&, &, P) is an event-state structure, then

a) (&, =) is a poset,

b) 0 and 1 are the least and greatest events, respectively, of the
poset (&, <),

¢) p— p’ is an orthocomplementation of the poset (&, <),

d) if p, g € &, then the following are equivalent:

i) p=g,

i) 4 (p)C S1(g),

iii) &o(q) < Z(p),

e) if p, ¢ € & then the following are equivalent:

i) p L ¢ (for definition, see Appendix),

i) &1(p)C F4(q),

ii) p=q'.

f) and if p € &, then the following are equivalent:
i p=0,

i) &(p) =0,

iii) Fo(p) = .

Proof. Only assertions e) and f) remain to be proven. The relation |
on & is defined by p | ¢ means p < ¢'. p = ¢ is equivalent to
1 (p) C L1 (¢") and, hence, also to & (p) C F,(q), since Fy(q) = S, (¢').
Assertion f) follows immediately from d) by taking ¢ = 0.

The following definitions are useful for the discussion of Axiom 1.5,
1.6, and 1.7.

Definition I.4. Let (&, &, P) be an event-state structure.

a) If p,g € & and p 1 g, then p and q are mutually exclusive events.

b) If « € &, then the function y,: & — [0, 1] is defined by

Ue(p) = P(p, ), pES.
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c) & denotes the set defined by
S ={Ug: x € F}.

For p,q € &, p and q are mutually exclusive events if and only if
“p occurs with certainty whenever ¢ non-occurs with certainty”. Con-
sequently, p | ¢ is a generalization of the concept of mutually exclusive
events of conventional probability theory. Axiom 1.5, therefore, asserts
if Py, Py, - . . is a countable set of pairwise mutually exclusive events,
then there exists a p € & such that

a) p; < pforall i,

b) if ¢ € & and p; < ¢ for all 7, then p < ¢, and

c) if « € &, then

P(p, o) = 3 P(ps, 2)
7

or
1a(0) = X 1a(p) -

a) and b) express the fact that p is the least upper bound, V p;, of the
7

set {py, P, . . .} of events. Consequently, Axiom I.5 asserts the existence
of the least upper bound of countable sets of pairwise mutually exclusive
events and, furthermore, the law of additivity of probabilities for
mutually exclusive events (see [14]).

Theorem 1.2. If (&, &, P) is an event-state structure, then

a) (é’, =, ') is an orthomodular ¢-orthoposet,

b) & is a strongly-order-determining, o-convex set of probability
measures on (&, <, ), i

) o — U, is a bijection of & onto &.

Proof. (&, =,") is a g-orthoposet and y, is a probability measure on
(&, <,') for e;ach o €% because of Axiom I.5. Axiom I.6 and the
definition of &% assert that « — u, is a bijection. Axiom I.7 asserts the

g-convexity of P. P is strongly-order-determining because for p, g € &,

it #1(p)CF1(g), then p=gq
is equivalent toA i
if{uc pup)=1c{ucS u@=1} then p=gq.

(€, =,") is orthomodular, since any orthoposet possessing a separating
set of probability measures is orthomodular.

The proof of the converse of Theorem 1.2 is straightforward and left
to the reader.

Theorem 1.3. If

a) (Z, <, 1) is a o-orthoposet,

b) A is a o-convex, strongly-order-determining set of probability
measures on &, and
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c) P:Z XM~ [0,1]is defined by
Px,m)=m(x), xc% méecA,

then (Z, #, P) is an event-state structure; moreover,
i) forz,y € X, x <yifand onlyif v < y,
ii) for z E%A", zl =2/, and
iii) M = M. i
(where # < y, ' and # are defined using the definitions relating to
event-state structures).

Consequently, an event-state structure may be viewed either as a
triple (é:, &, P) satisfying Axioms I.1 through 1.7 or a pair (&, .SA”)
where & is a o-convex, strongly-order-determining set of probability
measures on an orthomodular g-orthoposet. Both of these points of view
will be employed in the following.

Example I.1. If Z(H) is the set of all orthogonal projections on a
separable complex Hilbert space H of dimension greater than two, if
(Z(H), &, P) is an event-state structure, if < coincides with the usual
order of projections,

P<Q if PQ=P, P,QcP(H)

and if P’ is the orthogonal complement of P(P’ = I — P)for P ¢ #(H),
then there exists a bijection « € & — D, of & onto the set & (H) (the set
of density operators) of all positive, trace-class operators with trace
equal to one such that

P(P, o) =Tr(D,P)

for all P ¢ Z(H), a ¢ &. This, of course, is the event-state structure of
von Neumann’s Hilbert space model of quantum mechanics (see [29]
and [18], pp. 71 —81). )

Example I1.2. The event-state structure (&, &) where & is a g-algebra

of subsets of a set X and & is a o-convex, strongly-order-determining set
of probability measures on & corresponds to the Kolmogorov model of
probability theory (see [14 and 21]) with the additional feature that
many probability measures are considered instead of one distinguished
probability measure.

The formulations of the quantum logic approach to the foundations of
quantum physics presented in [7, 18, 25, 28, 31] are evidently more
general than the formulation adopted here. Indeed, these formulations
replace the strongly-order-determining property of & by at least one
of the following consequences of this property: (1) Fis order-determining
and (2) if p € & and p + 0, then there exists an « € & such that p,(p) = 1.

