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Abstraet. A non-commutative version of probability theory is outlined, based
on the concept of a Z*-algebra of operators (sequentially weakly closed C*-algebra
of operators). Using the theory of XZ*-algebras, we relate the C*-algebra approach
to quantum mechanics as developed by KapisoN with the probabilistic approach to
quantum mechanics as axiomatized by Mackry. The X*-algebra approach to
quantum mechanics includes the case of classical statistical mechanics; this im-
portant case is excluded by the W*.algebra approach. By considering the X*-algebra,
rather than the von Neumann algebra, generated by the given C*-algebra 4 in its
reduced atomic representation, we show that a difficulty encountered by GuENIN
concerning the domain of a state can be resolved.

1. Introduection

The C*-algebra approach to quantum mechanics, inaugurated by
SEcAL [17] and developed by Kapison [11], has received much attention
since the publication of the paper by Haag and KasTrER [8]. Haag and
KASTLER emphasized the importance of abstract C*-algebras because of
the physical equivalence of all faithful representations. On the other hand,
the probabilistic formulation of quantum mechanics, begun by vox NEU-
MANN, has been clarified by MACKEY’s axiomatization [13]. It is shown
in this paper that an important class of abstract C*-algebras, called
2*.algebras, lend themselves to a probabilistic formulation along such
lines.

The key concept in KADIsON’s theory of quantum dynamics [11] is
the dynamical system (4, S,, t — V), where A is an abstract C*-algebra,
8, is a full family of states of 4, and ¢t — V, is a weakly continuous, one-
parameter group of automorphisms of S, (the dynamical group). In order
to discuss bounded observables only, we strengthen slightly axioms 3,6
of MackeY. We also drop axiom 7, which is ad hoe, and does not express
the structural features of quantum mechanics in the same way as the
other axioms. We call the modified set of eight axioms, obtained in this
way, the essential axioms of MACKEY (see Section 3). A X*.algebra of
operators is a sequentially weakly closed C*-algebra A of operators. That
is, given any sequence x,, € A which converges to the bounded operator x
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in the weak operator topology, we then have that x € 4. A state f of 4
such that f(z,) — f(z) for all sequences such as z, will be called a o-state
of A. Now X*-algebras may be characterized abstractly (see Section 2).
The theory of X*-algebras and o-states may be regarded as providing a
basis for a non-commutative probability theory. The main result of this
paper is

Theorem 1. The dynamical system (4, Sy, t — V) satisfies the essential
azioms of Mackey f

(i) 4 is an abstract X*-algebra,

(ii) 8, 2s the family of all o-states of A.

Let X be a topological space, and consider the Borel structure under-
lying the topology of X. The algebra B{X} of all bounded Borel func-
tions on X is a commutative 2*-algebra (see Section 2). The ¢-states of
B{X} are precisely the probability Borel measures on X. In particular,
let X be phase space of a classical statistical mechanical system. Then
each real function in B{X} represents a bounded observable, and each
o-state of B{X} represents a physical state of the system. Thus Theorem 1
includes classical statistical mechanics in the case of bounded observables.
The C*-algebra B{X} is in general not the dual of a Banach space,
hence not a W*-algebra [16]. Consequently the W*-algebra approach to
quantum mechanics excludes this important case.

Given an abstract C*-algebra A, E.B.Davies [1] constructs a
canonical X*-algebra 4~ containing A. Thus it is always possible to
enlarge an abstract C*-algebra 4 so that condition (i) of Theorem 1 is
satisfied; and it is always possible to extend each state of 4 to a o-state
of A~ so that condition (ii) of Theorem 1 is satisfied. In the case where
A is a separable commutative C*-algebra with identity, A~ can be
identified with the 2*-algebra B{X} of all bounded Borel functions on
the spectrum X of 4 [1].

In Section 2 we discuss X*-algebras and sketch from first principles
the spectral theory of self-adjoint elements in a 2X'*-algebra (see
Lemma 2.5). In Section 3 we prove Theorem 1 and derive a corollary
concerning W#*-algebras (Corollary 3.10). In Section 4 we discuss the
v-envelope A~ of a C*-algebra A. By considering 4~ rather than the
weak closure of A in its reduced atomic representation, we show that a
difficulty encountered by GUENIN [7] concerning the domain of a state
of a C*.algebra, can be completely resolved. The set of all projections in
a X*-algebra forms a g-complete orthocomplemented lattice. For a thorough
discussion of this fact and of Piron’s axioms, the reader is referred to
R. J. PrymEN [15].

