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Abstraet. Using a finite form of local field equations some consequences of in-
finite mass renormalization are studied in a rigorous manner. The method is applied
to various models. For pseudoscalar meson-nucleon interaction sufficient conditions
are given for the equivalence to a direct Fermi coupling. Confirming a recent result
by KroLL, LEE, and ZumiNo it is shown that a vector meson field should be pro-
portional to the corresponding current if the bare meson mass is infinite. In the
conventional treatment of neutral vector meson theories this causes certain diffi-
culties which are analyzed in detail. In case of two vector fields coupled to the same
current it is found that the fields must be proportional provided the bare masses are
both infinite. In the Appendix finite local field equations are discussed for the
coupling of a neutral vector meson field to the current of a spin 1/2 field.

1. Introduection

To illustrate the purpose of this paper we consider the model of 44-
coupling. The model is described by a scalar, Hermitian field 4 (x) which
is an operator valued distribution

A;=[(@) A@)d
defined for a suitable class of test functions on a dense linear subset D of
Hilbert space. A4 (x) is supposed to satisfy the general principles in
Wightman’s formulation of relativistic, local quantum field theory
[1—3]%. In addition we assume that 4 () satisfies the field equation?3

— (O +m) 4@) = lim j@é)
j(@, &) =242, () Z72(&): A(x + &) Aw) A(x — &): —dm2(§) A(x) (1.1)
which has been verified in renormalized perturbation theory [8]. The : :-
product is defined by the usual vacuum subtractions
1A () A (5) A (5):
= A () A(x;) A (25) — (A (%) A (x5)Do A (w5) — cycl. perm.

for @ =)t <0 (i+)).

1 Concerning the choice of the class of test functions see JA¥FE’s discussion [3].

2 Field equations of this type were first proposed by VaraTin [4] for quantum

electrodynamics. The theory has been further developed and extended to other

interactions in ref. [5—9].
3 Throughout this paper lim will denote the spacelike limit with &2 < 0 and
—0

&4}/ — &* bounded.

1.2)
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m and A denote the (finite) mass and coupling constants. Formally the
values of the functions Z,, Z, and m? at & = 0 represent the renormaliza-
tion constants of vertex function, wave function and mass respectively 4.

The limit & - 0 should be understood in the weak sense that (1.1)
holds for matrix elements

(Dy,...D,) with &, ¢D,,D,€D,. (1.3)
D, and D, are dense linear subsets of D with the property that
(D1, A(@) Dy), (Dy, A(w+ &) A(2) A(x — &) Py)
are ordinary functions of # and & for
®D,€D,, DD, and £2<0.

We will derive a simple consequence of the assumption that the mass

renormalization is infinite, i.e.

Igigloémz(f)] =00 (1.4)
Equ. (1.1) may be written in the equivalent form
—(O+m?) A@) =j(x, §) + o, §) (1.5)
where mo(x, £)=0.

Dividing both sides of (1.5) by dm?(§) and taking the limit £ - 0 we
obtain with (1.4) the relation
— 7 1im L&) A+ §A@) A — §):

Al@) =2 Z:(8) 6m2(8) (18)
for matrix elements of the form (1.3). As should be clear from the deriva-
tion equ. (1.6) is an identity which follows from the field equation provid-
ed the mass renormalization is infinite5, Moreover, (1.6) must be valid in
perturbation theory.

4 In terms of the functions «, f, y of ref. [8] the functions Z;, Z, and dm? are
defined by ﬂ( 45)

76 = (O Zu(O) = 1+ S
g A
OO =g @

5 It should be noted that (1.6) does not imply the relation
a1 Z,(&): A(x+-&) A(x) A(x —&): _
() [4@ 4] =4 lim [2EEEERIO A @)=y

which would be inconsistent with the canonical commutation relations.

(*) does not follow from (1.6) because (1.6) is restricted to matrix elements (1.3) for
the field equation (1.1) is correct. For instance, in order to derive the vacuum
expectation value of (*) one would need (1.1) for matrix elements

(*%) (2,...¢)and ($,...92)
= [dyAd@y) ) Q.
But even if Z5 * were finite the left hand side of (1.1) would not be defined for (**)
unless f %2 0(%?) dx® < oo (g denotes the weight function of the propagator).

b*
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The present paper will be concerned with polynomial field relations
of type (1.6) for various models.

We briefly review some previous papers dealing with polynomial field
relations. Usually the relations are formally stated as

A(w) = P(A(@), 4(2), ..., 4,() (L.7)

where P is a polynomial in the components of fields 4, 4,,... 4, (and
their spatial derivatives) occurring in a Lagrange formulation of a local
and relativistic theory. If P does not depend on A4 (1.7) may be used for
eliminating the field 4. It has recently been claimed [10] that the
possibility of expressing a field 4 by a polynomial (1.7) is

(i) equivalent to the condition Z, = 0, Z, being the wave function
renormalization constant of the field 4,

(ii) equivalent to the compositeness of the particles associated with 4.

Concerning (i) BRaANDT, SucHER and Woo [11] point out that Z, = 0
should not be expected to be a necessary condition. For the Lee model
they have shown that the V-field may be expressed in terms of the N-
and 0-field in a situation where Z; 5 0, but dm% = oo, in accordance with
the argument leading to (1.6).

