Commun. math. Phys. 2, 301—326 (1966)

Proof of the Bogoliubov-Parasiuk Theorem
on Renormalization

Kravs Hepp* #*
The Institute for Advanced Study, Princeton, New Jersey

Received February 7, 1966

Abstract, A new proof is given that the subtraction rules of BogoriuBov and
Parasivk lead to well-defined renormalized Green’s distributions. A collection of
the counter-terms in “trees’ removes the difficulties with overlapping divergences
and allows fairly simple estimates and closed expressions for renormalized Feynman
integrals. The renormalization procedure, which also applies to conventionally non-
renormalizable theories, is illustrated in the g*-theory.

1. Introduction

Renormalization in Lagrangian quantum field theory is in the inter-
pretation of BocorruBov and Parasiuk [1], [2] the extension of certain
linear functionals, defined on a subspace of ¥ (R*"), to tempered distri-
butions in &’ (R4") [3]. For instance, the Gell-Mann Low perturbation
expansion of the truncated time-ordered distributions has the form

_@)n m

T or(@) -+ - Qu(@n))T —nZ n— m)! m)' fdx""+1 .dx, X (L.1)

X (T Pi@) - - Qo) A (@) - - - A (20) )T
Here the truncated vacuum expectation values {pt(ay) . . . N (2,))T
are well-defined for 5#1(x), which are Wick polynomials of the free fields
q)} (). On the other hand the straightforward construction of
(T (p{ (zy) ... (x,))T by Wick’s theorem [4] leads to a product of
distributions

IT Af @, — ) - (1.2)

leg
Formula (1.2) is in general not meaningful as one sees from the definition
of AF in p-space
Af (p) = lim i Py(p) (7 — m} + ie) ™, (L3)

where P,(p) is a polynomial and where m; > 0 is always assumed. Then
the convolutions in p-space corresponding to (1.2) can lead to ‘“‘ultra-
violet divergences”.

Nevertheless the product (1.2) taken with regularized [5] propagators
is a good starting point for the definition of (T i (z,). .. #"(x,))T.
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The choice of regulators will turn out to be rather arbitrary, but it is
desirable to maintain Lorentz covariance. Using

aF ()~ lim P, (p)f daexplia(p® — m} + ic)] (14)
we define for ¢ > 0,7 > 0
Ape(p) = Py(p) [ doexpia(p® — m} + ie)] . (1.5)

Ape belongs to Oy (RY) N Oy (R ([3], vol. 2, p. 101) and Fourier trans-
forms and convolutions of several Ap¢ can be obtained (in the sense of
distribution theory) by interchange with the «-integration. Evidently
AF (p) — ]:'%1 Ape(p) converges to zero in €y (R?) for r | 0. One has

Ape(@) = -+ P, (z%) : f 9% exp [—ux(ml —ie)—i ] (1.6)

in Oy(R* N Oy(RY) and thus the product [/ AP (@, — ap) is well-
leg
defined. Furthermore it can be shown ([6]; see sec. 4) that

el0 7|0 jc
is a continuous linear functional on the subspace & y(R4") of those test
functions ¢ € & (R*"), which vanish of sufficiently high order N when-
ever two arguments x;, z;, 1 < 1 <§ < n, coincide.

The renormalization theory of Dyson [7] is in this framework a
constructive form of the Hahn-Banach theorem: one subtracts from
17 Ap#(x;, — ;) counter terms which vanish on &y (R*"), such that the
remainder has a limit in &’ (R**) for » | 0 and ¢ | 0. The fact that these
subtractions can be implemented by formal counter terms in 5% (x) is
an inherently beautiful feature of Lagrangian quantum field theory.

Feynman graphs efﬁclently organize the combmatoncs of the counter

terms. We map the n arguments z,, ...z, of H A5:2(x;, — «;,) onto n

points V,,...V, in a plane, called vertlces, and each propagator
A7:*(x;, — ;) on an oriented line [, from ¥V, to V. This gives (up to
topological equivalence) the graph G(V,, ... V,, &) for I] Ay, where
Z={l,.

Def.: Asubset U ={Vy,... Vp}C{Vy, ... Vy,}is called a generalized
vertex of G(V,, ... V,, Z).

Def.: Let U;={V;,...Vipw} 1 =1 =< m, be pairwise disjoint
generalized vertices of G(Vy,...V,, ¥) and A4 CZ. Then the graph
G(U,, ... U,, #) is obtained by representing the sets U,,... U, by
m points in a plane (again denoted by U;) and by connecting them by
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those I € .#, which run between different U, (i.e. between V, € U,,
V, €Uy, U; = Uy). Sets {V,} are also denoted by V.

Example: Let & ={l;,.. .1} and G(Vy, ... V4 &) be as in Fig. 1.
If U,={Vy,Vy} and A ={l, 1, 1; 1}, then G(Uy, Vs, #) becomes
Fig. 1.

72
Fig. 1. Graph and generalized subgraph

Def.: G(Uy, . .. Uy, M) is connected, if {U,, . .. U,,} is connected by
the lines in A#. G(U,, . .. U, #) is 1-particle irreducible (IPI), if for all
leM and M|l =M —{l}, G(Uy, ...U,, #|l} is connected. Otherwise
G(U,,...U,, #)is called 1-particle reducible (IPR).

Def.: The superficial divergence »(Vy, ... V) of G(Vy,...V,, L),
{Vi, ...V} c{Vy, . .. V,}, is defined by

(Vi V)= 2 (n+2)+4(m-1), (L.7)

conn

where ' extends over all I € %, which connect two vertices from
conn

{Vi,...V,} and r, is the degree of the polynomial P, in (1.3). In the
above example one has for a scalar theory (r; = 0):

'V(Vl, Vz) = O, 'V(Vl, Vz, V3) = O, ‘V(Vl, Vz, V3, V4)= O .

To each generalized vertex {Vi,...V,} we define a vertex part
X'y (Vi ... V,) as the following distribution with support in
{2y =" =ap}:
Def.: Let {V1, ... Vp}C{Vy, ... V,}. Then
1 ,ifm=1
XV, ... V=10 , for IPR G(V3,...7V,,, %) (1.8)

—~M%y (Vy,...V,,), otherwise ,

— k(P)
(V1o Vi) =§' H 2 VR, ... Vhy) IT A, (1.9)

i=1 conn

Here 3" extends over all partitions {{VF,... VL), 1=<7 < k(P)}, of
P
{Vi,...Vy}into 1 <k(P) < m sets and [I[ is taken over all I ¢ &

conn
which connect different sets of the partition. The operation M maps

Ry (Vy,...V,), being in p-space of the form &(pj+ « -+ p}) X

X F(pi, . .. pp) With F €Oy (R*™), into 6(py + * = + 2p) T'(p1s - - - P)s

where the polynomial 7' is the Taylor series of ¥ around p; = -- - p,,= 0
Commun. math, Phys., Vol. 2 21
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up to the order »(Vy, ... V), T = 0 for v < 0. One verifies by induction
that for ¢ > 0, r > 0 the above definition makes sense. Finally we set
Ry (Vi Vi) =RGVy, .. Vi) + X Vi, ... Vi) (1.10)

Bxample: If we denote graphically each (— M)-operation by a dotted
encircling of the corresponding subgraph, then we obtain in a typical
case Fig. 2. We have only listed the non-vanishing terms. One sees the

+

Fig. 2. Counterterms

emergence of subtraction rules, which are similar but not identical with
those proposed by Saram [8].