We should like to thank J.T. Lewis, G. W. Mackey and E. B. Davies for

several very helpful discussions. We should particularly like to thank E. B. Davies
for showing us the unpublished manuscript of [1].
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2, On 2'*-Algebras

For the general theory and notation concerning C*-algebras, we shall
make systematic use of DIxMIER’S book [2]. Since it is no restriction to
assume that the C*-algebra A has an identity we shall always assume
our C*-algebras have identities denoted by 1. A state f of a C*-algebra A
is a linear functional on A such that f(1) =1 and f(z) = 0 when z = 0.
A state f of A4 has norm 1, and so lies in the continuous dual A* of 4.
Let A be a C*-algebra acting on the Hilbert space H, and let & be a unit
vector in H. The state x — (x &, &) of A is called a vector state, and denoted
wg. We denote by % (H) the C*-algebra of all bounded operators on the
Hilbert space H. We shall be concerned with the weak operator topology
on #(H), the weakest topology on Z(H) such that the mappings
x — (z&, &) are continuous for each & in H. If z, — z in the weak operator
topology, we shall say x,, — x weakly.

Now let 4 be a C*-algebra and denote by % the set of all ordered
pairs {z,, #} consisting of a sequence z, € 4 and a point x € 4. If ¥ C F
we denote by #° the set of all states f on 4 such that for all {,, 2} ¢ ¥
we have f(z,) - f(x).

Definition 2.1. 4 X*-algebra A is a C*-algebra together with a subset
G C F, called the set of o-convergent sequences in A and denoted x, — x,
such that the following properties hold:

(i) of x, > x then there is a constant K such that for all n we have
2] = K < oo;

(i) of @, > x and y € A then x,y - xy;

(iii) +f @, € 4 is a sequence such that f(x,) converges for all f € G° then
there is some x € A such that x, — x.

(iv) of O &= x € A then there is some f € G° such that f(x) = 0.

@° is called the set of o-states of the 2*-algebra 4.

Example 2.2. A set 4 of bounded operators on the Hilbert space H
shall be called o-closed if given any sequence z, € A which converges
weakly to x € #(H), we then have that « € 4. Given any set 4 thereisa
smallest o-closed set containing it, which we call its o-closure and denote
by o(4). Let A be a sub-C*-algebra of % (H) such that 4 =o(4). 4
becomes a X*-algebra if we define the g-convergent sequences to be the
weakly convergent sequences. We call such algebras 2*-algebras of
operators; clearly % (H) is itself a X*-algebra of operators. By a o-re-
presentation gt of the X*-algebra 4 on the Hilbert space H we shall mean
a representation such that if x, -z then z(x,) > m(z). By a faithful
a-representation we shall mean a faithful representation such that
7 (A) is o-closed and z, — 2 if and only if # (z,) - 7 ().

Lemma 2.3. Every X*-algebra A has a faithful o-representation as a
2*.qlgebra of operators on a Hilbert space.
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The proof of this Lemma is in [1].

Example 2.4. Let X be a space with a given o¢-ring of subsets. The
space B{X} of all bounded measurable functions on X is a commutative
C*-algebra in an obvious sense. We say that a sequence u, in B{X} is
g-convergent to » in B{X} if and only if |u,| < K for some K and all n,
and u,, also converges pointwise to . Then B{X} is a X*-algebra; and
the family of o-states is exactly the set of probability measures on X.
There is a discussion of this example in [1]. Note that B{X} is in general
not the dual of a Banach space, hence not a W*-algebra [16].

Return to Example 2.2. Let 4 be a X*-algebra of operators on the
Hilbert space H.

The set S, of all g-states of 4 contains the weakly continuous states
of A. Now the weakly continuous states of the C*-algebra A have the
form 4, wg, + - -+ + A, g, where 0 < 1; < 1, §; is a unit vector in H, and
A+ -+ 4, =1.Now §,is convex and = 0if f(x) = O for all fin S,;
hence S, is a full family of states of 4 [11]. The states weakly continuous

on the unit ball of 4 have the form 3} 1,w,, where 4, =0, 3' 1, =1

n=1 n=1
and each &, is a unit vector in H [3, p. 54]. Thus, each such state of 4 is
a norm limit of weakly continuous states. Since S, is a norm closed
subset of A* (see Lemma 3.4), S, contains all the states weakly con-
tinuous on the unit ball of 4.