Discussions of the condition of strong-order-determining may be found
in [8, 17, and 30].
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II. Event-State-Operation Structures

Heuristic arguments have motivated the study of mathematical
constructs corresponding to a number of physical concepts. For example,
the notion of compatibility (or simultaneous observability) of events
corresponds to a distinguished relation (§ on & (see [13, 18, and 25]).
There exists at most one relation (§ on & with the following properties:

a) if p,qg € & and p < ¢, then p ( ¢;

b) if p, ¢ € & and p ( ¢, then

)pCdq,

i) ¢ G p,

iii) p A g and p V ¢ exist in &, and

¢) if Py, P2, 4 € &, Py G P2 p1 G ¢, and p, G ¢, then

) pAp G g,
) (pnAp)Ve=(mVaVipVa.

Indeed, the relation ( is determined by the following property: for
p,q €&, p () qif and only if there exists a Boolean sublogic # C & such
that p, ¢ € 4. The existence of a relation ( satisfying a), b), and c¢) is not
asserted; however, there always exists a relation ( which satisfies
properties a), b), and the following:

) Hpy, Py, g €€, 0y G Pos 1 0 ¢ P2 G g and (p, V g) A (py V q) exists
in &, then

i) p AP C g,
) (p Ap) Vag= (0 V)N (DV Q).

This relation § may be defined as follows: for p, ¢ € &, p ( ¢ means
there exists pq, qo, 7 € & such that

i) po L 9o,

il) po L r and p=p, V r,

iii) ¢y L 7 and g =g¢q, V r.

If p,g€ & and p (¢, then p A ¢ exists in &. The lattice property of
(€, =,’) discussed in Question I, therefore, becomes the following:
if p, g € & and p ( ¢ does not hold, then does p A ¢ exist in & ? The cor-
responding phenomenological question is evidently the following (see
[12], pp. 74—"78): if observation procedures for two incompatible (i.e.,
non-simultaneously observable) events are given, then how does one
describe the observation procedure for the “and” (or conjunction) of
these two events ? Although answers to this question have been attempted
in [1, 2, 12, 17, 23 and 24], no completely adequate answer is currently
available. For example, in the context of an event-state structure, the
arguments of [12, 23, and 24] reduce to the assertion of the universal
validity of the hypothesis of the following theorem.

Theorem II.1. Let (&, &, P) be an event-state structure. If p,, p, € &
and there exists an event p € & such that

F1(p) = F1(p) N F (D) s
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then the greatest lower bound p; N\ p, of p, and p, with respect to < extsts
and equals p.

Proof. Since p satisfies & (p) = S (p) N F1(ps) by hypothesis,
F1(P)C 1 (p) and F(p) CF1(py); hence p = p, and p < p,. Let
g€S, ¢ = p, and ¢ < p,. It follows that &;(q)C L (p,) and &;(q)
CZ1(py); hence F(q) T F1(p) N L1(py) = <1(p) and ¢ = p. Conse-
quently, if ¢ € &, ¢ = p, and ¢ < p,, then g < p. Therefore, the greatest
lower bound of p; and p, exists and equals p. Q.E.D.

One result of this section will be to provide a new approach to
Question I by introducing the theory of Baer *-semigroups into the
context of the quantum logic approach.

The introduction of the concept of conditional probability in con-
ventional probability theory greatly enhances the utility of the theory
and deepens the mathematical structure of the theory (see [14 and 21]).
The concept of conditional probability is expressed as a mathematical
object defined constructively in terms of the primitive entities of the
theory in an intuitively obvious fashion. In the case of a general event-
state structure, there apparently exists no manifestly evident way of
defining a mathematical construct corresponding to conditional prob-
ability in terms of the primitive objects of the theory in a constructive
fashion. However, there exists a mathematical construct in von Neu-
mann’s Hilbert space model of quantum mechanics which is widely
employed to represent the concept of conditional probability. These
remarks provide the initial motivation for considering event-state-operation
structures, event-state structures equipped with an additional primitive
entity corresponding essentially to conditional probability. A role for
Baer *-semigroups in the quantum logic approach will emerge from the
study of these event-state-operation structures.

Definition I11.1. Let (&, &, P) be an event-state structure.

a) 2 denotes the set of all maps z: 9, —+ %, with domain 2,C &
and range Z,C L. If v ¢ X and « € @, then z(x) (or z«, for brevity)
denotes the image of « under .

b) If x, y € 2, then x = y means

i) 9,= 2, and

i) woe = yo forall o« € Z,.

) 0:9,— A, is defined by 9, = 0.

d) 1: 9, - 2, is defined by

i) 9, = & and

ii) laa = o for all « € 2,.

e) lfw,yc 2, thenwoy: D,,, > #,,, is defined by
1) Dyoy={2€9,:ya € 2,} and

i) (xoy)a=a(ya) for all « € Dy,
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In all manipulations with the elements of 2 care must be taken to
examine the domains of definition (as, for example, domains of defini-
tions must be checked for unbounded operators on Hilbert space). It is
evident that (X, o) is a semigroup with a unit element 1 and a zero
element 0.