With regard to (ii) we remark that polynomials (1.7) may certainly
be used to construct local field operators for composite particles. But a
polynomial relation of the form (1.7) does not necessarily indicate that a
composite particle is associated with the field 4. Equation (1.6), for
instance, can hardly be related to a composite structure considering that
it is valid in perturbation theory.

In two recent papers [12, 13] it was recognized that in some cases the
divergence of the self-mass is the relevant condition for (1.7). Making
formal use of the field equation HaeEN [12] derived polynomial field
relations from the condition of infinite self-mass. In a similar way KrorLL,
LEr and Zumivo [13] arrived at the conclusion that a vector meson field
should be proportional to the corresponding current provided the bare
mass of the meson is infinite.

There are, however, differences in interpretation. HAGEN argues that
for infinite self-mass the equation of motion degenerates into a constraint,
i.e. the field equation becomes meaningless and is replaced by a polynomial
relation. In contradistinction Krorr, LEE and ZuMiNO maintain that
field equation and the proportionality of field and current are valid
simultaneously.

The rigorous argument given above for the A4-coupling makes
evident that the interpretation given by Krorr, LEE and ZuMiNo is the
correct one. For the polynomial relation (1.6) is a simple consequence of
the field equation (1.1) if the self-mass diverges in the sense of (1.4). In
that case field equation and polynomial field relation hold simultaneously.
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The principal difficulty in such problems is that the field equations in
their usual form become meaningless if some of the parameters are
infinite. Ambiguities are likely to appear since there is no algorithm for
infinite quantities. However, the limit form of field equations — such as
(L.1) — is well defined even if the renormalization constants should be
infinite. On this basis polynomial field relations may be derived and
studied in a rigorous manner.

We finally mention a paper by NisE1IIMA [14] in which a method is
developed for checking the limit form of (1.7) directly in perturbation
theory. As sufficient for (1.7) NisHIIIMA finds the stronger condition that
the self-mass associated with the field 4 should diverge more strongly
than any corresponding vertex renormalization. This condition would not
suffice in case of a neutral vector field coupled to a conserved current
since the self-mass of the vector meson is only logarithmically divergent.
However, a corrected version of NIsHIJIMA’S argument leads for the 44-
coupling to the same result that the divergence of the self-mass should be
sufficient for the polynomial field relation (1.6).

The contents of the present paper is as follows. In section 2 polynomial
field relations are discussed for the meson-nucleon interaction. Divergence
of the meson self-mass implies an expression for the meson field which
involves a y;y and an A3-term — due to the presence of the 44-coupling.
Under more restrictive conditions, however, it can be shown that the
meson field may be expressed in terms of the nucleon field only

A@)=1g Im F (&) 3 (:F@+8) yop@—E): + :P(w— &) yp(a+£)) (L8)

Inserting (1.8) into the nucleon field equation one finds an equation for ¢
alone which formally corresponds to a Lagrangian with a direct Fermi
coupling. Under different conditions such an equivalence has first been
stated by JoUvET [15] on the basis of formal arguments.

Section 3 and 5 concern interactions of vector meson fields. Confirming
the argument of Krorr, LEE and Zumivo it will be shown that a vector
meson field V# is proportional to the corresponding current j#

Ve =pje (1.9)
provided the meson self-mass is infinite.

In section 4 this result is applied to the commutators of fields and
currents in a neutral vector meson theory. It is found that the usual

assumption of
[°@), V()] =0 for a® =y (1.10)

is not correct if the meson mass renormalization is infinite. (1.10) is the
basic hypothesis in JorNsON’s derivation [16] of the sum rule

1 1 2
=t [ e, (L11)

2
Zymy
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However, the sum rule (1.11) is valid in general and can be proved by a
method due to Symanzik [17]. SymMaNzik’s method also provides the
complete set of equal time commutators of the meson field components
and their time derivatives. Combined with (1.9) one further obtains the
equal time commutators of the current components.

In section 6 the case of two vector meson fields coupled to the same
current is considered. It is shown that both fields must be proportional if
their masses are infinite. Furthermore the bare masses mg;, mg, are equal
in the sense . m3 (&)

£—0 mf(§)
This result shows that a system of two independent vector meson fields
coupled to the same current cannot be quantized in a consistent manner
if the bare masses of the fields are infinite.

The Appendix contains a detailed discussion of the local field equa-
tions in limit form for a neutral vector meson field coupled to the current
of a charged spin 1/2 field.

=1.

2. Equivalence of Pseudoscalar Meson-Nucleon Interaction
to a Direct Fermi Coupling

For the model of pseudo-scalar meson-nucleon interaction the follow-
ing field equations have been verified in renormalized perturbation
theory [6, 9]

(— e y*9, + M) p(x) = h(x)

h(z) = {Q%A)% E-1(A(w + &) 2.1)
+Aw—§»nwm+aM@wuﬁ
— (O + m) 4 (2) = j (@)
@) = lim g 2,1(8) Z5(6) 9@ &)

A2 (8) Zo() L Blwt) — bmt(®) A()} )

with
Pl =3 F@+8) Pple—E: + 3 Fe— 8 Ppe+ 8 (23)
Bf) — A+ £ A@) Al — &): (2.4)
P (@) Yop(@a): =P (@) Yo (e) — (P (@1) ¥y (@) Do (2.5)

for (z; —,)2<0.
Equ. (2.1—2) hold for matrix elements between suitable state vectors.
As in the case of A4-coupling (Section 1) one obtains from the field
equations (2.1—2) the relations