We describe next the spectral theory of self-adjoint elements of a
2*.algebra A of operators on H. The concepts of X*-algebra and
g-representation help to clarify this theory. Let = be a fixed self-adjoint
element in 4. Let £2 be the spectrum of z, C(£2) the C*-algebra of com-
plex continuous functions on 2. Recall that is a compact separable metric
space. Let B{(2} be the X*-algebra of complex bounded Borel functions on
£ (see Example 2.4). There exists a unique representation 7z of C (2) on H
such that 7 (1) = 1, 7 (:) = 2, where ¢ is the function 4 — 4 on Q. This
representation is faithful. Its image is the sub-C*-algebra of A generated
by 1 and z, hence is composed of normal elements [2, p. 10]. There exists
a unique g-representation nz~ of B{Q} on H such that 7~ extends .
The image of 7~ is a sub-C*-algebra of 4, and is composed of normal
elements [1]. By writing % (%) = n~ (u) we introduce the functional
calculus of bounded Borel functions in 4. Let y,s be the characteristic
function of the Borel subset M of 2, and write E*(M) = yz (). Let

(M) be a sequence of Borel subsets of 2, disjoint in pairs, M = nl=Jl M,.

Then s, + 0+ A, — xu  in the X*-algebra B{Q} .

Since 7z~ is a ¢-representation,

7w~ (xar,) + A+ ™ (gn,) = 7 (gar)  weakly .
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Thus
Es(My)+ -+ -+ E*(M,) > E=(M) weakly .

Thus M — E*(M) is a projection-valued measure in 2, g-additive in the
weak operator topology. Let u lie in B{Q}. Given & > 0, there exists a
simple function 4, 75, + * * + + A, xur, in B{Q} such that

lu—Aagar, =+ = dngan || < -
Since [z~ (u)| = |u| for all » in B{Q2},
lu(2) — 2 B(My) — - -+ — A, B2 (M) <e.

Thus »(x) = [ u(A) dE*(1) where the integral is defined in the norm
topology. In particular = [ A dBE%(4) so that E® is the spectral measure
of X.

Let now Z be a compact real spectral measurein A (i.e. Z is a projection-
valued measure, g-additive in the weak operator topology, whose range
lies in A, whose domain is the g-ring of all Borel subsets of a compact
subset of the real line). Then [ A dE (1) exists. Let « = [ A d & (1). Then
« is the norm limit of linear combinations of projections E (M). But 4 is
norm closed, hence x lies in 4. Moreover z is self-adjoint and £ = E*
[9; p. 65]. This establishes the following Lemma.

Lemma 2.5. Let A be a X*-algebra of operators. There is a canonical
1 — 1 mapping E — [ A dE (A) of the set of compact real spectral measures
in A onto the set of self-adjoint elements in A.

3. Mackey’s Axioms

MackEy develops Quantum Mechanics axiomatically as follows [13,
chapter 2]. Let & be the set of all Borel subsets of the real line B. We
suppose we are given two abstract sets ¢ and & and a function p which
assigns a real number p(x, f, M) in 0 < 2 < 1 to each triple =, f, M,
where z isin @, f is in &, and M is in #. We assume that p has certain
properties which we list as axioms. Physically @ is to be thought of as the
set of all observables of our system, and & as the set of all states. p(z, f, M)
is the probability that a measurement in the state f of 2 will lead to a
value in M.

Axiom 1. p(x,f,0) =0, p(x,f, R) =1

P, f, My v Mz U..)= le(x’ 1, M)
n=
whenever the M, are Borel sets that are disjoint in joairs. Axiom 1 simply
states that for each  in ¢ and each fin &, M — p(z, f, M) is a probability
measure.
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Lemma 3.1. Let A be a X*-algebra of operators on H, | a o-state of
A, x a self-adjoint element of A. Then there exists a unique probability
measure M — p(x, f, M) in the spectrum of x such that f(z") =
[ Ardp(x, f, A) foralln=0,1,2,... .

Proof. Let Q be the spectrum of z. Since x is self-adjoint, 2 is a
compact subset of the real line. Let ¢ be the compact real spectral
measure of z, defined on the o-ring of all Borel subsets of Q. Let
p(x, f, M) = f(E*(M)). Let (M,) be a sequence of Borel subsets of £,

disjoint in pairs, M =n91 M,. Then E=(M,) + - -+ + E=(M,) — E*(M)

weakly. Since f is a o-state, f(E*(M,)) + - - - + f(E*(M,)) - f(B=(M)).