Definition I1.2. An event-state-operation structure is a 4-tuple
(&, &, P, Q) where (&, &, P) is an event-state structure and 2 is a
mapping 2: & - X(p € & — 2, € 2) which satisfies Axioms II.1 through
I1.7. If p € &, then 2, is called the operation corresponding to the event p
(velative to ). If p € & and o € D, then Q,a is called the state con-
ditioned on the event p and the state « (velative to 22). If, moreover, q € &,
then P(q, 2, ) is called the probability of q conditioned on the event p and
the state o (relative to Q). S, denotes the subset of X defined by

S:{.QPIO.QMO‘ o Oanfpl:pz’ . >pn€éa}
An element of S, is called an operation.
Aziom I1.1. 1f p € &, then the domain D, of £, coincides with the
set &, defined by
Dy={a€SF:P(p, a)+0}.
Axiom I1.2. M p €&, a €D, and P(p, ) = 1, then
Qo= 0.
Aaziom I1.3. If p € & and « € Z,, then P(p, 2,0) = 1.
Axiom I1.4. If Py, Do, « « s Py Q1> G5 -+ - «5 @ € € and
2,080,000, =80, 080,008,
then
0, 08, 0080, =0, 080, o---08,.

Dn-1
Axiom I1.5. If x € ¥, then there exists a g, € & such that
F10) =CDy={0 L 0 tD,}.
Axiom I1.6. If p,q € &, ¢ < p and o € @, then
Plg, Q,0) P(g, o)

T P(pya) ”
Axiom I1.7. If p,qg € &, p ( q and o € D, then

P(q, 2, a)=P(pAgq 2,0).

The rules of interpretation for an event-state structure must be
augmented to include the concept of operation. The rule of interpretation
adopted here depends upon the following phenomenological assertion.
If p € &, then an observation procedure for p can be selected to fulfill the
following ““gentleness” requirement: after utilizing this observation procedure
with a sample physical system to determine the occurrence or non-occurrence
of p, the resulting physical system is again a member of the class of physical
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systems corresponding to (&, &, P). A critical discussion of this assertion
may be found in [12 and 19]. If p €& and « € & with P(p, «) = 0,
then the following describes a state-preparation procedure:

Step A. Produce a sample physical system utilizing a state-preparation
procedure corresponding to c.

Step B. Determine the occurrence or non-occurrence of the event p
utilizing an observation procedure corresponding to p.

Step C. If the event p occurred, then accept the physical system
resulting from this observation procedure as a sample physical system;
if the event p did not occur, then do not accept the resultant physical
system as a sample.

There should exist a state in % corresponding to this state-prepara-
tion procedure. The rule of interpretation for 2, adopted here is the
assertion that this state is £, . The terminology operation is employed
since this rule of interpretation corresponds essentially to a special case
of the “operations” utilized by Haac and KASTLER in the algebraic
approach to quantum field theory [10].

Example I11.1. The event-state structure (#(H), &, P) of von Neu-
mann’s Hilbert space model of quantum mechanics admits an operation
map 2. Indeed, for P ¢ #(H), 2p may be defined as follows: if « € & is
the state with density operator D, € Z(H) and

P(P,a)=Tr(D,P)=+0,

then Qpo is the state o’ € & with the density operator D, € & (H) given
by

PD,P
“ = Tr(D,P) °
This is the usual way of introducing ‘“‘conditional probability’’ in quantum
mechanics (see, for example, [20], p. 333 and [16]). The verification of
all the axioms except Axiom IL.5 is straightorward. If z ¢ ¥, and
x=280p o+ 0Qp, where P;, P,, ..., P, ¢ #(H), then the projection
@ on the null space of P, P, ... P, satisfies Axiom IL5.

Example 11.2. The event-state structure (&, 99) of Example 1.2 a159
admits an operation map. For p € &, 2, is Adefined as follows: if y € &

and u(p) % 0, then 2, u is the element of ¥ defined by
(® A
(2, (g) = HLEBD g

This is the usual formulation of conditional probability from the Kolmo-
gorov model of probability theory. The verification of the axioms is
straightforward in this case.

The motivation for Axioms II.1 through II.7 will now be discussed
utilizing the previously adopted rule of interpretation. If p € & and
o € &, then the rule of interpretation yields a state in the case P(p, «) + 0;

D
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however, the rule of interpretation does not yield a state when P(p, o) = 0,
since the samples will not satisfy the condition that the event p occurs.
Consequently, the domain Z, of £, should, indeed, be the set
D,={a €S P(p, a) + 0}. Axioms I1.2 and I1.3 evidently assert that
the observation procedure corresponding to p € & may be selected to be
a measurement of the first kind in the sense of Pauli (see [12 and 227).
Axioms I1.6 and II.7 are immediate consequences of the assertion: if
P, q € & and p( g, then the observation of the event g should not disturb
the results of the observation of the event p (since p and ¢ are com-
patible events) and, hence, the arguments about frequencies of occur-
rence of conventional probability theory should be applicable.

Consequently, Axioms IL.1, I1.2, I1.3, I1.6, and IL.7 are explicitly
part of the conventional quantum theory of measurements. Axioms I1.4
and IL.5 are implicitly part of the conventional quantum theory of
measurements since Example I1.1 satisfies these axioms; however, the
role of these axioms has evidently not been previously discussed.

If « € Sy, then there exist p, Py, . . ., P, € & such that

x=20,080,0--:00,.