0 i Za® (A O+ A@—8) yip(@)
vE =i ARLIAE (2.6)
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if .
Jlim 64 (8)] = oo @7)
and
i o Za(@9(@d) + A23(8) B@d)
, A@) = Jimg Z5(E)3ma () (2.8)
§ | Jia m? (£)] = oo . (2.9)

Equ. (2.8) cannot be used to eliminate the meson field since the right
hand side still involves 4. In order to express 4 in terms of the nucleon
field only we will use some additional information. In perturbation
theory [9] the meson current (2.2) can be decomposed into two indepen-
dent currents which are separately finite$

1) = 71(®) + 42 (2) (2.10)
fr(%) = lim {9 an (§) ¢ @8) + g a15(§) B(w§) — omi(8) A(x)} (2.11)
fa(@) = Hm {20y (§) ¢ (@§) + Aag(E) B(x§) — om3(€) A(x)}. (2.12)

The two currents are independent in the sense
]im det (@;,(£)) += 0
9“15(5) omi ( E)}
?i% ha(8) ()] T O (2:13)

g, (8) 6m1(§)‘ +0
&0 |Aay (§) dm3 (&

Under the additional hypothesis (2.10—13) the field 4 may be expressed
in terms of y,§ provided certain linear combinations of the mass renor-
malization constantsdm?2, d mé are infinite. For the proof we write (2.11—12)
in the equivalent form

fi=9ang+gaB—omtd + o,

Jo =A@y @ + Aayy B — dmZ A + o,

}i_lﬂ)ok(xé) =0.

with

From these equations B may be eliminated. One obtains
A@)= 2L im F (&) {5 @+ yp—8): + Fe— 8 ype+ &)

2.14)
_ det (21(£)) (
F &) = Tarni@ omi(®) — gau(® 5730
provided £
lim (Sm2 (&) — 9%() am&(&)] = oo
E—0 Aags(8) (2 15)
. 2 lazz('s 2 .
fm O3 (8) — @ j o ."

¢ It has also been observed by K. Wirson [18] that two independent finite
currents can be constructed from ¢ y; y and 42,
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Inserting (2.14) into (2.1) one sees that the spinor field satisfies a field
equation which formally corresponds to the Lagrangian

— 5 P8y — 35y y) — Moy + Col@ysylt.  (2.16)

Hence we have a certain equivalence of the pseudoscalar meson-nucleon
interaction to a direct Fermi coupling if the stated conditions are satis-
fied. It should be noted, however, that after elimination of the meson
field the model still contains four independent parameters 4, g, M and m.
Since m is arbitrary the meson cannot be interpreted as composite
particle in this context. The fact that a four parameter solution y may
correspond to a two parameter Lagrangian (2.16) merely reflects the
ambiguity in quantizing (2.16).

3. Proportionality of Vector Meson Fields and Corresponding Currents

We consider a model described by a local, relativistic Lagrangian £
involving massive vector fields V%, ..., V. For the free Lagrangian €,
of the field V4% we choose the Proca-Wentzel form [19, 20]

1 1
’Qk =" Vko;u: V;:(j), + f'm%o VkOM V;:o (31)

Vkoyv = a[t Vkm' - av VkOM

R, is defined as the sum of terms in £ which are quadratic in V} and its
derivatives. The subscript , refers to unrenormalized quantities. The
field equation of V} then takes the form

=0,V +miy Vi = Zid2 g4 i/ (3.2)
where
vE=25 vy,
are the renormalized fields.
Since some of the constants my o, g5 o, Z74 may be infinite we replace
(3.2) by the more meaningful equation

—0,Vy" () = gjflo(zl-c—sl&(f) Iro(8) g (w€) — mEo(§) Vi (2))  (3.3)
with suitably defined currents ji (x§) valid for matrix elements
(Dy, ... Dy) (3.4)

taken between state vectors from appropriate domains D,, D,.
Assuming now that the bare mass associated with the field V¥ is
infinite
[lim ey (§)= o0 (3.5)
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equation (3.3) implies
b\ — Tim  Iro(E)fE (€)
VE@) = I i, @ - (3.6)
If furthermore the limit
lim ¢ (28) = ¢ (@) (3.7

exists for matrix elements (3.4) we have the result

-k )
= TR E e - 38
This is a rigorous version of the argument given by Krorr, LEE and
ZuMmiNo that a vector field should be proportional to the corresponding
current in case of infinite mass renormalization.

The limit (3.7) formally corresponds to the unrenormalized current j4
as defined by (3.2). For a neutral vector meson field coupled to the
current of a spin 1/2 field the existence of (3.7) will be shown in section 5.

It should be remarked that for many models the current j% as defined
by the right hand side of (3.2) is different from the conventional current
J% which occurs in the minimal coupling to an electromagnetic field. We
illustrate this point at the example of an isotopic spin doublet ¢ of spin
1/2 fields coupled to a massive Yang-Mills field V. For this model the
isotopie spin part of the minimal electromagnetic current is given by the
3-component of

Vi) = a5 (%), o

J# = PophT o+ 2 Vo, X WL

. N . R N (3.9)
Whr=04Vy —Vh+2g,Vh X V5.
The field equation of the Yang-Mills field, however, is
9, Wh* + mE Ve = ggje (3.10)
8o that the current defined by (3.2) becomes
r=Jn—20,(VE x V). (3.11)

It is an essential assumption in the concept of field algebra [21, 22] that
in the weak and electromagnetic interactions of hadrons the currents ji
or fields V% occur rather than the minimal currents J%.