The main theorem of BogoriuBov and PARASIUK is that for an
arbitrary product of Feynman propagators (1.2) lsjﬁ)l 171%1 Ry (V... V)

exists as a tempered distribution and defines a Lorentz covariant con-
tinuation of (1.2) which can be implemented by (formal) counter terms
insfl(x).

Unfortunately the papers of BogoLiuBoV and PARASIUK [1], [2] come
close to not satisfying SALAM’s criterion: it is hard to find two theore-
ticians whose understanding of the essential steps of the proof is iso-
morphic. This is particularly regrettable, since the very ingenious and
elaborate treatment of the authors is the most general discussion of
renormalization in Lagrangian quantum field theory. Our aim is to give
a new and possibly clearer account of the fundamental operations and to
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circumvent a number of errors in the original proof of the main theorem.
We shall give a new treatment of the combinatorial structure of the
Z-operation (Lemma 2.4), which deals efficiently with the overlapping
divergences and leads to a direct majorization of the counter terms in
partial sums of tree structure (Lemma 3.2). Each tree gives a renor-
malized Feynman integral in the limit r | 0, which has the usual analyti-
city properties and is a tempered distribution for ¢ | 0. In an example we
shall discuss the renormalized perturbation series for the g*-theory [9].

2. Tree structure of the Z2-0peration

In momentum space each term in #'y (V;, ... V,) has the following
structure
® hod . i . L .
S p) [ Han R g exp|i 3 Apip — i X st~ i0)| @1
r rl=

The A,;;= A4;;(«) are rational and homogeneous of degree -+1 and
R (e, p) rational and in general not locally a-integrable for « | 0. Thus
the “ultraviolet divergences” become manifest and the counter terms are
introduced to enforce local integrability when » | 0. The greatest diffi-

culty in proving the existence of Iilr(x)l l'f% Ry (Vy,...V,) arises from
€ T

“overlapping divergences”, i.e. from the necessity of subtractions for
generalized vertices U, ={V,y,...V;}, U;={V;y,...V;;} with
U;nU;=+ 0 and neither U,> U; nor U;D> U,. Although each term in
Ry (Vy, ... V,) diverges in general for r |0, one easily sees in simple
examples that certain partial sums of counter terms converge individually
in regions of the type o = -+ = oy, = 0.

This leads to the following combinatorial problem: Given an ordering
Iy >+++->1; of the lines #. Can one decompose Z' (V;, ... V,) into
partial sums involving only non-overlapping subtractions, while keeping
definite order relations between the lines % such that “the right sub-
tractions arise at the right places” ? The answer is affirmative, and the
problem of keeping track of all counter terms has found a surprisingly
simple solution by Lemma 2.2 due to BogorLiuBov and Parasiuxk [1], [2].
In this section we shall not denote explicitly the » > 0 and & > 0 depend-
ence (by writing e.g. 4, for A}#).

We first introduce a generalized Z%-operation for a set Uj, ... U, of
pairwise disjoint generalized vertices U; = {V;4, ... V;,(y} with vertex
parts Z'(U,) (i.e. distributions with support in {z;; = -+ = 2;,(»}) and
for a subset .# CZ. For any union Uy v - - - v U, U; €{Uy, ... Uy}, we

21%
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define a vertex part as in (1.8, 9, 10) by
Uy it t=1
X (UL, ...0)=10 if GU...U;, #) is IPR (2.2)
—~MZ ,4(U;,...U;) otherwise,

_ k(P)
RqUy, ... U =§' ‘1];‘%‘.//[((]7?1! L Uhg) IT 4, (23)
j= conn

>, runs over all partitions P of {Uy, ... U;} into 1 < k(P) < t sets and
P
I over all lines I ¢ &, for which V; and ¥}, lie in different sets of the

conn
partition. M is defined in p-space as Taylor expansion of the coefficient

of § (Z' i ,-) up to the order »(Vyy,... V,z(y) around the origin. Finally
i,§

RByUl . UN=R Ul .. . UN+ XU, ... U). (24

It is important to observe that .# only accounts for IPI in (2.2), while

I] extends over all connecting lines ! €% and % determines
conn

y(Vits - - - Virep) by (1.7). Thus by varying .# one changes the number
of counter terms in (2.4) without affecting the analytical form of the
remaining terms.

Lemma 2.1. If GQ(U,, ... U,, #) is IPR, then there exists a unique
partition of {U,,...Ug} into {Uy},.. . {Ussi9} {U1s--- Ui} ---
co AUy o . Uy} 8(1), ... 8(r) > 1, such that G(U,y, ... Uy, )
are IPI and

RyUy...U)=R4U,...U,)

50 r 2.5)
=.]7133'(U0i) ]Yl RaUs, ... Uss0) 1 4y,
1= 7= conn

where [] extends over all I ¢ % connecting generalized vertices from
conn

different sets of the partition.

Proof: One obtains trivially the decomposition of G(U,, ... U, #)
into IPI components by looking at the corresponding graph. These
components are some generalized vertices U,; and some IPI subgraphs
G(Ujy, . .. Ujgi), A). Since the definition of #Z 4, (U, ... U,) excludes
all partitions of {U;,... Uy}, which are not finer than {U,]},...
.. {Usy, - .. Upsn} (because otherwise there would appear at least one
IPR subgraph) one obtains (2.5).

Since the connecting lines between the IPI components of any
G(Vy, ... Vy &) do not form closed loops, we can in the sequel restrict
ourselves to the renormalization of IPI graphs. The following lemma
shows how to regroup the counter terms in & 4, (U, ... U,,), if A is
replaced by #/l:
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Lemma 2.2: Given .# C.% and a disjoint set of generalized vertices
U,, ... U, with vertex parts Z(U,). If | € A connects different U, then

Z (U, ...U,)
=Zun(Uss ... Um)“f"z‘:%'/z/z(UnU VUi Ui s - Ujm) (2.6)
j

Here 3 extends over all IPY G(U;y, . . . U, (), A), 1 < r(j) < m, which

i
become IPR without I. Z 4/, (Uj; v+ - U Ujp(p, - - . Ujsy) is defined by
(2.2) starting from Z (U;), k >r(j), and from new vertex parts for
Ui v v Ujp:

ZanUi v Upp) =My Uy, ... Uprn) . (2.7)

Prooft by induction: The lemma is true for m = 1. We assume that
Lemma 2.2 holds for all proper subsets {Uj, ... U} of {Us,...U,},
where k <m and [ € 4 C % is fixed.

It ¢U,...U0,, #) is IPR, then also G(U,,...U,, #|l). Since
any IPI G(U;y, ... Uj.(;), #) must lie in a IPI component of
G(Uy, ... U, #), all the graphs G(U;; U-- U Uiy, - .- U A))
are IPR. Therefore both sides of (2.6) vanish.