The element x of S, therefore, represents the experimental procedure
of first executing the operation £2, , then executing the operation 2, ,
and so on until finally executing the operation £2,. The experimental
procedure obtained by executing these operations in the reverse order
yields an element of S, also, namely, 2, 0cQ, o---0Q, . It, there-
fore, seems desirable to introduce a mapping * of S, into S, which cor-
responds to this reversal of the order of the execution of operations.
Consequently, z* would be the element 2, 0, o---08, of S,.
However « — a* might not be a well-defined mapping. Indeed, there
might also exist ¢y, ¢y, . . ., ¢ € & such that 2 =0, 0, 0--- 08, ,
(x also represents the experimental procedure of first executing £,
then executing £, |, and so on until finally executing £,) but such
that the “reversal” of this experimental procedure does not coincide
with the “‘reversal” of the experimental procedure corresponding to the
p;’s; that is,

Q

D

p 082, 0 002, =0, 080,000,
but

Q, 080, o080, +0 00  o---08,.
Axiom IT.4 asserts that this does not happen; consequently, the following
mapping * : Sy — Sg is well-defined.

Definition 11.3. Let (&, &, P, ) be an event-state-operation struc-
ture. The mapping * : S, — S, is defined as follows: if & € S, then select
P1> Pos « + -5 Pp € € such that
x=0, 080,008,

9 Commun. math. Phys., Vol. 9

I m-1
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and define «* to be the element
k=0, 080, o080,

Theorem IL.2. If (&, &, P, L) is an eveni-state-operation structure,
then Sq is a subsemigroup of X'; moreover,

a) 2,=0, 2, =1,

b) if p € &, then

02,00,=0,

and the range of £2,, equals &} (p);

c) *:8g— S is the unique mapping at Sg into Sq such that

1) * 4s an involution for the semigroup (Sg, o),
i) (2= 8, forall p€&;
d) if p, g € &, then the following are equivalnet properties:
)p=g,

i) 1 (p) T F1(9),

i) #4(q)C Fo(p),

iv) 2,00,=Q,,

V) 2,080,=10,.

Proof. S, is obviously a subsemigroup of X relative to the com-
position o since

Spg={Q, 0082, :p,...,0,€6}.
Since
Dy={a€cF:PO,a)+0}=90,
the domain of £, is ¢ and, hence, 2, = 0. Since
D={a€cS Pla)+0}=9,

the domain of Q; is &. If « € &, then P(1, «) =1 by Axiom 1.3 and,
hence, £, o = o by Axiom I1.2; consequently, £, = 1.

Assertion b) is a consequence of AxiomsIL.1, I1.2, and II.3. Let
pEE. If « €D, then P(p, 2,x) =1 by Axiom I1.3. Hence, 2,x ¢ 2,
for o € &, and since

Dayon,= {0 €Dy 2,0CD,},
it follows that Do .o, = P, = Z,. Since P(p, 2,a) = 1 for « € Z,,
(R0 ) =02,(82,0) =2,x
by Axiom IT.2; hence, 2,02, = £2,. Since P(p, 2,«) =1 for « € Z,,
the range of 0, is contained in &, (p). If « € &;(p), then Q, o = « by
Axioms IT.1 and II1.2; hence, the range of 2, contains & (p).

It is evident that x — a* is an involution such that (2,)* = Q, for
every p € & and, moreover, it is the only such involution.

The equivalence of i), i), and iii) of assertion d) is a general property of
event-state structures. The equivalence of iv) and v) is an obvious con-
sequence of assertion ¢). Assume & (p)C&;(g). If €D, then
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0, € & (p) by Axiom I1.3, hence, if « € Z,, then Q, o € Z, and
@angp—_—‘ {OC E@,,:.onc E@q} = ‘@p .
If « € 2, then 2,a € &;(q) and by Axiom II.2
(2,082, 0= 2,(2,0) = 2,
Thus, 2,002, = 0,if & (p)CF;(q). If 2,00,= 0, then
Dy, =Doye0,= {0 €2,: 2,0 €D} D,
hence, Fy(q) C F(p) since D, = CF,(p) and 2, = CF,(q). Hence, i)
implies iii). Q.E.D.

Consequently, Axiom II.4 provides the semigroup (Sg, o) with an
involution. The existence of this involution then yields a characterization
of the partial order < of (&, =, ) in terms of product o of (Sg, o). In
terms of the theory of involution semigroups (see Appendix), the theorem
asserts: (Sp, o, *) is an involution semigroup such that

1) For each p € &, 2, is a projection, that is, £, is an element of

P(Sp)={e€8p:ece=ce*=¢}
i) p €& — 0, € P(Sy) is an order preserving map of (£, <) into
(P(8Sg), =) where
e<f means eof=ce
for e, f € P(Sy).
If x € Sp, then there exist p,, py, . . ., p, € & such that
x=20, 080,000,

Let pp+q, = 1. o € & is an element of the domain, &, of z if and only if «

is an element of the domain of 2, 0, o---08,. Consequently,
« € 9, if and only if
'ij+1 © ij+2 S Pm-l(x 6 ‘9

for j=mn,n —1,..., 1. Therefore, « ¢ &, if and only if there exists an
1, = ¢ = 1, such that

ija-l S I’n+loC E @
forj=4¢+1,...,1 and Q2 o § Z,,. Because of Axiom II.1,

1’:+1 Pn 1
this charaetemzamon of (9, may be expressed as follows: « € 02, if

and only if there exists an ¢, » = ¢ = 1, such that
P(p;, 2 1@ 0 'Qpn ) =0
forj=++1,...,1and
P(p“ Q * 0 Q 0.