4. Field and Current Commutators in Neutral Vector Meson Theories

This section deals with equal time commutation relations of fields and
currents for neutral vector meson theories. The discussion is formal in so
far as we do not attempt to give a precise meaning to equal time commuta-
tion relations.



74 W. ZIMMERMANN :

‘We consider a neutral vector meson field coupled to the current of a
charged spin 1/2 field. For this model JorNsoN [16] derived the sum rule

1 _ 1 o0 . o
Z3m3——m_’+f_x3 d

3 4.1)
0<Zymd< m? <l

where Z, is the wave function renormalization constant of the meson
field, m, the bare mass, g the spectral weight function of the propagator.
For the derivation Johnson used the Lagrangian of the Proca formulation

L=L8p+ 8t + L
1 , 1
£V= - Z VOMVVG‘ + _2“77?% VO#VG
it = — 9olu V§ (4.2)
T, _ —
Ly = 5 (Po¥*0u Po — 0. Po ¥ o) — Mo PoPo
VE*=0rVy— 0" Vg, 5* = @oy* @o-
The renormalized field operators and coupling constant are
Ve =Zg Ve, @ = Z3 gy, g = Zi2g,.
The independent pairs of canonically conjugate fields are

(VE, Vo) £=1,23.

In order to obtain the commutators involving V° one solves the field
equation formally by

. 3
po_ 9 4 mi% PR 4.3)
j=

2
Zymd

and assumes
[1°(x) VE(y)]=0 for 2°=4¢% £k=1,2,3.

(4.4) is the basic hypothesis in JoHNSON’S work which yields the equal
time commutator of V*, V9. The relation

[VE(), Vo(y)] =

leads to the sum rule (4.1) provided the meson propagator has an unsub-
tracted integral representation?.

7
Zymy

0%d3(% — y) (4.5)

7 It is assumed here that m?2 is the only square mass eigenvalue of spin 1 in the
interval 0 < K? < K3.
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We will now show that assumption (4.4) is inconsistent if the bare
mass of the meson is infinite. We write the field equation in the limit
form (3.3) and obtain with gy (&) = Z3/2(¢) g

)
Vi) =g o e s ® (46)

provided
. 2(E) = oo .
;J_{%mo(f) oo
According to the sum rule (4.1) the limit
m® = lim 74 (£) m3 (&) (@7

exists and is different from zero. Hence the limit of the current operator
exists and is related to the field operator by®

VA (2) = 5 (@), () = lim j#(z, &) (48)

With this result, however, the commutation relations (4.4) and (4.5) are
incompatible.

The source of the trouble is of course the formal use of the field
equation in (4.3) which is not permitted for divergent constants m,, g,.
Indeed, in this case the corrected version of (4.3) is precisely

Vo(2) = -5 1°(2) -

Hence any assumption on the commutator [0, V*] would anticipate the
commutation relations of V° and V*.

The conclusion is that the canonical quantization rules of the Proca-
Wentzel formulation do not provide sufficient information for proving
Jounson’s sum rule. On the other hand this sum rule has been derived by
Symanzix [17] by quantizing first the Lagrangian (5.2) of the following
section. Defining then the Proca field V* by the gauge transformation
(5.12) the equal time commutation relations of V4, V* are obtained
including (4.5). Relation (4.5) implies JoHENSON’S sum rule (4.1) provided
the meson propagator satisfies an unsubtracted integral representation.

The equal time commutators of V# combined with (4.8) yield the
current-field commutators as well as the commutators of the current
components

(V@) ()] =+ 8 (6 —y) o0 =1 (49)
@ 0] = [*@ @)1 =0 kl1=123 (@10
7% @) 1°()] = i 55 9 8, (2—9) (.11)

8 For a more detailed discussion of this argument see Section 5.
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provided

3 2 —
lim (&) = oo

Equ. (4.11) is in agreement with Schwinger’s results [23]

G*@) 1°@)1)o = 1¢0" 05 (x—y) -
It should be remarked that the commutators (4.9—11) cannot be
computed from the corresponding commutators of j# (z£) by taking the
limit & — 0. As was pointed out in ref. [11] the relation

j*(x) = lim j# (2 ) (4.12)
£—0
does not imply
[7*(x) V°(y)] = lim [* (z£) V°(y)] (4.13)
or 0 = 90
(@) )] = Jim [j* @87 (¥ y)]. (4.14)

The reason why (4.14) fails to follow is that (4.12) converges in the weak
limit only. (4.13) is not implied since the validity of (4.12) is restricted
to matrix elements (3.4) for which the field equation (3.3) is correct.
For instance, in order to derive the vacuum expectation value of (4.13)
one would need the field equation for matrix elements

2,...0) and (D,...9)

D= [dsy Vy (9 2.
But for divergent Z;! or m, the left hand side §, V°*(x) of the field
equation is not even defined for such matrix elements.
In conclusion we remark that JornsoN’s hypothesis (4.4) is correct
for a finite theory (m, =+ o) and can be derived from the canonical
commutation rules of the Lagrangian (5.2).