IfqU,...U0,, #)is IPI and m > 1, then we use (2.2) and (2.3).
For each of the Z , on the right hand side of (2.3) the induction hypo-
thesis applies. If I does not connect two vertices from UR, ... UL,
then obviously & 4, (UF, ... URy) = Z.an(UR, ... UL;). The other
alternative occurs at most once in every product in (2.3), say for j = 1.
By the induction hypothesis (2.3) becomes

X yUy.. U= MR (U, ... U,) -

A
- Mgl'Z Xy (UL v~y UfaS(a)’ s U{)‘"(U) X (28)

a=1
k(P)
X II % 4, (UR, ... ULy 11 4,.
j=2 conn

Here )" extends over those proper partitions P of {U, ... U,,}, where
P

4
I connects two vertices from UL, ... U, ), and 3 over all IPT subgraphs
a=1

G(UL1, - - - Ubssiay A), 1 < s(a) = r(1), which become IPR without 1.
It is easy to see that the right hand side of (2.6) and (2.8) coincide:

—Mg./(/z(Up o Up)
becomes Z 4, (Uy, . .. Uy), if G(Uy, ... U, #]l) is IPI and otherwise

1 The proof in [1], [2] is incorrect. Unfortunately the erroneous identity
R(GQg,...CGq: Iy = A(I") R(Gy, . . - Gq;) has been used repeatedly in discussing
the analytical properties of the R-operation (e.g. [1], (4.4)ff; [1], Satz 4).
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Xy (Uyv -+ -u Up,). By inverting the order of the summations 3,
P
and } the second term in (2.8) is identified with the sum over all IPI
a

G(U;y, .. - Uspqp, M) which are IPR without ! and over all proper
partitions of {U“ (VAR Uir(j)’ Uj(r(j) +1)s - - - Uam}

This proves Lemma 2.2 and under the same assumptions:

Lemma 2.3:

Ry Uy,...U)=Ry,U,,...U0,)+
+ 2 BanUin V-V U3 Uiy 10+ - - - Us) (2.9)
]

where )’ extends over all IPI G(Ujy, ... U, ), A), 1 <r(j) <m,

which lr;ecome IPR without /.

If we collect sums of iterated M-operations appearing in
Re(Vy, ...V, into non-overlapping sequences of M- and (1 — M)-
operations, the following definition arises:

Def.: Let Q(Vy, ... V,, L) be IPL. A tree T' = (U, A, 0) is a set U of
generalized vertices, a subset .4 C ¥ and a mappingo: U - {-1, 0, 41}
satisfying (A), (B) and (C):

(A {Vy, ... Va3 €U V€U, 1 =4 < ny if Uy, U, €U, then either
U nUy=0or U,CU, or Uy,CU,.

Remark: The U €U can be uniquely labeled by their position in a
chain of elements in U:

Uiy, ... 9) CU (Ggy « ) T - CU () ={Vy, ...V}, (2.10)
where i, =1 and the ¢, = 1 are integers. We set I = (¢, ... %) and
(I,3) =g, ... 0, ¢) and thus U(L,¢)cUI). £ ={I: U(I) €U}

(B) Either U(I)= V; for some 1 <4=<mn or .# connects the

{U,): (I, i) € £} either IPT or linearly without closed loops.
Example: Fig. 3.

.0y

iz

—7 N’

Fig. 3. Connection of the {U(I, )}C UI) by .

(C) o(U)) = +1;0(UI)=0,iff U(I)= V, for some 1 <14 < n.
If o(U))= —1, then G{U,1)}, A) is IPR. If G{U(I, 1)}, A) is
IPI, then (U (I)) = +1 and ¢(U (I, ¢)) = 0 for all (Z, 1) € 7.
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Def.: Let T = (U, A, o) be a tree for a IPI G(V,, ... V,, £). Then
the Feynman amplitude Fp(Vy,...V,)=%F 4(U(i)) is defined
recursively from the & , (U (I)) of the “branches” U (I) ¢ U by:

(a) If UI) =V, then & ,(U(I)) =1 and U(I) is called a “twig”.

(b) If 6(U (1)) = — 1, then U (I) is a “twig” and

F 4 (U(ID) = —M{ II 7 ,(U(I,4) HAl}_ 2.11)
FiyeI conn
(¢) Ho(UU))=+1and G{U, i)}, A)is IPR, then U(I) is called
a “bough” and

F4(UI) = (1 — M){ I #,Ud) I A,} 1)
(Ii)e S conn
(dy Ho(U))=+1and GEU (I, 3)}, A) is IPI, then U (I) is called
a “bud” and
FoUI)= (1~ M) Za({U(L)}) (2.13)

is defined by (2.2), (2.3) starting from the & ,(U (I, %)) [=1 or (2.11)]
as vertex parts 2 (U (I, 7)).
In (2.11), (2.12) [] A, extends over all I ¢.%, which connect

conn
different U (I, ¢) C U (I).

Example: If G(Vy, ...V, Z) is IPI, then Zo(Vy, ... V)
=1~ M)ZH(Vy,...V,) is a tree with the bud {V;,... V,} and the
twigs V,;,1 < ¢ = n. A repeated application of Lemma 2.3 will again
lead to sums of trees (see Lemma 2.4).

Def.: The order of U (I), I = (i, . . . 33), is the length k of the chain
(2.10). Let o(U (1)) = 1. Then the b-order of U(I) is the length of the
subchain of (2.10) consisting only of buds and boughs.

Def.: lis contained in U(I), if V,, V;, € U(I).

For each I € Z there exists an U(I) € U of maximal order which
contains I: if V= U(I'), V;,= U(I"), then i, =i, for 0 < o < r and
iy 41 == 1,y 1 for some r;then I = (¢, . . ., 4,). If (U (1)) = — 1, then the
bud or bough of maximal order containing ! contains U (I) properly. The
following lemma motivates our arborological language:

Lemma 2.4.: Let G(Vy, ... V,, £)be IPI and I, > - - - > [}, be any
ordering of the lines .. Then there exists a finite set of trees
T = (U, A, o) such that

@) Ze(Vy, ... Vy) =§%T(Vl> o V)

(b) Each .# contains exactly n — 1 lines.

(c) HI€Z — A and if U(iy, . . .1,) is the branch and U (¢, . . . %,)
the bough of maximal order containing /, then I > I’ for all I’ € #, (¢, ... %,),
r < o £ s, where #,(I) is the set of all I' € .#, which are contained in
U(I)butinno twig UI"YcU ), UI") = U ().
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Proof: Using the fact that Z4(V;, ... V,) is a tree and repeatedly
the reduction formula (2.9) we shall prove Lemma 2.4 by complete
induction with respect to the number of lines in & — .#.

We assume that after m steps, 0 S m <L+ 1—n, Ze(Vy, ... V,)
can be represented as a finite sum Y Fp(Vy, ... V,) of trees
T = (U, A, ¢). In each tree every bough is of b-order < k and every bud
of b-order =k for some k = 0. .# consists of exactly L — m lines. If
1¢% — M and Uiy, . . .1, is the branch and U (¢, . . . ¢,) the bud or
bough of maximal order containing /, then I > {" for all I’ € A, (3¢, . . . ,),
rsp=s.