Thus p(x, f, M) =} p(z, f, M,). Thus M — p(z, f, M) is a probability
n=1

Borel measure in 2. Now 2" = [ A d £*(A) where the integral is defined
in the norm topology on 4. By norm continuity of f,

flar) = [ A d(fB=(2)) = [ A*dp(x, ], 2) -

To prove uniqueness, let p, p’ be probability measures in the spectrum
Q of x such that [A"dp(d)= [A*dp’'(A) for all n=10,1,2,... . By
the Weierstrass approximation theorem for compact subsets of the real
line, the set of real polynomials on £ is norm dense in the set of real
continuous functions on . Hence, by linearity and continuity,
Ju(d)dp(A) = [wu(2)dp’(A) for all real continuous functions « on £.
Therefore p = p'.

Axiom 2. If p(z, f, M) = p(2', f, M) for all f in & and all M in &
then x = z'. Simalarly if p(x, f, M) = p(x, f', M) for all x in O and all M
in %, then f = f'. Axiom 2 says that two states, to be different, must
assign different probability distributions to at least one obervable and
that two observables, to be different, must have different probability
distributions in at least one state.

Lemma 3.2. Let A be a 2*-algebra acting on H, S, the set of all o-states of A.

@) If p(x, f, M) =p@',f, M) for all f in Sy and all M in % then
x=a.

@) If p(x, f, M) = p(z, {', M) for all self-adjoint x in A and all M
tn B then f = f'.

Proof. (i) By Lemma3.l, f(z)= [Adp(,f,A)=[AdpE, ], A)
= f(2') hence f(x — «') = 0 for all f in §,. Now S, contains the vector
states of 4. Hence x — 2" = 0.

(i) f(z) =f (x) for all self-adjoint x in A. Hence f(z) = f'(x) for all
xzin 4. Thus f = f'.

Axiom 3 (modified). Let x be any member of O and let w be any real
bounded Borel function on the line. Then there exists y in O such that
2, f, M) = p(x, f, u=*(M)) for all f in & and all M in %.

10 Commun. math, Phys., Vol. 8
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It follows from Axiom 2 that y is uniquely determined by = and we
shall denote it by w(x). Physically the observable «(z) is constructed
from « as follows. Whatever we do to measure x we measure u(z) by
applying the function u to the result of measuring «.

Lemma 3.3. Let A be a X*-algebra acting on H, x a self-adjoint element
of A. Let u be a real bounded Borel function on the line. Then there exists &
self-adjoint element y in A such that p(y, f, M) = p(x, f, u=1(M)) for all
a-states f and all M in .

Proof. Let v = u™ with n a natural number. Then

f@) ={([v(2) dE*(A) = [v(A) d({E=(2)) = [v(A) dp (=, f, 2)
by norm continuity of f. Thus

flur@) = [fu@) dp, f,A) = [A*dp(z, f, u=1(A))
by change of variable. But f(u*(z)) = f(u(@)") = [ A*dp(u(=), f, ).
Therefore [ A" dp(x, f, u=(A)) = [ A*dp(u(x), f, A) for all natural num-
bers n. By the uniqueness assertion in Lemma 3.1, p(u(z), f, M)
= p(z, f, w=*(M)) for each o-state f and each M in Z. Since z is self-
adjoint and u is real-valued, u (z) is self-adjoint.

Axiom 4. If f,, fo, . . . are members of & and A+ Ay + ++ - = 1 where

0 < A, < 1, then there exists f in & such that p(x, f, M) = 3 4,0 (%, fn, M)
for all x in O and all M in Z. n=1
It follows from Axiom 2 that f is uniquely determined by the f, and

An- We denote it by 3 4,f,. It corresponds physically to a state in which
n=1
we know that we are in the state f, with probability A,,.
Lemma 3.4. Let A be a X*-algebra of operators on H, and let (f,) be a

sequence of o-states of A. Let (4,) be a sequence of non-negative real numbers

such that > A, =1. Then there exists a o-state | such that p(x, f, M)

o n=1

= )" 2. p(, [, M) for all self-adjoint x in A and all M in Z.
n=1

Proof. We prove that the set S, of all o-states of 4 is a norm closed
convex subset of A*. Let (g,) be a sequence in S, and let ¢, — ¢ in norm.
Then g, (y) — g (y) for each y in A whence g is a state of 4. Let (;) be a
weakly convergent sequence in 4, x; — x, then « lies in 4. We prove
that (x;) is uniformly bounded. Now (z;&, n) — (&, n) for each &,  in H.
Fix £ and consider the sequence of vectors (z; £). By the uniform bounded-
ness theorem we have that the sequence of norms (||;&|) is bounded.
This is true for each £ in H. Again by the uniform boundedness theorem
we have that the sequence of norms (|z;|) is bounded. Now