5. The Current Operator in Neutral Vector Meson Theories

In this section we propose an explicit form of the current operator
7#(x &) for the model of a neutral vector meson field coupled to the
current of a charged spin 1/2 field. It will further be shown that the limit

(@) = lim g (z £) (5.1)

should exist in a consistent theory. The model has the advantage that it
can be renormalized by conventional methods®. So perturbation theory
may be used as a guide for finding a suitable definition of j(x &).
Using the Gupta-Bleuler metric the renormalization program has been

® So far this has not been possible for Yang-Mills type interactions unless an
infinite number of counterterms is admitted.
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carried out in detail by SYMaNzIk [17] on the basis of the Lagrangian0-11
=2y + Lint + L5
Q4= — 4 Aoy AL+ 5 mB Ao, Al — =78 (3, 41
Ling = — JoJud§ (6.2)
g, = % (Po V0,0 — 0uPoV*p0) — MoPo¥o
g = 04y~ DAY, = T

The subsecript o refers to unrenormalized quantities. The renormalized
field operators and coupling constant are

Ar=Z5'2 A, p = Zy Py, g = Z}g,.

As a finite form of the meson field equation we propose
—0, 40" (@) = lim {9 Z52(8) (2 8) - m3(6) 4 () + "5 040, 4 @)} (5.3)
(O+2)o,4°(2)=0, (5.4)

for matrix elements between suitable state vectors. A is an arbitrary
finite and positive parameter which may be identified with the renormaliz-
ed mass!? For the current operator we propose

n o . jB(xEn)

(e §) = Z3(¢) lim S (55)

Fatn) =3 @ @En + @ — & — ) (5.6)
4

Q”(x 577 ( n 5) e za_‘gdyl‘Aﬂ(ﬂ)w(w _ 5) (57)

10 For a discussion of (5.2) see, for instance, ref. [24], section 5 and ref. [25],

section 3.
11 Tagrangian (5.2) is closely related to the Lagrangian of the STUERCKELBERG

[26] formalism
1 1 1 md
Lup=—7 Ao A* + 5 mUo, Ut — 5 3 23
*) 1 pe
Uld = Ag—;n:a,,B, Xo =6"A.,,‘—|- -m_o B

which is invariant under gauge transformations
1 y
A6”=Ao”+7n;ay/1,.3 =B+ 4

Up to a divergence (x) equals &4 + L with L5 denoting the free Lagrangian of a
scalar field B of mass A. Apart from a minor modification (*) was proposed by Fuin
and KamerucHI [27].

12 Tn perturbation theory where m, = oo it would be inconsistent to set 4 = m,
because (5.4) holds for the renormalized field.
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This form is suggested by the work of VaraTIN [4] and BraNDT [7] in
quantum electrodynamics!s. « + # are points on the straight line connect-
ing  — & with x + &. The integral is extended along this line.

:: denotes the generalized normal product defined recursively by

O;...0,=:0;...0, +2(Oi1...9400 O Ot (5.8)
for field operators 4, ory at spacelike relative distances!4. The sum extends
over the subsets (3;,...,1%,) of (1,...,n).

U< <l gy < oo < e
In perturbation theory (5.5 7) may presumably be replaced by the
simpler expression

to1 *

@ &) =258 5 @ &) + Q4 (x, — ©)
Q4w &) = (e + &) yu¢(x - 5) (5.9)
— (P @+ &) pry(e — £)d 2 (-~ sor" [ [ ayea, <y>]

where only a few terms in the expansion of the exponentlal are needed.

Using the methods of ref. [4—9] it should not be difficult to check the
validity of (5.3—9) in renormalized perturbation theory.

For the limit form of the Dirac equation see the Appendix, equ. (A. 4).
Since the divergence d, A# is a solution of the Klein-Gordon equation
(5.4) the commutators [9,4”, p], [0,4", A*] must be well-defined solu-
tions of the Klein-Gordon equation in a consistent theory. As is dicussed
in the Appendix this leads to the requirement that

it = lim 7, (£) m3(£) + 0, 0. (5.10)

In this argument it is not used that the meson propagator satisfies an
unsubtracted integral representation.

‘We will now derive the meson field equation in the Proca formulation.
Let p be the projection operator on the subspace of the physical state
vectors defined by

(0,4 (x))* @ =0. (6.11)
* denotes the positive frequency part. The meson field operator of the
Proca formulation is then introduced by

Vi(@) = Pr(e) p, Pr(a) = 45 (@) + 5 4, (@) (5.12)
The definition of the Fermi field operator ¢ in the Proca formulation is
given in the Appendix. For V#(s) one obtains from (5.3) the field equation
in Proca form
— 0,V (v) = lim L {9 257 (€) (@ &) — m(§) (@)}, 9,V*(@) =0 (5.13)

13 For the motivation of the exponential in (5.7) see for instance ref. [28].
4 This presciption should be applied to each term of (5.7) after expansion of
the exponential.
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with . p
P =@ép. (5.14)
Asis shown in the Appendix the current operator j* (x £) may be expressed
in terms of the Proca field by

; - iy JE(@éEn)
(@ 15) = Za(‘f)ﬂ_} T En) (5.15)
@ En) =5 @ @En+ Q@ — & —1) (5.16)

Cmtn
—ig°f Ay Vu ()
== 9

QL &En) =: @+ &) pre e — &): (5.17)
Finally, we derive the existence of the limit (5.1). If
é}in% mg(€) = oo (5.18)
(6.10) and (5.13) imply _,
lim j# (£) = 1";— Vi (@) 15 (5.19)
for all matrix elements for which (5.13) is valid. For these matrix
elements the existence of the limit (5.1) follows with the current defined
by . i
7# (%) = E Ve(x) . (5.20)
By definition j#(x) is an operator valued distribution with the same
domain as V¥(x).
I_felin%mg(S) = m& = 0 equ. (5.1) follows similarly with the current

defined by j’u (x) — ;77:% (— a,, VI"’(.’,U) m% Ve (x))

6. Impossibility of Coupling Independent Veetor Meson Fields to the Same
Current

‘We consider two vector meson fields V4 and V£ in the Proca-Wentzel

formulation which are coupled to the same current. It will be shown, that

V& and V4 must be proportional provided their bare masses are both

infinite. We give two alternative formulations?® of the hypothesis that V4
and V% are coupled to the same current.