Obviously Z#e (Vy, . . . V,) satisfies all these properties for
m = 0. We shall show that the induction hypothesis remains valid, if in
any tree 7' we reduce one of the buds U(I) of smallest b-order by
applying Lemma 2.3 to its Feynman amplitude (2.13) and by reducing
with respect to the largest line ! in .#;(I). By definition all branches
U(1,7)cU(I) are twigs. Therefore one obtains

Fq(UD) = (L= M) By (U ), ... UL ) +

+ X A= R (UL )V VUL ) - - U 5) -
2, extends over all IPL (U, 4,),... U, j.(;), #), which are IPR
j
without 1. Let {U(I,h)}, 1=<i=a, and {U(, hy;),1 <5 = c(@)},
1 <9< 0, be the partition of {U(L,4,), ... U(,4,;)}, which charac-

terizes the IPI components of G(U(I,7,), ... U(I,§,;), #|l). Then the
vertex part for U(Z, ;) v -+ - v U(, j,(;) factorizes by Lemma 2.1 into

EKJ,,”SU(I, VAV AVARRAVE /A0 % MI7Y)
= _M'%JI/Z(U(I’ 7.1)’ o U(I’ jr(i)))

(2.14)

__ M{ [1F .4 (UL b)) % (2.15)

=1

b
X H [ - M) g./t/l(U(Ia hiy)y o U, byg)] HAz} .

t=1 conn
Similarly, if G(U(Z,1),...U(,s), #]l) is IPR, the first term on the
right hand side of (2.14) can be decomposed:

(1- M) g.//l/l(U(Ir n,...U{, 8))

:(1~M){ﬁ3ﬁ,{(U(1,ki))x (2.16)
i=1

=1 conn
On the other hand all G(U(L,j) v - v U, j,@) ... UU,j5,), A
are IPI in a bud U (I), and the corresponding Feynman amplitude does
not factorize beyond (2.14).

X ﬁ (1 - M gﬁ/t(U(I, ki) o U, ki)l HAZ} .
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It is easy to see that only in & 4, (U (I)) the reduction of .# to .#/l has
the effect of introducing new branches corresponding to a rearrangement
of counter terms. By definition .# connects linearly the {U(I’, ¢)} in a
bough or twig U (I'), while in a bud G({U (I', 1)}, #) is IPI and # deter-
mines the counter terms in (1 — M) Z ,({U I, i)}) by (2.2).

Now, the bud U (I) in (2.14) was chosen to lie in no other bud. There-
fore all branches containing U (I) are boughs or twigs, whose sets of
connecting lines in .# is unaffected by omitting any I € .# contained in
U(I). For the same reason .# and .#|l are equivalent in branches
UI'YNU(I)= 0. Lastly every U(I')cU(I) is contained in some
U(I, i), and we can also here replace .# by .#/l, since I was chosen not
to lie in any U (I, 7).

Thus if we insert (2.14) into the recursive definition of F ,(V,, ... V,),
the contribution of each summand defines a new tree 7" = (W', A", "), A’
= 1, if one separates the twigs and buds in (2.15), (2.16). Since the
bud U () was of minimal b-order, any bough arising from (2.14), if
G{U, i)}, A|l) is IPR, lies outside of all buds, and every bud in 7" is
of b-order = k', k' =kork + 1.

It remains to check the order relations in (U’, .4, ¢’) between the
linesin A’ = #|l and & — #'. Consider the line [. The bough or bud U
of maximal order containing [ is either U(I) or one of the new buds
U, hip) v -V UL byo(y) in (215) or UL, kyy) U -+ v UL, kiyp)
in (2.16), and I does not lie in any twig contained in U, since each of these
twigs is contained in one of the U (I, ). Therefore the lines in .#/l, which
lie in U, but in no twig in U, are a subset of .#; (I), from which I was
chosen as the largest line.

Consider now an I’ ¢ & — 4, which is not contained in U (I). Since in
all A, A', ¢') the structure of the branches outside of U (I) is the same
as in (U, #, o) and since the set of I'" € A’, which lie in U (I) but in no
twigs in U (1), is a subset of .#, (I), the order relations hold for a fortiori
for I'.

Suppose finally that I’ ¢ & — . is contained in U (I). Then the bud
or bough U of maximal order containing !’ satisfies one of the following
alternatives:

a) U is one of the buds of (U, .#, ¢) contained in some U (I, 7). As the
reduction did not change the structure inside of the U (I, 1), the order
relations are preserved.

b) U is one of the newly created buds in (2.15) or (2.16). Then the
twigs in U are contained in the U (I, ¢). Thus I" € #;(I) for all I € A",
which lie in U but in no twig contained in U. If I’ lies outside of all twigs
in U, then by the order relations in (U, A, ) I’ > I"" for all I' € A, (I).
If the branch U’ of maximal order containing ! is different from U,
then the chain of twigs between U’ and U is contained in some
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Ul UcU' ¢ --cUUI,t)cU.Inthechain U' cU" C---cU(,7)
the order relations of (U, #, ¢) continue to hold, and as before I’ satisfies
the order relations in U.

¢) U = U(I). Then it is possible that the twig U’ of maximal order
containing I’ generates a chain of twigs U'C---CcU(,+)cU" cU),
where U’ is one of the twigs U(I,7,) U -+ v U(l,9,() in (2.14). Again
in U'cC---CU(I,1) the order relations are not affected by going from
M to A[l, while in U"" or U (I) the critical lines belong to .4 (I).

This completes the induction. After L + 1 — n reductions one has
eliminated all buds in all trees, and one arrives at the statement of
Lemma 2 4.

Ezxample: Consider the graph G(Vy, ... V,, L) (Fig. 4).

i

I
7 A
l2

Fig. 4. G(Vy, ... Ve, &)

For l,>--->1l;, Rep(Vy,...V,) leads to the trees (Fig.5). Here
twigs are denoted by a dotted, boughs by a continuous encircling. The
lines in # are solidly marked. In the case I, > I3 > I; > I; > I, one obtains
Fig. 6.

3

LARAN AN AN NN Soesd

Fig. 6. Trees in the sector I, > I; > 1l; > 1, > 1,

3. Analytical properties of the Z-operation

In this section we shall determine the analytical structure of the
Z-operation in p-space. For ¢ > 0, 7 > 0 we first carry out all convolution
integrals in p-space and study the remaining o-integrands. The essential
simplification occurs after reducing in every sector

=z, =T 3.1)

the a-integrands of Z,(Vy, ... V,) into a sum of trees with respect to
the order relation l;, > - - - > [;.
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For a tree (U, .#, ) we define:
Vo) = {V; € U(D)}
Lyl)={cL:V,, V,cUU)}
ZL(I) = {l € £: connecting different U (I, 1) c U(I)}
M (I) = {l € M : connecting different U (I, 7)C U(I)}
M) ={leM:Vy, Vi, €U} (3.2)
My (1) = {I € M: contained in U (I) but in no twig U (I')c U(I),
oIy =+ U}
U, (1) = {UI')c U(I): not contained in any twig U (") c U (1),
vy +Uul)y}.
The number of elements in any of these sets 4" is denoted by |4, e.g.,
|[Loltg)|=L. I = I',it UL)DUI'), and I > I, if in addition U(I) =
== U(I'). The superficial divergence (1.7) of G (¥ (1), £) becomes
()= Y (rn+2)—4(7 ()] -1). (3.3)
1€2o(D)

Lemma 3.1: Let 7' = (U, .#, o) be a tree in the decomposition of
Ryp(Vy, ... V,) in (3.1). Then the Feynman amplitude & , (U (I)) of
any bough U(I) €U is for fixed « a finite sum of terms of the form

1 1
a( pX p,-) [ [ ﬂdr(I’)} Pl(p) Q'(x, 7) ¥

Vi€V (D) 0 0 r<r
oI’y =1

I'sI
X exp [z 2w Aypip;—i X oy(mp - ie)] .
Vi, Vi€¥ (D) 1eZ0 (1)

It o(U(I)) = —1, then & , (U (I)) has the same structure (3.4) except for
2 7 (I)% AL;p;p; being replaced by zero. The integrand in (3.4) satisfies:
(1) PY(p)is a monomial in p;, V; € #"4(I), of degree 2x(I) + z(I).