Ig xa - g I = Ig xa gn(xf)l + lgn (xa) — In (x)l
+ 94 () — 9 ()|
= 19— gull K + lgn (@) = 9n(@)]
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since the sequence (z;) is uniformly bounded. Choose 7 such that
lg — 9. K <¢/2. Since g, is a o-state, there exists j, such that
90 (%)) — gu(@)] < /2 whenever j >, Hence |g(r;) — g(«)| <& when-
ever j > jo. Thus g is a ¢-state. Hence S, is norm closed.

Return to the Lemma. If 1, = 0 for all but finitely many » then

2 Aufn Les in 8, since S, is convex. Now consider 1, > 0 for all n. Let
n=1

gn= (Mfi+ >+ A0/ (A + « -+ + 4,). Then (g,) is a Cauchy sequence
in 8,. 8, is complete, hence g, - g in norm, where g lies in §,. But

g= 2 ﬂ'nfn'

n=1

Finally, let 2 be a self- adgomt element of A and put y = E*(M) for

some M in Z. Then): Al (@) = 9 () henceZ Anfn(B®(M)) = g(E*(M)).
Thus nt
2 InD (@, fry M) = p(z, g, M)

n=1
for all self-adjoint # in A and all M in £.

Recall that MACKEY begins with an abstract set @ of observables and
an abstract set & of states. We realize 0 as the set of self-adjoint elements
of a X*.algebra 4, and & as the family of all g-states of 4. With this
realization, some concepts defined by MACKEY become well-known
concepts in the theory of operator algebras.

(i) A question e is an observable in @ such that p(e, f, {0, 1}) = 1 for
all fin . e is a question if and only if € = e. Thus a question in @ is
realized as a self-adjoint idempotent, i.e. a projection, in the X*-algebra
A. The set 2 of all questions is realized as the set £ (4) of all projections
in 4.

(i) Let e lie in .@ and let f lie in . Let us put m,(e) = p(e, f, {1}). In
our model, my(e e,f,{1}) = [Adple,f, ) = f(e) hence mg(e) is
realized as the expecta’mon value of e in the state f.

(iii) The set S, of all g-states of the X*-algebra A contains all the
vector states of 4. But the vector states define positivity. Thus, with
e, e in L(A4), e < ¢ if and only if f(e) < f(¢') for all f in §,. Hence the
partial ordering defined by MACKEY on £ is realized as the partial
ordering by positivity on £ (4).

(iv) Let e, ¢ be in 2 and e < 1 — ¢’. MACKEY calls e, ¢’ disjoint
questions. In our model, e < 1 — ¢’ implies e(1 — e’) = e hence ee’ = 0.
Thus disjoint questions in 2 are realized as orthogonal projections
in Z(4).

Remark 3.5. 2 (4) is actually a o-complete orthocomplemented lattice
(each sequence in £ (A) has a least upper bound and a greatest lower
bound in Z (4)). But the lattice £ (4) of all projections in the X*-algebra
10*
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A is in general neither complete or atomic. For a full discussion of these
facts, and for a full consideration of PIrrRox’s lattice-theoretical axioms
for quantum mechanics, the reader is referred to [15]. We prove here
that £ (4) is a lattice. Pass to a faithful g-representation of 4 as a
2*.algebra of operators on the Hilbert space H. Let e, e, lie in £ (A4).
Since |le,eqe,]| < 1, the powers of e e e; form a decreasing sequence of
positive operators. It follows that (e, e, ;)" is weakly convergent to, say, e.
Since 4 is sequentially weakly closed, e lies in A. It is easy to verify
that e is a projection and that e is the greatest lower bound e, A e, of ¢,
and e,. The least upper bound e, V e, of e; and e, is 1 — (1 — &) A (1 — e,)).
Thus £ (A4) is a lattice.

Let (e,) be a sequence in 2 such that e,, e, are disjoint whenever

m == n. If e in 2 satisfies m;(e) = 3 m;(e,) for all f in & then MacKEY

n=1
writes e = ) e,.
n=1
Axiom 5. Let (e,) be any sequence of questions such that e, e, are

[e o]

disjoint whenever m =+ n. Then the question )] e, exists.
n=1

Lemma 3.6. Let (e,) be any sequence of projections in the X*-algebra A
such that e,,, e, are orthogonal whenever m == n. Then there exists a projec-

tion e in A such that f(e) = )} f(e,) for all o-states f.
n=1

Proof. Let the X*-algebra A act on H, and consider the complete
lattice of all projections in % (H). Let e be the least upper bound, taken
in this lattice, of the sequence (e,) of projections. Thene; + -+ + ¢, —> ¢
weakly [9, p. 49]. Since 4 is a Z*-algebra, e lies in 4. If f is a o-state of
A then f(e;) + -+ - + f(e,) = f(e). This completes the proof.