15 (5.19) holds in perturpation theory up to an expression of the form
Elimo Z4(&) 8, Ve¥(x) which should be considered to be zero.
-

16 These formulations correspond to a free meson Lagrangian
1 2 1 2
(a) Lo=— sz’I Viour Vg + —2—k§1 myg Veou Vo
and an interaction term
(b) L= —k)S'l gokfy V%o .

One can of course introduce mixing terms of the form V,,, V4*, V,, V4 in Z,. It
can be shown that the mixing matrices must be made positive lest ghost states
appear in the theory. But then the meson Lagrangian can be brought into the
form (a) by a linear transformation of the field (see ref. [13]).
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(i) The fields V¥, V4 satisty the field equations
=0,V (@) = lim (f(§) (= &) — mio(£) Vi (@) (6.1)

valid for matrix elements
(Dy,...Dy) D,€D,, D, €D, (6.2)
with suitable domains D;, D,.
In this case we do not assume that the limit ;ir% 7# (% &) exists.
(ii) The fields V¥, V} satisfy the field equations
— 3,V (@) = lim (£ (§)ji (0 &) —mio (&) Vi (a) (63)

valid for matrix elements (6.2). Here the currents may have a different
&-dependence, but it is assumed that they approach the same non-
vanishing limit
lim (&, 4@ £)By) = lim (@, j4( £) By) +0 (6.4)
for matrix elements (6.2).
In both cases it will be shown that V{ and V§ are proportional
provided

|lim mo (&) =co. k=12 (6.5)
We begin with case (i). Equ. (6.1) is equivalent to
Vi(@) = hi(8) (@ &) + pj (x &) (6.6)
H 0, V&Y
ha8) = 0 (e gy = BEALOTEE 67
with
?Pfo op(x&)=0.
The hypothesis
|lim mf, (§)] = oo (6.8)
implies

lim pi(@&)=0.

Let &, be an arbitrary sequence of spacelike points approaching the
origin. We choose a subsequence &, such that the sequence

b (&)
ha(&7)
has only one accumulation point. We assume that

n—oco hy(£;)
is finite. This is no loss of generality since

h(E)
s T (6.10)
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can be reduced to (6.9) by interchanging V4 and V4. Multiplying (6.6) for
k=2 by and taking the limit n — co we obtain

lim ) pue) — tim Ay (€)@ £ = VE@) .

n—>co hy(&)
Hence
k(&)
b= e T

and

Vi=hVj. (6.11)

In case (ii) the field equation (6.3) is equivalent to
Vi@) = hi(8) j3 (@ &) + pj (@ §) (6.12)

with

lim o =

lim of(x €)
It

| o (8) = oo
we get
(Dy, V() D) ZEH—{I}) ki (£) (¢1, 7;;(75 §) Dy) .

It follows that

hy, =£lin‘1)hk(§) + 0,00 (6.13)
exists and does not vanish. Hence
Vi— Ty, (6.14)
2

In case (i) we can further show that

m?o(f)
b e = L (6.15)

i.e. the bare masses of the two fields are equal. This result is an applica-
tion of the following uniqueness theorem.
Let V* be a solution of the field equation

= 0, V¥*(2) = lim L (F(8) (= &) — mi(€) V¥ (2)) . (6.16)
Then the equation
—0,V¥ (x) = Eli_lf(l)(f’(f) 7 (@ &) — mg? (£) V*(x)) (6.17)
is satisfied by [’ and my for the same matriz elements if and only if
e _
e T
. 2.z F'(§) 12(8)) = 0 (6.18)
lim (m(8) L2 — mg2(8)) = 0.

6 Commun. math. Phys., Vol. 8
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Relation (6.18) implies

m % g

£ 3 (6.19)

The sufficiency of (6.18) is obvious. In order to prove that (6.18) is
necessary we assume both equations (6.16) and (6.17) to be valid. Then
we have

—0,V# (@) + m(§) V() = f () j*(x §) + of (x §)  (6.20)
with
;i_xﬁ)o;“(x, =0. (6.21)

Let &, be a sequence with
§<0, limg =0, |&)/—&<B.

To every accumulation point f of the sequence ;”g"; we choose a sub-
1\5n,
sequence &, of &, with
Lim fa(&) _
n—>e 7 (&) f- (6.22)
We first assume
fl=1. (6.23)

Form (6.20) we obtain

(I;: )( % V) + (’”51’;——%2) Ve = ;— —of. (6.24)
The limit

= lim (md (&) 28 — mdy(E0)

exists because of (6.21), (6.23) and (6.24). So we obtain
(F — 1) (= 8, V" (a)) + ¢ Vi (@) =
Excluding the trivial case that V* statisfies a linear equation we get
f=1, t=0. (6.25)
For |f| = 1 we obtain in a similar way

) _ 1
n—co fa(&)
which is included in (6.23). Since (6.25) holds for every accumulation point
(6.22) condition (6.18) follows.
Finally we apply the uniqueness theorem to case (i). According to
(6.1) and (6.14) the field V¥ satisfies both equations

— 9, V{" (@) = Hm (f1(§) (@ &) — mio (&) V1 ()

—~0,7(@) = Jim (T ) — mEo(O) V(@) .