This characterization of C %, evidently provides an experimental pro-
cedure for determining whether a state belongs to CZ,. Axiom II.5
9*

Z’i+1 27n+1 )
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asserts the existence of an event ¢ such that ¢ occurs with certainty in
the state o if and only if « € CZ,, that is,

If €& and ¥ (qy) = C2, also, then & (¢;) = S;(q) and, hence
Hh=9q

Definition 11.4. If (&, &, P, Q) is an event-state-operation structure,
then the mapping " : Sy — P(Sp) is defined as follows: for a € Sy, @ is
the element 2, of P(S,), where g, € & is the unique element of & such
that ¥;(q,) = C2,.

The mapping ': S, — P(Sy), provided by Axiom IL.5, gives the
involution semigroup (Sy, o, *) the structure of a Baer *-semigroup (see
Appendix).

Theorem I1.3. If (&, &, P, Q) is an event-state-operation structure, then
(Sq, o, *, ') @8 a Baer *-semigroup; moreover, the mapping p € &
— 0, € P(8y) is an isomorphism of the orthomodular orthoposet (&, <,)
onto the orthomodular orthoposet (P'(Sq), <,") (see Appendixz for a dis-
cusston of P’(Sp)).

Proof. Let x € S,. (Sp, 0, %, ") is a Baer *-semigroup provided: if
y €8S,, thenz oy = 0is equivalent toz’ oy = y. x oy = 0 is equivalent to

0=D,.y={0 €D, ya €D}

or to the assertion: (A) if « €2,, then ya € CZ,. Consequently, if
o« €9, thenyo € D, since Y, = CD,, and « € Dy, . Since D, C D,
it follows that 9., , = &, when assertion (A) holds. Since (7, = #(q.),
assertion (A) is equivalent to the following assertion by Axioms I1.2 and
1I.3: B) If « €2,, then Q, (ya) = y«. Consequently, assertion (A) is
equivalent to the assertion: (C) 2,=9%,., and if «€%,, then
(Q,, cy)a=ya. Since 2, =2a', x oy =0 is equivalent to 2" oy = y.

If p €&, then Q, € P(Sy); moreover, (2,) = Q,. Indeed, if p €&,
then

FL1(p') = Fo(p) = CCF,(p)

—09,=09,,.

and p’ satisfies the criterion of Axiom I1.5 for the case x = £2,; hence,
(Q,) =82,.1f pc &, then

('Q:o)” = ('Qz:’)l = -Qz)" = 'Qp

and, hence, £2, is a closed projection, that is, 2, € P'(S,). The mapping
pEE -0, ¢ P'(S,) preserves order, since

p=<gq ifandonlyif 2,00,=20,,
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and preserves orthocomplementation, since (£2,) = £2,,. This mapping
is injective and it is surjective, since P’(Sp) = {2’ : @ € Sp} and 2" = 2,
for @ € S,. Consequently, p € & — 2, € P'(Sp) is an isomorphism of the
orthoposet (&, <, ) onto the orthoposet (P'(S,), =,’). Q.E.D.

III. On the Lattice Strueture of (&, <, )

The event-state structure may be viewed as a passive picture for the
description of physical systems since it considers only the probability of
occurrence of events. The introduction of the concept of operation
provides an active picture; indeed, the operations in S, correspond to
filtering experiments. The orthoposet (&, =<, ') of events is isomorphic
to the orthoposet (P’ (Sp), =<, ") under the mapping p € & — 2, ¢ P'(Sy).
In (P'(Sg), =,’), the order relation < is defined in terms of the com-
position o of operations; indeed, for p, g € &,

p=<gq ifandonlyif Q,00,=20,.
The question, therefore, arises whether the greatest lower bound p A ¢
of p and ¢ in &, an order theoretic construct in (&, <,’), can be inter-
preted in terms of the composition o of the Baer *-semigroup (Sg, o, *, ).

Theorem IIL1. If (&, &, P, ) is an eveni-state-operation structure,

then (&, <, ') is an ortholattice; moreover, if p, q € &, then
‘Qp ANa = (-Qp’ o 'Qq)’ © 'Qq .

Proof. (P'(Sg), =,’) is an orthomodular ortholattice such that if

e, f € P'(Sp), then

eNf=(cof) of
(see Appendix). The theorem follows immediately from the fact that
pEE— 82, € P (8, is an isomorphism of (&, <, ') onto (P’ (Sy), =, ).
Q.E.D.

Consequently, (&, =,’) is an ortholattice for an event-state-
operation structure; however, the greatest lower bound p A ¢ in & is
represented in P’(S,) utilizing not only the composition o of operations
but also the mapping " : 8o — P’ (Sy).

Since the compatibility relation (; discussed at the beginning of
Section II involves only the order and orthocomplementation of (&, <,’),
it must also be expressible in terms of the order and orthocomplementa-
tion of the isomorphic ortholattice (P’ (Sy), <, ).