Let E be a function from # to 2 such that

(i) M N N = 0 implies E (M), E (N) disjoint

(ii) M,, N M, = 0 for m & n implies E(ngan) = ) B(M,),
- n=1

(iii) E(0) =0, B(R)=1.

Then E is called a question-valued measure. If £ has compact support
then we call E a compact question-valued measure.

Axiom 6 (modified). If E is any compact, question-valued measure
then there exists an observable x in O such that yy (x) = E (M) for all M in
9B, where yy 18 the characteristic function of M.

It is easy to verify that a compact question-valued measure E is
realized, in the ZX'*-algebra model, as a compact projection-valued
measure, g-additive in the weak operator topology. Thus Z is realized as
a compact real spectral measure in 4.
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Lemma 3.7. Let E be a compact real spectral measure in the X*-algebra
A. Then there exists a self-adjoint element x in A such that yy (x) = E (M)
for all M in .

Proof. Let « = [ 1 dE(A). By Lemma 2.5,  is a self-adjoint element
in A and I = E® Thus yy(x) = E*(M) = E(M) for all M in 2. This
completes the proof.

For reference, we include Axiom 7.

Axiom 7. The partially ordered set 2 of all questions in quantum
mechanics is isomorphic to the partially ordered set of all closed subspaces
of a separable, infinite-dimensional complex Hilbert space.

Axiom 8. If e is any question different from O then there exists a state
fin & such that m;(e) = 1.

Lemma 3.8. Let e be a non-zero projection in the X*-algebra A. Then
there exists a o-state f of A such that f(e) = 1.

Proof. Let A act on H. The range eH of e is non-zero. Let & be a unit
vector in eH. Let f= ws:x— (x&, £). Then f(e) = (e&, &) = (§, §) =1,
and the vector state f is a g-state.

In order to formulate quantum dynamics, MACKEY considers a one-
parameter group ¢ — V, of transformations of % onto &.

Axiom 9. For each sequence (f,) of members of & and each sequence (1,)

of non-negative real numbers whose sum s 1,V, ( 2 A fn) =32 2.V :(fn)

n=1 n=1
forallt = 0; and for all x in O, f in &, and M in B, t -~ p(x, V,(f), M) is
continuous.

If the state of a physical system is f at time ¢;, then it is V, _, (f) at
time £, = #,. Axiom 9 asserts that each ¥V, preserves convex combinations
of states; and for each fixed triple z, f, M, the probability p(x, f, M)
changes only slightly in a short time interval.

Lemma 3.9. Let (4, Sy, t = V) be a dynamical system, where 4 is a
2*.qlgebra of operators, and S, is the family of all o-states of A. Let (f,) be
a sequence in S,. Let (A,) be a sequence of non-negative real numbers whose
sum 1s 1. Then

(1) t = p(x, Vi(f), M) is continuous for each self-adjoint x in A, each
fin Sy, each M in .

(i) V, ( Zo,o' lnfn) = Zo;o' A Vi(fn) for all real t.
n=1 n=1

Proof. (i) Since the mapping ¢ — V, is weakly continuous, ¢ - (V,(f))y
is continuous for each f in S, and each y in A. Let « be a self-adjoint
element of 4, and choose y = y;, (). Now (V(f)) xm (x) = p (%, V(f), M)
hence ¢ — p(x, V;(f), M) is continuous for each self-adjoint x in 4, each
fin 8,, each M in .
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(ii) Consider a single element ¥ of the dynamical group. V is an
affine w* isomorphism of the full family S,. V is a continuous mapping
of 8, onto S,, when §, has the topology induced by the w* topology on
the dual 4* of 4. Firstly, let A, = 0 for all but finitely many »n. Then
(i) follows since V is affine. Secondly, let A, > 0 for all n. Let
In="Nh+ A+ Anfu bn= 24V () + -+ 2, V(fy). Then g, — f in norm
with fin S,. Hence g,,/(4; + * * * + A,) — f in norm and in the w* topology.
Hence V(g,/(A4, + * -+ A,)) = V(f) in the w* topology, since V is w*
continuous. Hence &,[/(4; + + -+ + 4,) = V(f) in the w* topology, since
V is affine. Let &, — & in norm with 4 in S,. Then 4,/(4; + -+ 1,) > &
in norm and in the w* topology. Therefore V (f) = h since 8, is w* Haus-

dorff. Thus %, - V(f) in norm. That is, 3’ 1,V (f,) = V( f‘ lnfn) , where
1

n=1 n=
the convergence on both sides is in the norm topology.