Hence we obtain (6.15) as a necessary condition.
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Appendix. Limit Form of Local Field Equations for a Neutral Vector
Meson Theory

(a) Formulation with Indefinite Metric

We consider the model of a vector meson field coupled to the current
of a charged spin 1/2 field. The Lagrangian (5.2) formally leads to the
following field equations of the renormalized fields

— 0,4 4 m3 A+ T ug, 47 — g 77
(O+2%0,4#=0 (A1)

ey — Moy =g p* Ay .
‘We list some of the commutation relations which follow from the canonical
rules and (A.1)

[0, 4" (@), p()] = 75 9 ) A — 9) (a2)
[0, 4 (2), 44 (4)] = — 7oz § D&~ 9) (A3)

We now propose a finite formulation of the field equations (A.1) and
the commutation relations (A.2—3). The field operators are supposed to
be operator-valued distributions on a domain D which is dense in a
Hilbert space $ of indefinite metric. Except for positive definiteness of
the metric the usual postulates of quantum field theory are assumed in
the form proposed by JAFFE [3].

As local field equations we propose (5.3—7) and

i 70, p(@) = lim (g 55 (4, (0 + )+ 4,0~ ) p(@) + Mo p(@) (A4)
to hold for matrix elements.

(Dy,... D)  D,€D,, D,¢D,. (A.5)
D, and D, are dense linear subsets of D with the property that

(Py, 4% () Dy) , (Py, J*(= £ m) Dy)

(D1, 4*(x + £) p() By), (D1, p () D)
are ordinary functions of «, & and % for

D,cD;, 82 <0, |E<e*>0

and # lying on the straight line connecting — & with + £7. Since

A(®) = 58,4 (@) (A.6)
is a solution of the Klein-Gordon equation (5.4) the commutators of 4 (x)

17 g# is chosen small enough that the matrix element (@, ... @,) of (5.7) con-
verges after expansion of the exponential.
6.
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with y (y) and 4#(y) must be well-defined solutions of the Klein-Gordon
equation (5.4) to the mass A. Hence for the theory to be meaningful the
limit

it = lim Z,(&) mB(£) + 0, 00 (A7)
must exist and be different from zero!8. Accordingly we postulate the
commutation relations

[4@) po)] = Ly () 4 — 1) (A.8)
[4@) 4% (9)] = — g i 34, (x — 1) . (A.9)

The last relation implies
[A@) AQ)] = — i Dy —1). (A.10)

Let 9’ be the closure of the subspace which is generated by applying

polynomials of creation operators
Af = [{(@) A~ () dw
to the vacuum 2. A~ (z) is the negative frequency part of the free field
A (%), f(x) is a suitable test function. ' is spanned by the vectors
D =A4; ... 4; Q. (A.11)

Since the commutator (A.10) has the negative sign an indefinite Gupta-
Bleuler metric must be used in $’.

Let ) be the closure of the subspace of physical state vectors defined

by
Af ®=0, &¢D. (A.12)

p denotes the projection operator on $. In § a positive definite metricis
used. The intersections of D, D,, D, with §) are assumed to be dense in £
and invariant under p

pD<D,pD; <D (A.13)
The product @ x @’ of a physical state vector @ and a vector @’ of the
form (A.11) is defined by
OXP=A7...4;P, PcDNnY. (A.14)
The linear span of all vectors (A.11) is dense in $ and contained in D.
From (A.10), (A.12) it follows
(Py X Dy, Dy X Bp) = (Py, Dy) (D1, D) - (A.15)

(b) Transformation the to Proca-Wentzel Formulation
The fields V* and ¢ are defined by (5.12) and

i 2 —ig— z
¢ (x) = emﬁdi(o): ¢ T A ):y)(x) . (A.16)

18 For m= oo the operator 4 (x) would commute with #(y), v (y), 4.(y), 4(y)
at all times. In this case cyclicity of the vacuum state would imply 4(x) = 0.
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The formal properties of these operator gauge transformations were
studied in detail by Symanzik [17].
Since A; diverges at the origin (A.16) is not well defined. Therefore,
we replace (A.16) by the weak limit
) i ©) | i AE+D),

P() = lim e

p(x) (A.17)

and demonstrate the existence of the limit. (A.17) is supposed to hold for
matrix elements of the form (A.14). For a free field 4 (z) JAFFE [3] has
shown that

i A@ (A.18)

is a well defined operator-valued distribution in his formulation of
quantum field theory. We study now the properties of

. g° . g
Gle k) = ezTTLTA;(E) . e—@TA(:c+$) L p(@) (A.19)

(A.8), (A.10) imply the commutator

P8 A@] = 2L (A —2) - D@+ E—2) P d). (A20)
Using (A.12) one finds

(D, ¢(@ &) D) = (Pyy () Py) (A.21)
for physical state vectors
Dy, P 9, ¢17¢2€ﬁ' ' (A.22)

Let @;, @5 be vectors in $’ of the form (A.11). For the matrix elements
of @(x &) between state vectors @; X D1, D, X D of the form (A.14) we
find using (A.20)
(D1 X D1, G &) Py X Dp) = (D1, §(2 &) Dy) (1, P2) + R(z &) (A.23)
with
611_1;% Rz, £)=0.