Theorem IIL.2. If (&, &, P, ) is an event-state-operation structure and
P, q € &, then the following are equivalent:

a) p (G g

b) 2,00,=0,00,;
moreover, if p ( q, then

Qope=8,082,.
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Proof. The relation § may be defined in the ortholattice (P’ (S), <, ")
as follows: for e, f € P’ (Sy), e( f means there exists a triple e, f,, ¢ € P'(S0)
such that

i) ¢ L fo

ii) ey L g and e=¢,V g,

iii) fo Lg and f=fyVg.

It is a fact from the theory of Baer *-semigroup that for e, f € P’ (Sy),
e ( fis equivalent to e o f = f o e and, moreover, if e ( f, thene A f=eof.
The assertion of the theorem then follows from the fact that (&£, <,
and (P’ (Sg), =, ') are isomorphic under p -~ 2,. Q.E.D.

Consequently, the compatibility of events corresponds to commuta-
tivity of the associated operations. Furthermore, in the case of compati-
bility, the greatest lower bound p A ¢, of p and ¢ (which is interpreted
as the conjunction or “and” of p and ¢) corresponds to the composition
of the associated operations 2, and £,. This, of course, is an intuitively
reasonable result.

IV. Comments

Although Axioms IT1.6 and IL.7 have not been utilized, they are
included in the definition of an event-state-operation structure because
of their equivalence to the conventional expression for conditional
probabilities involving compatible events.

Theorem IV.1. If (&, &, P, Q) ts a 4-tuple which satisfies Axiom II.1,
then Axioms I1.6 and I1.7 are equivalent to the following: if p,q €&,
p(Cq, and x € D, then

P(g A p, )
P(q, QpOC) = ‘—‘j,(p’%)— .

Proof. Assume Axioms I1.6 and II.7 and let p,q €&, p (g, and
o €2, Since p () q,

P(q, Q,0) = P(g \ p, 2,%)

by Axiom II.7. Since ¢ A p =< p,

Plg Ap, o)
Plg A p, Qo) = —p o T
by Axiom II.6; hence,
P(gnop,
Pa, Q,0) = —;Lm%)i‘)— .
Conversely, assume the validity of
PlgAp, o)
P(q7 QZD OC) = —_l:()]_(;,z;)o‘~

forp, g€ &, pQgand a € Z,. Il p,q €&, ¢ < p and o € Z,, then

Plghp, &) _ Plg o)
Pl@ Qo) =100 ~ Ppa’
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hence, Axiom IL.6 is valid. If p, ¢ € &, p ( ¢, and « € Z,, then

P((gAp) Ap, @)
Plghp Q) =—"p
_ Plarp o
P(p, o)
=P (9, 'Qp a);

hence, Axiom I1.7 is valid. Q.E.D.

The relation of the operations in S, to the operation discussed in
[10] may be examined by considering Example II.1. If % (H) is the set
of finite products of projections in & (H),

#,(H)={P,P,...P,: P, P,, ..., P, cPH)},

then (Z,(H),o,* ') is a Baer *.semigroup contained in the Baer
*.semigroup (Z,(H), o, *,") (see Appendix). Each A4 € &Z,(H) yields
an element of S, for the Example I1.1. If

A=P,P,...P,P,P, ... P,cPH,

then x4 = £, o--- 08, is an element of S, A simple calculation
proves: the domain of z 4 is

Dyy={0€S:Tr(D,A*A) + 0}

and if o €9,,, with density operator D,, then ' = x4« has density
operator D,

AD,A*
“ 7 Tr(D A%4)
However, if B ¢ £ (H) and B = 14 where 4 ¢( (the field of complex
numbers) and A == 0, then

BD,B* AD, A%

Tr(D,B*B)  Tr(D,A*A) °

D

Consequently, the Baer *-semigroup (&, (H)[=, o, *, ) is evidently the
relevant semigroup in the approach adopted here instead of
(L.(H), 0,*,"). = is the relation defined on £ (H) as follows: for
A, Bc%,H), A= B means there exists a A¢(, A=+ 0, such that
A = AB. = is an equivalence relation which respects the Baer *-semi-
group structure of (Z;(H), o, *,") (see remark after Thm. A.2.); hence,
(L. (H) =,0,% ") is also a Baer *-semigroup. However = does not
respect the additive structure of &, (H); indeed, if 4, = B, and 4, = B,,
then A4, + 4, == B, + B,. This remark indicates that operations and
observables are evidently quite different kinds of entities. For example,
there exists a phenomenological interpretation for the multiplication of
operations but there exists a phenomenological interpretation for the
addition of observables. It is evidently a property of examples like
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Example IT.1 that both operations and observables have simple de-
scriptions in terms of the same mathemathical object, namely, an opera-
tor on a Hilbert space.

The connection between the mathematical theories of orthomodular
ortholattices and Baer *-semigroups is explicit:

a) If (S, o, *,’) is a Baer *-semigroup, then there exists an ortho-
modular ortholattice (P'(S), <, ") with

PS)y={xcS:wox=a*=2a"=uza}.

b) If (L, <,’) is an orthomodular ortholattice, then there exists a
Baer *-semigroup (S (L), o, *, ") where S(L) consists of a set of mappings
from L into L and there exists an injective mapping j : L — S(L).