Theorem 1 is a consequence of Lemma 2.3 together with the preceding
eight Lemmas.

Each von Neumann algebra 4 is a 2*-algebra of operators. Now each
norm bounded increasing nef x, in 4 has a least upper bound x in 4.
States f of A such that f(x) = lubf(x,) for all such nets z, are called
normal states of 4. The normal states of 4 are precisely those of the

00
form 3} A, we,, where 1, is a sequence of non-negative real numbers such
n=1
o
that 3’ 4, =1, and &, is a sequence of unit vectors in the Hilbert space
n=1

on which 4 acts [3, p. 54]. Thus each normal state of 4 is a o-state of 4.
Now von Neumann algebras may be characterized abstractly [10, 16].
SAKAT’S characterization is as follows: An abstract C*-algebra 4 has a
faithful representation as a von Neumann algebra if and only if 4 is the
dual of a Banach space. Such abstract C*-algebras are called W*-algebras.
Now the set of all normal states of 4 is a norm closed convex subset of
A*[2, p. 337]. Recalling the proofs of Lemmas 3.1 to 3.9 (especially 3.4),
we obtain the following Corollary to Theorem 1.

Corollary 3.10. The dynamical system (A, Sy, t— V,) salisfies the
essential axioms of MACKEY if

(i) A is an abstract W*-algebra,

(ii) S, ¢s the family of all normal states of A.

If f is a o-state of a von Neumann algebra which is countably decom-
posable (in particular for each von Neumann algebra acting on a separable
Hilbert space) then f is normal. This follows from Drxmier [3], p. 65,
Exercise 9.

In this special case, the normal states are precisely the o-states. In
general, the author expects that the family of all normal states of a
Wk.algebra A is strictly smaller than the family of all g-states of 4.
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Now the normal states of % (H) are precisely those of the form

2 }'n wén
n=1
where 1, is a sequence of non-negative real numbers such that 3} 1, =1
n=1

and w, is a sequence of vector states of % (H) [3; p. 54]. Thus, when
H is separable, the normal states (= o-states) of #(H) are in 1 —1
correspondence with the von Newmann density matrices [13, p. 80].

Remark 3.11. Recall Lemma 3.8. Let H be a fixed arbitrary Hilbert
space. Let e be a nonzero projection in the von Neumann algebra % (H).
If £ is a unit vector in the range of e then the vector state w; is normal,
pure, and such that ws(e) = 1. Thus in the special case when 4 = % (H),
there exists a pure, normal state f of 4 such that f(e) = 1. This is in
general false. For let 4 be a type II, factor. Then A possesses no pure,
normal states [4, p. 273]. Each vector state of % (H) is pure, though not
every pure state of % (H) is a vector state [17; p. 944]. The extreme
points of the convex set S, of all normal states of % (H) are precisely the
vector states of #(H) [2, p. 84].

4. a-Envelope of a C¥*-Algebra

Haag and KasTLER [8] argue that, in the C*-algebra approach to
quantum mechanics, the abstract C*-algebra A4 is the relevant object,
and not one of its faithful representations. STREATER [18] uses an
abstract uniformly-hyperfinite C*-algebra to discuss the infinite ferro-
magnetic lattice. Kapisox [11] formalizes a concept of representation of
a physical system (4, S;) and of a dynamical system (4, S,, ¢t — V,) and
emphasizes considering an abstract physical system as independent of
its specific representations. It is for such reasons that we have stated
Theorem 1 and Corollary 3.10 in terms of abstract 2*-algebras and
abstract WW*-algebras.