Hence the limit & — 0 of (A.19) exists and yields

lim (&, X B, $(@ &) By X Bf) = (B1,9(@) B) (B B)) . (A24)

By

(P X D)= (py,P) X & (A.25)
the operator ¢, is defined on the linear span of vectors of the form (A.14).
According to (A.23) the corresponding distribution ¢ (x) is the weak limit

(A.17) for matrix elements between vectors of the form (A.14). For
matrix elements between physical state vectors (A.22) it follows

(D9 (x) Dy) = (D1, p(®) Dy) Dy, D69, D€ D,. (A.26)
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Using again the commutation relations (A.8), (A.10) it can be shown
that (A.17) is solved for ¢ by

p(e) = lim ATAEED, 3 () (A.27)
(A.20) implies
[¢(x), A(z)]=0. (A.28)
Therefore
[¢(x), p]=0. (A.29)
One further obtains from (A.9), (A.10)
V@), A@)]=0, [V(z),p]=0. (A.30)
Hence the field operators
p@) = ¢@) p, V@)= T (@) p, @) =§@p (A.31)
leave 9 invariant. Restricted to § the domam of g;, p;and V,is
D=Dn9.

As has been pointed out by JAFFE and Symanzik [29] the Wightman
functions of ¢ are not tempered distributions if the Wightman functions
of p are as seems to be the case in perturbation theory. For this reason it
is advisable to allow for the spinor fields the more general concept of
JAFFE [3]1°.

(¢) Dirac Equation in the Proca-Wentzel Formulation

After these preparations we derive in the following the limit form of
the Dirac equation of ¢. Using (A.26) we obtain for matrix elements of
(A.4) between physical state vectors

iyﬂaﬂ(qﬁl, (x) Dy) = ]J’m (y* L, (= 5) + My (&) (Dy, () Dy))
L@é&=5 (¢1:A (x—l—E (@) g) + 5 (@I’A (@— &) y(x) Py) (A.32)
v,€D;, D;,= Di ny.
We rearrange
Lz =+ @1, Pl + &) @) o) + 5 (@1, Tl — &) p(a) By)
+ ﬁ (451, () ¢2) apAA(f)
by use of (5.12), (A.8) and (A.12). The last term vanishes for £&2 < 0, hence
=5 (B0 (Vula + O + V& — &) p(a) By)

19 Tf the Wightman functions of 4#, , p are tempered distributions the operators
may be defined for test functions f € ®(R,) or &(R,) on the domain generated by
applying 4,, v, v, to 2. This domain, however, is not dense in the physical sub-
space §) necessarily @, given by (A.25) is definable for the same class of test functions

a8 Yy,
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because

(djl’ pr ¢) = (431’ qupwp ¢2) = (¢13 V,‘(P ¢2) .
Thus the limit form of the Dirac equation in the Proca formulation
becomes
iy, 9 (@) = lim (g5 (Vulo+ 8+ Valo—£) 9 (@) + Ma(6) 9 ) (A33)
for matrix elements

(@,,...D,) DD, (A.34)

Comparison with (A.4) shows that the form of the Dirac equation is
invariant under the operator gauge transformation (5.12), (A.17).

(d) Current Operator in Terms of Proca-Wentzel Fields

In section 5 the limit form of the meson field equation in the Proca
formulation was derived. It remains the problem to express the current

P =pH@é)p (A.35)

in terms of the Proca fields V, and ¢. Using (5.12) the operator Q*
defined by (5.7) becomes

mn g ~
Q"(WE"?) = Z(Se_wrfﬂ " Vuw) ez—f(A(”“'”)"A(x n)))
with
S = SASq,
Sy= ie—i%A(H 9, :ei%‘“”_s); = e% 4T @9, e—i%(A(m- H—d@—),
8p= P+ &) yPx— &).
With definition (5.8) and (A.10), (A.29), (A.30) one obtains

ra
(D, Q4(x &) Dy) =¥ (D1, Q*(x &) Dy)
for matrix elements (A.34) where @* is given by (5.17). Hence relation
(5.15) follows with

2
44(@) 2 (45(E=m—45(E + )

2 4+(28)

Zy(§) =e* Zy(§) (A.36)

oL (A5 (E—m—A5(E+ ) o,
Y(Eq)=e  FAETITAET D ey, (A.37)
Comparison of (5.5—7) with (5.15—17) shows that the form of the
current operator is invariant under the operator gauge transformations
(56.12), (A.17) provided the renormalization functions Z,, Y are trans-
formed according to (A.36—37).

I am grateful to Drs. Gastorowicz, Haag, SwiEca, Symanzik, WEss, WICK,
K. WiLsoN, ZuvMiNo and ZwANZIGER for interesting and helpful discussions.
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Notes added in proof. As will be shown in a forthcoming paper an additional
term of the form g (§) fgf—”aﬂav A (z) should be included in (1.1). Equ. (1.6) is

then modified accordingly. I am grateful to Dr. K. WiLsoN for having pointed
this out to me.

Terms of the form g, E’;f” 9#9¥ A should be included in (2.11—12). Equ.

(2.14) is then obtained under the additional requirement.
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