The orthomodular orthoposet (&, <, ') associated with an event-state
structure (&, &, P) is not necessarily an ortholattice. However, the
introduction of operations to form an event-state-operation structure
(&, S, P, Q) makes (&, =,’) into an orthomodular ortholattice and
provides a Baer *-semigroup S, which admits a phenomenological inter-
pretation. Sg is a set of mappings of the space & into itself. Hence, S,
is not the Baer *-semigroup S (&) mentioned in part b) of the connection
between orthomodular ortholattices and Baer *-semigroups (when we
take (&, =, ') for the (L, <, ') of part b)). §(&) is a collection of mappings
of E into &. The role of S(&) will be discussed in [26].

Finally, the question arises whether the introduction of Baer *-semi-
groups yields any useful contributions to the quantum logic approach to
the foundations of quantum physics. In general, a given mathematical
construct in the theory of orthomodular ortholattices has a corresponding
mathematical construct in the theory of Baer *-semigroups and vice
versa. There exist a number of lattice-theoretic constructs which are
extremely useful mathematical tools for the quantum logic approach
but which do not possess a phenomenological interpretation. In several
cases the associated construct in the theory of Baer *semigroups, indeed,
possesses an intuitively reasonable phenomenological interpretation. For
example, the semimodularity of (&£, <,’) is a critical property in the
proof of the “concrete representation’ theorems in [17] and [23]; how-
ever, no phenomenological interpretation of this lattice-theoretic con-
cept is available. In [26], it will be shown that the semimodularity of
(&, =, ") when & is atomic is equivalent to the following requirement:
every x € Sp is a pure operation [10], that is, if o € &, and o is a pure
state (an extreme point of the convex set ), then z« is a pure state.

Appendix

The first part of this appendix is review of concepts from the theory
of orthomodular ortholattices while the remainder presents the necessary
aspects of the theory of Baer *-semigroups.
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Definition A.1. A relation R on a set Z is a subset R of the Cartesian
product & X Z; notation: x Ry means (z, y) € R.

Definition A.2. A relation R on a set Z is said to be

a) symmetric: if x, y € Z and xRy, then y R,

b) anti-symmetric: if x, y € &, xRy and y Rz, then x = y.

c) reflexive: if x € Z, then xRx.

d) transitive: if x,y,2 € Z, xRy and y Rz, then z Rz.

Definition A.3. A poset is a pair (Z, <) where Z is a set and < is an
anti-symmetric, reflexive, transitive relation (a partial ordering) on Z.

Definition A.4. Let (Z, <) be a poset and % C Z.

a) x € Z is an upper bound for ¥ provided: if y €%, then y < z.

b) € Z is a least upper bound for % provided:

i) @ is an upper bound for %,

ii) if z is an upper bound for #, then z < z.

c) The least upper bound of &, if it exists, is denoted by V%, in
case & = {y,, Yo}, V¥ is denoted by y, V y,.

d) Lower bound, greatest lower bound, A% and y,; N y, are defined
dually.

e) Anelement 0 € Z (respectively 1 € Z) such that 0 < x (respective-
ly,z < 1)forallx € Z is called a least (respectively, greatest) element of Z".

f) (Z, <) is a lattice if @;, x, € Z implies x; A , and 2, V x, exist.

The set R of real numbers has a partial ordering, the usual ordering
of real numbers. The collection 2% of all subsets of a set X has a partial
order, namely, the set-theoretic relation of inclusion. If H is a complex
Hilbert space and & (H) is the set of all projection operators in H, then
the relation = is a partial ordering where

P < @ means PQ=P, P, QcPH).

Each of these examples is a lattice.

Definition 4.5. Let (Z, <) be a poset with 0 and 1.

a) A mapping ": Z — Z is an orthocomplementation provided :
i) if x € Z, then (2') = «,

i) if 2,y € Z and < vy, then ¢y’ < 2/,

iii) if @ € Z, then A 2’ and « V 2’ exist and equal 0 and 1, respec-
tively.

b) If ": % > % is an orthocomplementation, the relation |, the
relation of orthogonality, is defined as follows: for =, y € Z, | y means
x=y.

¢) An orthoposet (Z, <,') is a poset (%, <) together with an ortho-
complementation of (Z, <) such that if z,y € Z and « | y, then 2V y
exists.

d) An orthoposet (Z', =
and x; | x;fori==74,4,j=

, ') is a g-orthoposet provided : if @, 2y, . . . €&
1,2, ..., then V x, exists.
?
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e) An orthoposet (%', <, ) is orthomodular provided: if x, y € & and
x =y, theny=2aV (' Ay).

2% admits an orthocomplementation, namely, the set-theoretic com-
plementation. The mapping PEF(H)—> P =1—- P¢cP(H) is an
orthocomplementation of & (H).

Definition A.6. Let (Z, <,’) be a g-orthoposet.

a) A probability measure y on & is a function u: % — [0, 1] such
that

) p(0) =0, u()=1,
ii) if @y, @y, . .. € Z and x; | x; for 7 = 4, then

wlVa) = Zu.

Let .# be a set of probability measures on Z'.

b) A is order-determining provided: if x,y € Z and p(x) = u(y)
for all u € A, then x < y.