(2) QY (e, 7) is a rational function in «;, 1€Ly(I) and z(I'), I' < I,
homogeneous of degree 0 in « and uniformly bounded in (3.1) for r = 0
andall0 = z(I') £ 1.

(3) DV = II Dj2, where D, = D,(a, 1) is rational in «, 7, homo-

leLI)—M
geneous of degree +1 in & and D; = «; for r = 0.

(4) AV = (A})is a positive semidefinite quadratic form. The 4} («, 7)
are rational in o, 7, homogeneous of degree + 1 in « and satisfy uniformly
forr =0

X [ 7 DI’RV(AI’)SI’(BI’)] X (3.4)

|4Y) < c(I") max{o;: 1 € M (I')}, c(I') < oo . (3.5)
(5) RV (AY) is a monomial of degree z(I') in AL, V;, V; € ¥ ().
(6) BL(a, 7) is rational in «, 7, homogeneous of degree —1 in «, and
satisfies uniformly in (3.1) for r = 0

|Bl| < d(I') max{o; 1,1 € L(I') — M}, d(I') < oo . (3.6)
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(7) S¥(BY) is a monomial of degree y(I’) in the B};, 1<,
= Vo) + |2 — | A (I)).
(8) z(I"), y(I'), 2(I') = 0 are integers satisfying:
x(I’) =y['Y=2zI)=0, for a(UI')=0

[[ I’)-I-l-z(I’ ]] for o(U(I)) = 1 (3.7)

o(I') < () — Z(I) c(UI) = —1 (3.8)

2yl +=2(I' = 2 i+ 2 Rz, + 2 9],  (3.9)
legI)  q0eEs
where [[k]] is the smallest integer = k.

Remark: This theorem sharpens the statements in [1], Satz 4. The
representation of the renormalized amplitudes as sums of terms of the
form (3.4), each of which being locally a-integrable in the whole range
0< a;<o0,1 1< L, as stated in [2], (8.3), (8.4), has not been proved.

Proof: Let s(I) be the length of the longest chain of branches
UDNH>UU)> - ->DUyp) (with proper inclusion) contained in U (I).
We shall prove Lemma 3.1 by induction on s (), starting from an original
vertex with s(I) = 0. As induction assumption in the case s(I) > 0 we
take Lemma 3.1 for granted for all U (I') with s(I') < s(I) and thus for
all U(I')c U ).

We compute & , (U (I)) in p-space using (2.11) or (2.12). Then the
p-dependent part of F ,(U(l, 1)) F 4(U(, 2))4,, becomes for
o(U(,1))=0(U(I,2)) = +1 a sum of terms

Jars(, X (it ek)d( X (+eb) P

Vi€ o(1,1) Vie¥ 0 (1,2)
PED ({p; + e;k}) PED ({p; + e;k})

exp [io, 12+ iv (L P 2 A+ eik) (oo + exk) + 1)

+it(l, 2)2,2, A2 (p; + e5k) (py + e,-'k>] ,
7,9

where ¢; = 41 for ¢ =14, e,=—1 for i=f;, and 0 otherwise. If
U(,1) and U(I, 2) are not both boughs, one obtains similar terms.
After carrying out the k-integration with the help of one of the §-func-
tions (3.10) becomes a sum of terms
di Pi) P'(p) expli X Aiypip] (3.11)
Vi€¥ (1,1 LYo (1,2)
where P’(p) is a monomial in p;, V; € Fo(I, 1) U Fo(l, 2), of degree
2

=rn,+ X [2x(,i) + 2(I,4)] and 4’ is a positive semidefinite quad-
i=1
ratic form, whose coefficients A4;; are linear combinations of the

ALV (I, 1)2, AL27(1, 2)? and o . By a similar argument one obtains

for T F4UUD) T 4, (3.12)
I,i)es let (I)
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in p-space a sum of terms

6( z pi)fl ... ITdu(I) [TD"RY(4%) S¥ (B) x

viey'(d) /0 0 I'<r r<r1 (3.13)
x IT QE9(a,7) PO (p) exp[i ) A pip; — 1 X ay(mf — ie)],
€Lies
where P (p) is a monomial in the p;, V; € F,(I), of degree < ' 7, +
leAn(I)

+ X [2a(, i)+ 2(I, )] and AY) is a linear combination of the o,
(Lies
le#(I), and the Ag'i)‘r(I, 1)%, o(l,¢)=1. Following [1] we use

p= —i%exp [¢p7r]], = o and obtain
POp) = PO-iPyexpli 5 pir)]

Vie¥ o (I)

(3.14)

r=20
Let us assume that after having incorporated a set A of n lines,
r < n < Z(I), we hav in p-space instead of

PO (p) exp [ ¥ AQpip; — i X oa(mf — ie)] (3.15)
n (3.13) a sum of terms

IT D 2p™(—il)exp [i 2 A‘”)pzpﬂr@ Z B®ryr, +
le/ —at Vi Vie¥o(D) Ei=1 (3.16)

n
+i Y X CWpir,—i E“L(mz - ’8)]
Vi) k=1 =0

where D, satisfies (3), P® (—1})is a monomlal in the o , 1< ¢< n,of

degree

= 3 Ra, i) +=2,9)]+ 2 T, (3.17)
I,i)es

A®™ satisfies (5), B™ satisfies (7) and C{(«, ) is rational in the «, 7,
homogeneous of degree 0 in the o and uniformly bounded in (3.1) for
r= 0.

We now incorporate another Ay (x;, — @), where I' ¢ L (I) —
Let e; = +1 for ¢ = ¢y, e, = —1 for i = fy and e; = 0 otherwise. For the
convolution in p-space we have to integrate over k € R*

P, (—i ara ) exp [toy (K — m§ + ig) + 7, 4k],, =0 (3.18)

n+1
multiplied with an expression similar to (3.16) but with p; replaced by
P+ e;k. Then (3.16) times P, (——z'

on

0 . .
3 ) exp[— toy (mj — i¢€)] operates
Tn+1

Jdkexpli(oy + 2 Aee) k2 +i(2 3 AP pie; +
+ 2 O ery+ 1o kli—
The Gaussian integral (3.19) can be evaluated by using the identity for

(3.19)
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a>0:
. . . o 2 o
%fdk expliak? + ipk — 7k + k)] = - exp [—zf—a] . (3.20)

Then one obtains again an expression of the form (3.16) with [/.D;2

multiplied by D; 2, where

Dy = (op + Y APese;) . (3.21)
Furthermore
P (=i P) = PO (—i ) Py (—i5—) (3.22)
Tn+1
A — A — Dt [2 AfPe, AW, e,] (3.23)
77
BtV — B, 1 D 1 [2 O e, C), 6@"], 1<kl <n,
1,1
1 —
B = Bt = ¢ Dt [ X O] (3.24)
v
Bf(ZL-f:l—ll,)n-i-l“ -z Dt
ClatD — o _ pii [2 AWe;CMe; ] ,lsk<n,
757

Ol(n++1)1 - _D—12 A‘n) ;- (3.25)

Since 4™ is positive semidefinite, Dl, = oy satisfies again (3). Since
VeLI)— M, op = oy for all 1¢.4,(I) by Lemma 2.4. As A® is
majorized by (3.5) for some ¢, < o and Dy = o, D1 A% is uniformly
bounded in (3.1) for » = 0 and A(""'U satisfies (5). The positive semi-
definiteness of 4™ +1 follows from the inequality