In the following argument, A4 denotes a fixed abstract C*-algebra.
We consider the following problem, raised by G.W.MAcKEY in con-
versation: Find a canonical C*-algebra B containing 4 such that when
A is commutative and separable, B determines and is determined by the
Borel structure underlying the topology on the spectrum A of A. The
point is that in classical statistical mechanics, the set @ of observables
determines the Borel structure underlying the topology of phase space.
For the Borel subsets of phase space may be identified with the questions
in @. We are able to give in this section a complete solution to this
problem. But we first consider two candidates for B.
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(1) Let @ denote the set of all positive linear functionals on 4, and
let ¢ = ?Q 7w, where 7, is the canonical cyclic representation defined by

f- Then ¢ is called the universal representation of A. Consider the von
Neumann algebra ¢ (4)~ generated by ¢(4). Then ¢ (4)~ and the second
dual A** of A are isomorphic as Banach spaces [2, p. 236]. We embed A4
in A** and identify ¢ (4)~ with 4%*, Then 4** is a W*-algebra containing
A, but when 4 is commutative and separable, A%* seems to the author
to be too large. Note that each state of 4 has a unique extension to a
normal state of 4**, and that each normal state of 4** arises in this way.

(ii) Following [2], we define the spectrum A of A4 as the set of unitary
equivalence classes of irreducible representations of A. The reduced
atomic representation p [6, 12] of A is defined as the direct sum of the
irreducible representations y, of 4, taking one from each unitary equiv-
alence class. By abuse of notation, ¢ = gg ¥, Let H, be the representa-

tion space of y,. Then we know that ¢ (4)~ = “%a % (H,) [6, p. 549]. If we

identify 4 with o (4) then y(4)~ is a type I W*-algebra containing 4.
When 4 is commutative, % (H,) = C,, the algebra of complex numbers.
Hence p(4)- = a(?ﬁ C, = W+-algebra of all bounded complex functions

on A. Thus we lose all the structure of 4, a compact Hausdorff space,
and we cannot recover the Borel structure underlying the topology of 4.
This event has the following interesting consequence.

When 4 is commutative, the projections in y(A4)~ are precisely the
characteristic functions of all subsets of A. Thus a o-state on w(4)-
induces a probability measure on A such that every subset of A4 is
measurable. This excludes Lebesgue measure on the unit interval. Now
GuEeNIN [7], working from the lattice-theoretic approach to quantum
mechanics, considers a W#*-algebra of the form & % (H,), where the
H, are separable Hilbert spaces. We can recover this W#*-algebra from
our own considerations by requiring that 4 be separable. Then y(4)~
= u(?,i % (H,) and each H, is separable. Yet GUENIN cannot define a state

as a probability measure on the set of all projections in & #(H,), for
he would then encounter the difficulty described above, when the H, are
a family of 1-dimensional Hilbert spaces indexed by the unit interval
[7, p. 275]. To circumvent this difficulty, GUENIN chooses to redefine a
state as a probability measure on a sublattice of the lattice of all pro-
jections in @ % (H,). But the difficulty can be completely avoided if we
consider, not y(4)~, but the g-envelope A~ described in (iii) of this
Section.

By construction of 9, each pure state of 4 has a unique extension to
a normal state of ¢ (4)~. Note that y is a multiplicity-free representation,
and that y is a subrepresentation of ¢.
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(iii) Let A™ be the o-closure of 4 in its universal representation. A~
is called the g-envelope of A. A™ is isomorphic, as a X*-algebra, with the
g-closure of 4 in its reduced atomic representation. Note that each
state of A has a unique extension to a o-state of A7, and each o-state of
A" arises in this way [1].

Let A be commutative and separable. Then 4~ may be identified
with the X*.algebra of all bounded Borel functions on the spectrum A
of 4 [1]. Now the projections in A~ are precisely the characteristic
functions of Borel subsets of A. Thus a o-state on A~ induces a probability
Borel measure on A. Thus we completely avoid the difficulty which
GuexNiN encountered. 4~ determines and is determined by the Borel
structure underlying the topology of A, for the set £ (4") of projections
in A~ may be identified with the set of Borel subsets of 4. The Borel
structure underlying the topology of A is a standard Borel space [2,
p. 357]. Hence, if 4 is uncountable, the Borel structure underlying the
topology of 4 is isomorphic, as a Borel space, with the Borel structure
underlying the usual topology of the unit interval [0, 1][2, p. 357].

Consider finally the general case, 4 a fixed C*-algebra. Then £ (47)
is in general not a complete lattice, hence fails to satisfy Piron’s lattice-
theoretic axioms [14]. But in [15] the author proposes to weaken
slightly one of Piron’s axioms, replacing completeness by o-completeness.
The resulting set of five axioms we call the essential axioms of PIRON.
Indeed if 4 is a separable type I C*-algebra, we establish in [15] that
Z (A7) satisfies the essential axioms of Prroxn. There is a full discussion
of these matters in [15].
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