¢) A is strongly-order-determining provided: if z, y € & and

{we:p@)=13C{u € :ply) =1},
then z < y.
d) A is separating provided: if w,y € Z and p(x) = u(y) for all
u €M, then v = y.
e) A is g-convex provided: if u,, po, ... €M, 1,15, ... €[0,1] and
2 t, =1, then there exists a u € .# such that
K3

y(x):ZtiIui(x) forall z€Z.

Theorem A.1. Let .4 be a set of probability measures on a o-orthoposet
(Z, =,"). If M is separating, then (Z, <,') ts orthomodular. If M is
order-determining and (X, <, ') is orthomodular, then A is separating. If
M is strongly-order-determining and (Z, <,’) is orthomodular, then M is
order-determining.

Proof. See, for example, [25].

For additional material on posets and lattices, see [2].

Definition A.7. a) A semigroup (8, o) is a set S with a mapping
0:8X 8~ 8((x, y) €S X S—aoy€S) such that if z, y, z € S, then

(xoy)oz=2zo0(yoz)
i.e., o is associative.

b) If (S, o) is a semigroup, then an element 0 € S (respectively, 1 € 8)
is a zero (respectively, unit) provided 0 ox =200 =0 (respectively
lox=zol=uz)forallzc8S.

¢) An involution semigroup (8, o, *) is a semigroup (S, o) together
with a mapping called an involution, * : § — S(x € 8 — a* € 8), such that
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i) if x € 8, then (x*)* = =,
ii) if z, y €S, then (x o y)* = y* o x*.
d) If (S, o, *) is an involution semigroup, then an element of P(S)
is called a projection where

P(S)y={ecS:ece=ce*=c¢}.

e) If (S, o, *) is an involution semigroup, then the relation < on
P(S) is defined as follows: for e, f € P(S),e < f meanseo f = e.

If H is a complex Hilbert space, then (&, (H), o) is a semigroup where
Z(H) is the set of all continuous (i.e., bounded) linear operators on H
and o is operator multiplication, if 4, B ¢ £ ,(H), then A o B= A B.
The usual operator adjoint, 4 — A*, is an involution for (Z,(H), o);
moreover, in this case, P(H), the set of projection operators in H, co-
incides with P(Z,(H)). The relation < of e) is just the conventional
partial ordering of projection operators. This illustrates the following
theorem.

Theorem A.2. If (8, o, *) is an involution semigroup, then (P(S), <) is
a poset; moreover, if S has a zero 0 (respectively, unit 1), then 0 (respec-
tively, 1) is the least (respectively, greatest) element of P(S).

Define the relation = on £, (H) as follows: for A, B¢ %, (H),
A = B means there exists a 4 € (the complex number field) such that
A=+ 0 and A = AB. = is obviously an equivalence relation (i.e., = is
reflexive, symmetric and transitive). If 4 ¢ & (H), let C4 denote the
equivalence class containing 4,

Cu={BcL,(H): B= A}

and let Z,(H)/ = denote the set of all these equivalence classes. If
A, A, B, B €, (H), A4;=A and B, =B, then A, 0B, =4 o B;
hence, o induces a composition in & (H)/ = by

CyoCp=Cyop, A, BEZL(H).

Similarly, if 4, B € Z,(H) and 4 = B, then A* = B*; hence, * induces
an involution in £ (H)[ = by (C4)* = Cyx, A € L (H). (L (H)] =, o, ¥)
is an involution semigroup such that 4 — C, is a homomorphism. How-
ever, if 4,4, B, B€c % ,(H), A, =4, and B, =B, then 4, + B,
%= A + B, in general;indeed,if 4, = Adand B, = uB, A, u €0, 4, u += 0,
then, in general, there will exist no » ¢ () such that

A+ B =4+ uB=vy(4+ B).

Definition A.8. a) A Baer *-semigroup (S, o,*,’) is an involution
semigroup (S, o, *) with a zero 0 and a mapping ": S — P(S) such that
if x € 8, then

{yeS:zoy=0}={2€8:2=2a"0z}.
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b) If (S, o, *, ') is a Baer *-semigroup, then an element of
P (S)y={ecP(S): () = e}

is called a closed projection.
If A € %,(H), the null space of A is denoted by A4,

N g={ycH: Ay =0}

and the projection with range "4 is denoted by A’. The mapping
A~ A" makes (&, ,(H), o, *) into a Baer *-semigroup. Furthermore,
if 4, B¢ £,H) and 4 = B, then A’ = B’; consequently, both
(Z,(H),o0,% ") and (L (H) =,o0,*, ') are Baer *-semigroups where
(Cy) =Cy for A c £ (H).

Theorem A.3. Let (S, o, *, ') be a Baer *-semigroup.

a) P'(8)={a":x €S}

b) If e € P'(S), then e' € P'(S).

c) (P'(8), <,") is an orthomodular ortholattice where < 1is the relation
= on P(8) restricted to P'(S) and ' is the restriction of ': S — P(S) to
P’ (8); moreover, if e, f € P'(S), then e \ f = (e’ of) of.

d) Ife, f € P'(S), then the following are equivalent:

i) there exist ey, fo, 9 € P'(S) such that

e Lfo e L g fo Lg e=eVyg and f=hVyg,
ii) eof=foe;
moreover, if eof = foe,thene N f=eof.
The proofs of these theorems together with further details of the
theory of Baer *-semigroups may be found in [6].
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