ZAg;.»H)xixjg Dt [ 3 AP AR ey — (ZA(”)x e) ] > 0. (3.26)
Y 4,955,7

Similarly one checks that B{%* 1 satisfies (7) and that the C%t1 are uni-
formly bounded in (3.1) for » = 0, rational in «, 7, and homogeneous

of degree 0 in «. Therefore [ Z_,(U(I, @) H A, has in p-space the
I,i)ef

form (3.13) with (3.16) and A = L (I)— J/ n=|Z(I)] inserted

instead of P® exp[...]. We set AT, = AW, Bl, = B®, D'= [ D=2
L) —H

Finally we carry out the r-differentiation. The only terms which

survive after setting all r;, = 0, have in (3.13) P®™ (-1 |y) replaced by a
sum of terms
Q (e, ) P(p) SU(BY), (3.27)

where @ is a polynomial in the 0%, P (p) a monomial in the p;, V,; € ¥"4(I),
of degree z(I) and SI(B!) a polynomial in the B}, of degree y(I) with

2y(D)+2(D) = Y Rx(Lo+ydl+ X r. (3.28)
I,3)eSf leZ(I)
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The inequality (3.28) holds, since every r-differentiation of

exp[i ) Byrpry + 1)) Cinpirs]
brings down factors like By,;r;, and C;;p;. Each By, r; has to be differen-
tiated again in order to survive for r;, — 0. Thus deg P (p) + 2 degSI(B!)
=z{I)+ 2y(I) < deg P™.
Let o(U(I)) = —1. If we apply the operation (— M), we obtain
instead of Q (e, 7) P(p) S'(B') exp[i 3 Af;p;p;] & sum of terms of the
form

Q' («, 7) P1(p) R(AT) S1(BY) . (3:29)

Here PI(p) satisfies (1), and is zero for z(I) > »(I) and otherwise of degree

22(I) 4+ 2(I) < v(I) . (3.30)

Furthermore Q! satisfies (2); BRI, (4); and 81, (6). In the case o (U (I))=+1

we use for the remainder of the Taylor series of f(z;, .. .%,) around
(0, .. .0) up to order n the expression

— f dr(l = 1 ey (T, T2, (3.31)

This leads to (3.4) with = (I) = [[WH . Q.ED.
Lemma 3.2: Let Zo(Vy, ... V) =23 Fp(Vy, ... V,) hold as above
17

in (3.1). Then the «-integrand of every F ,(Vy, ... V,) is, together with
all p-derivatives, absolutely integrable for r | 0.
Proof: Let A = (2L)~*. If we use Lemma 3.1 for & , (U (I)), then
II Dyt 1T I o4t (3.22)
1e LoDy~ I'sItes (I’

is locally integrable in (3.1) for r {0. As exp[—1i )} a;(mf — 1¢)] is
strongly decreasing at infinity for ¢ > 0, we have only to show that in
every bough U (I)

7 [ 7 D;<1+4>] [ I agl—z)] RV(AV)SV(BV)=T! (3.33)

r<1leed)y—-u les(I')

remains continuous and bounded for » | 0.

We use induction with respect to the length s(I) of the longest
chain of branches contained properly in U () and make the following
assumption for any U (I), 0 < s(I) < s:

(1) f o(UI)) = 0, then TT = 1.

2) If (U (I)) = +1, then (3.33) is of the form

Fl(e, ) G1(a, 7) , (3.34)

where F! and G are tempered continuous functions in (3.1) for r | 0.
FI is homogeneous in AJ}, U(I') € U (I) and oy, I € M (I) of degree

5 2z(I) + 2(I) — v(I)] — A|L,(I)|], which is = 0 by (3.7).
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(3) If ¢(U(I))=—1, then (3.33) multiplied with any HI(e,7) is
tempered and continuous in (3.1) for » | 0. Here H (e, 7) is homogeneous

of degree—;— ) —2z(I) — 2(I)]+ A|Zo(I)| (= 0 by (3.8)) in the variab-

les AL, U@ eu(Huw ) ...uWI¥), and o, LEM(I)U---
« U M, (I*), where U (I*) is the bough of maximal order containing
U(I) and U(I*)>---D>U(I')>U(I) the chain of twigs between U (1)
and U (I*¥). These assumptions are satisfied for s = 0. Consider a branch
U (I) with s(I) = s > 0 and write (3.33) in the form
I D;ya+d 1 4=PRI(AT) SI(BI) T T@9(a,7). (3.35)
leg ()~ M 1w (I) (Lies
By induction assumption each 779 («, 7) is of the form F@. ) (a, 1) X
x G0 (a, 1), if (U (I)) = +1, with degF9) = % [2z(I, ) + 2(I, 1) —
—2(L,0)] — A1, (L, 5).
Let U (I) be a bough and assume that
IT Di*™* [Tof"PRIAN)SI(BY) [T FEd(a7) (3.36)
Lq)— M (D) (UL =1
is of the form

Fl(a,7) KI(a,7) JT H%9(x, 1) (3.37)
o(U,i)=-—1

with FI, HI,9 ag in (2), (3), and K continuous and tempered in (3.1) for
r | 0. This is sufficient for performing the induction step, since for all
twigs U (I, 1) the HI, ) can be used by (3) to make bounded the 7' (the
bough of maximal order containing U (Z, 1) is U ()). Now
JTPRI(AL) [T FEd (1) (3.38)
o (D) (U3 =1
is homogeneous in AL, U(I') ¢ U,(I), and o, I€.#(I), since for
c(UI)=+1 U, (L, 5) CU; (). The degree of (3.38) is
(1= 2) | (D] + 2(0) +

+ X [x(I,i)—i—Lﬁz”(I’i)_ugo(Li)l]. (3.39)

o(U,i)=1
By (3.7) and (3.8)
2(I) 2 7(1)52(1) +_;_g "’(I);‘z(l) + 22|, (3.40)
)= Y+ X 2a(l9) +2(,9)] - 2y(), (3.41)

K70 B Y
and (3.39) is larger than

=1 =A@+ 2 ¢ a2, - ‘;“g%)TL—F y(I) +

. 1d) —v(l,i '
+a(m‘?»=1[x(f’ ) +ﬂ”—2v(-i)‘— MLy, 7«)l] - (3.42)
, 1,4 I)—v(I
—(”)Z'Gj[x(l, 6+ z(z z)] + [x(I) +.z(_)2v—()_ MS’O(I)]] .
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We remark that ¥ (I)| — | A (I)| — 1 =} [|#o(I, )| — 1]. Therefore
we obtain from (3.3)

v(ly= 2 v, i)+ 2(r1+2)~4[¢4(l)l. (3.43)
(Les
Using (3.43) and the relation | £, (I)] — |Z )| =}, | %, , ©)| one trans-

forms (3.42) into
=y + A+ (LD - A D[]+ 2( I)+_z(1)_(~)_

3.44)
1,4) —z(I,1) . . (
~aguni = 8 PRI e + a2 )]
Therefore we can split off from (3.38) a factor FI - J7  H@9, The

o (U (L,i)=—1
remainder L7 (e, 7) is homogeneous of degree = y(I) + (1 + 4) [|£ (I)| —

l./ﬂ )|1in AL, U(I') €U, (I) and a;, I € #,(I). By Lemma 3.1 these
AI are of the order of the «;, I € 4, (I). Therefore by Lemma 2.4 LI can
be used to make bounded the divergent part of (3.36)

IT Diy*~*8I(BY) (3.45)
2d) -
of degree y(I) + (1 + A) [|£L )| — |4 (I)|].

Finally let ¢(U (I)) = — 1. Then it follows from the induction hypo-
thesis that
JTARIAY  [] PO (a,7) H (2, 7) (3.46)
(D) o(U (L) =1

is homogeneous in oy, 1€ .#(I'), and AL, where U(I') € U;(I) U

-« U U; (Z*). By Lemma 2.4 and 3.1 one can use (3.46) to make bounded
the divergent term [J D;1~2SI(B!) and to produce a factor

I H&Gy (7)),
(U, ) =—1

which depends on the right Al, «, for the induction step. A power
counting as before shows that the degree of (3.46) is high enough for
these operations. Q.E.D.

We remark that in every bough the coefficient of exp[...]in (3.4) is
homogeneous of degree > —|Z,(I)| + 1 in e.

4. Renormalization

We have now accumulated enough information to discuss the limits
€ 40 and r | 0 in the Z-operation and to turn to the properties of the
sum of all graph contributions in the perturbation expansion of

<Tq71 (xl) e (pm(xm)>T‘
Commun, math, Phys., Vol. 2 22
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Let us assume that 11{101 hfn Ry (Vy, ... V,) exists in the topology
of &' (Rt"). For r, e>0 the subtractions in # (Vy, ... V,) corre-
sponding to partitions of {Vy, ... V,} different from {V;},...{V,} lead

to functionals
@ € L (Rin) Hlerg (VR, ... Vhay 11 477, <p>, (4.1)
7— conn

which vanish identically on a certain subspace &y (R*") C & (R*"). Here
N = 0 is determined by the {»(Vy,... V,)}. FLy(R*") consists of all
gL (R, for which De¢(xy,...x,) =0 whenever some z;=
1 £i<j = n, for all differential monomials D in the 0/0xz% of degree
= N. Py (R*")is a closed subspace of & (R*") with the induced topology.
It follows from (4.1) that

lim 1 = lim li % .
slrg Tlfﬂ.@g(Vl, V) 11{)1 }flol 1147 (4.6)

holds on &y (R%"). Therefore (6] [/ AT is a continuous linear functional
2
on & y(R4") and lif% hf% Ay (Vy, ... V,)is its continuation to & (R*").
€ r

By Lemma 3.1 #'%°(V,, ... V,) is in p-space a sum of terms

(Z pz) () Q(, 7) exp [ )JAMM), - @Z oy (mf — ie)] (4.3)

ij=1

integrated over all 0 < 7(I) < 1 and over a sector (3.1). By Lemma 3.2
the 4;; = A,; («, T) are continuous in (3.1) for » | 0 and homogeneous of
degree + lin the . P(p)isamonomialin py, ... p,_;; @ (e, 7)is rational,
homogeneous of degree d = (— L + 1) in o, tempered and locally inte-
grable in (3.1) for 7 | 0. Therefore lrif% Ry (Vy, ... V,) exists in the

ordinary sense and is (apart from 4(2, p;)) a function in @y (R*®-D).

We could have chosen a more general regularization for A7 (p)

A (p) = P, (p) Of dotfy() explioe(p® — mf +ie)], (44

where f,(x) is continuous and vanishes of sufficiently high order for
o 40 for all g in, say, 0 < p = 1, where |f,(«)| < c¢(1 + |«|)¥ for some
¢, N < co uniformly for all 0 < p=<1 and 0 < ¢ <oco and where
fo() = 1 pointwise for p | 0. Then one obtains for an obviously defined
723 .operation

n?g R (Vy, ... V) = h{%@f;(m, V) (4.5)
e 7

by the Lebesgue dominated convergence theorem.
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The limit ¢ | 0 of Z%° (V5, ... V,) in & (R*") has been discussed in
[17, [2]. Unfortunately the argument relies on a splitting of the testing
functions ¢ € & (R*"), (see [1], (4.39)), which is in general impossible.
But the limit can be expressed directly in terms of elementary distri-
butions. For the proof we discuss a more general situation: We restrict
in (4.3) the (p;,...7P,—1) to some m-dimensional linear manifold,
0 < m = 4(n — 1), by setting

2 G-l l Si=n—-1,0=p=3, (4.6)
7.._

where rank (c;;) = m. For any p € & (B™) we study

w)=qu1--.dqmw(ql,---qm)f---fUdr(l)f.--fﬂdoczx

0 oq;gau,go (47)
X P’(Q) Q(e, 7) exp [ ZIA”%% ilz‘l “l(mlz - “3)] .
i,j=
Here P'(q) = P(p(q)) and Y A{;q:9; =Y 4:;9(q); p(@); U lim 7, (y)

exists for all y € & (B™), then [3] the mapping y — hlrgl F (p)is a dlstrl-

bution in %’ (R™) and is the strong limit for ¢ | 0 of #%*(Vy, ... V,)
with the coefficient of § (3 p,) restricted in p-space to the manifold (4.6).
For ¢ > 0 we can freely interchange integrations in (4.7). After the
coordinate transform
L IC D)
— <l< -] T
w=Aif, 1=l= L’,;‘Bl L (P Pr-1s )

we first integrate (4.7) over 0 < 1 < co. This leads to the Feynman
integral.
1

F.y)=/.. fHdT(l) / S Hdp o1 - B)Q(B.T) X

0 0 12,3112 -5,,,2 (4.9)
X F,(p, B,7)

P/ e dm
Fe(w’ ,5,‘6)=0qu1. dqm [ZA B, )(qql)q?(gzﬂﬂiz)_*_ elirE (4:10)

— M1 (48)

Since Q(f, 7) is locally integrable, it is sufficient to show that
lifon F, (p, B, 7) exists and is continuous in § and 7 in the compact region
&

of integration in (4.9). Since m? > 0, 1 < I < L, the singular support of
(4.10)

L
{ZlA (B, 7) 0:9 =121.31'm'12} (4.11)
ij= =
is an analytic manifold in (g, ... gq,) for fixed B and 7. Thus

lil%l F.(p, B,7) exists and is in local coordinates expressible in terms of

22%
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derivatives of d-functions and principal values. As the A4};(f, ) are
continuous in the region of integration in (4.9), the intersection of (4.11)
with any compact subset of R™ varies continuously with § and 7. This
proves the continuity of lslf})l F.(yp, §,7) in f and 7, since y is strongly

decreasing at infinity, where (4.11) is well-behaved.

We now return to the Gell-Mann Low expansion (1.1) of (T ¢, () . . .
v oo O (@), where we define (T ¢l(z,)...#(x,))” by a sum of

11}101 Hﬁ} Ry (Vy, ... V,). The integration over z,, ., ...%, in (1.1) cor-
& r

responds in p-space to a restriction to a 4m-dimensional linear manifold
in R*". The preceeding argument applies:

Theorem: The pertubation-theoretic Green’s functions {7 ¢, (z) ..
oo @ (@p))E,y of order n defined by the Z-operation are in p-space
(up to 8(}) p;)) Lorentz covariant boundary values in &’ (R*("-1) of
sums of Feynman integrals, which are analytic in p,, . .. p,,_; without
natural boundaries.

Remark: The analyticity properties in p-space follow from (4.3).
Landau rules for these renormalized Feynman amplitudes can be
worked out, but will not be discussed here.

The combinatorial structure of the subtractions in the %-operation
and their relation to formal counter terms in s#1(x) have been lucidly
treated by BoeoriuBov and SHIRKOV [10]. It is noteworthy that the
Z-operation can also be applied to theories, which are conventionally
considered as non-renormalizable. The distinction of the renormali-
zable theories in the restricted sense follows from the usual power
counting theorem [7], [10], by which these theories have counter terms
to s#1(z), which involve only a finite number of Wick polynomials in
the ¢! (z) uniformly for all orders n.

Example: As an illustration of the method of BogoriuBov and
ParasIur we shall discuss the quartic self-interaction of a neutral scalar
field. It is generally believed that the g*-theory [9] is in perturbation
theory up to order n uniquely characterized by renormalizing

no(—i

Tl = 2 [ dpT R ) )T @12

using counter terms to 1 (y) = — % : ¢l (y)*: of the type

A:pl(y)?:+BO: ¢l y)?: +C: ¢l(y)t: .

Here g is the physical coupling constant and ¢!(y) is a neutral scalar
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free field with the physical mass m and
(T ¢M () @ (m))" = AT (m; 2y — )

i dp exp[—ip(z,— )] (4.13)
@n)t f p?—m? + 10 :

The “‘renormalization constants”

n n n
A=} Ayg*, B= )} Byg*, C= 3 Crg*
k=2 k=2 r=2

are determined by three conditions on the Green’s functions 7 (zy, . . . z,,)&y
for2 <k < n: (4, B): The 2-point function (p,, py)&y= 0 (p; + 1) T (P
must have a pole at p} = m? with residue (27)-2

@) (p} — m) F(pDy =1 for pi=m?. (4.14)
(C): The 2-body scattering amplitude

5|

(Pr> D" — P3, — PE D@ — {Pr> Py | — Ps — D0

. B s (4.15)
=102 p) T(pss - - - P = (27)? '1_71(2%2. —m2) T(Py, - - - P

is normalized at p? = m2, (p; + p;)% = :4_7_77,_2_, © <7, to

3
TPy - - Py = # . (4.16)
The conditions (4.14), (4.16) are satisfied in order n < 2, but not for
general n, if we define 7 (xy, . . . #,)5, by the Z-operation of section 1.

The remedy is to use the freedom of the choice of the point around
which the Taylor expansion is taken in (1.9). The results of the pre-
ceeding sections remain valid, if one defines a more general Z-operation
[10] by adding recursively to any — M Z% (V4, ... V,,) a distribution
Z oV} ... V,), which is in p-space of the form 6(Y p.) B(pl, ... pl)
with a covariant polynomial P of degree <»(Vj,...V,,) depending
only on the structure of G(V4,... V,, Z).

Theorem: In the ¢*-theory there exists a choice of the finite renormali-
zations consistent with (4.14) and (4.16), and any such choice leads to the
same renormalized Green’s distributions 7 (y, . . . #,,)%, for all m, n.

Proof: In the g¢-theory »(Vi,...V,)=2 or 0 for subgraphs
G(Vi, ...V, L) with two or four external lines, respectively. Other-
wise no over-all subtractions are necessary.

We can always enforce (4.14) and (4.16), since the renormalized
Feynman amplitudes for the self energy (SE) and vertex (V) parts are
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analytic around p?% = m? and the Chew-Mandelstam point, respectively.

Furthermore in any order % = 2 there exist SE- and V-parts, which
require a new over-all subtraction, e.g. the graphs of Fig. 7. In second

> ) I

Tig. 7. SE- and V-parts

-— —

order the finite renormalizations are uniquely determined by (4.14) and
(4.16), since there is only one divergent SE- and V-part. In third order
the following SE-parts require an over-all subtraction:

-\

Fig. 8. Independent S E-parts in 3rd order

Only the sum of the counter terms, a polynomial A%+ Byep?, is
uniquely determined. We shall see that this “renormalization gauge”
leaves the renormalized Green’s functions (4.12) invariant.

Consider all graphs &,,,, of nt* order in the Wick expansion of
(4.12). The analytical contribution of each graph is defined by the
Z-operation, where the combinatorics of the counter terms is determined

Tig. 9. Typical terms in @V(Vl, Vo {Va, Va, Vs})

by the internal vertices ¥, ... V,. For any partition
U=V - Viewh - - Us={Vs1, .. . Vopio}
of {Vi,...V,} into s <mn generalized vertices a certain subclass

6(U,,...U,) of &, , requires a subtraction. This set falls into equi-
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valence classes ®, (U, . . . Uy), where two graphs G, G, € 6,(U,, ... U))
differ only in the structure of the internal lines and verticesin U, . .. U,.

Example: Graphs belonging to the same &, (Vi, Vy, {Vs, V4, Vi}).
The Wick expansion of (T¢I (xy)...3#(y,))T contains all possible
connected contractions, where the m lines from z, ..., and the 4n
lines from ¥, . ..y, connect different vertices. Thus &,(U,, ... U,) is
either empty or contains exactly once all possible contractions between
the 4r(j) lines from the r(j) vertices in U;, 1 < j = s, which connect
different vertices and lead to IPI SE- or V-parts, respectively.

The analytical form of the sums of counter terms for all graphs in
&, (U, ... U, which arise from the subtractions associated with the
generalized vertices Uy, ... U, is for r, ¢ > 0 in p-space of the form
8(X p) [dky ... dk, [T Ape(q) ]ZE(A?(?) + B;’ﬁ)q'/Z)U]z/ TG, (4.17)

conn I’

where ky, . . . k, are loop momenta, the ¢’, ¢"’ are linear combinations of
the k,, . . . k, and the external momenta p,, ... p,, JJ extends over all
conn
lines which are not contained in U;, . .. U,, [J] over all SE-parts U; and
U;:SE

J7 over all V-parts U; (with r(j) > 1) of the partition Uy, ... U,. The
U;:v
essential observation is that the SE-contributions A%& + Blgq'? in
(4.17) are exactly the same as the sum of all over-all subtractions in
RBrsT (2, xz)g(i» from order 7 (i) and similarly for €7 in any V-part U,.

We know that Aye, Bre, O5¢ are uniquely determined by (4.14),

(4.16) for n = 2. Assume that the same holdsin orders 2 < k <n,n = 3,
and consider all graphs contributing to (T ¢f(x;) ¢! (z) 1 (y,) . ..
... #I(y,)YT. The sums of subtractions associated with all partitions
U,...Ug of {Vy,...V,}, s>1, are uniquely determined by (4.17)
using the induction assumption. The sum of the over-all subtractions for
S({Vy, ... V,}) of the form 6(p, + py) A™¢(p,)?[A5¢ + By epi] is then
uniquely determined by (4.14), and similarly C7;¢ by (4.16). Furthermore
this construction is independent of the regularization (4.4).

This proves in the ¢*-theory that the “universal” subtraction proce-
dure of BocoriuBov and PARASIUK together with the adjustment of
three parameters in any order » leads to unique time-ordered distribu-
tions.

The author is greatly indebted to Professor A. S. WicHTMAN, whose penetrating
lectures on renormalization theory were a continuous challenge for his students.
Without his encouragement and criticism this paper could not possibly be written.
For many clarifying discussions I am grateful to Professors and Doctors J. CHALLI-
FOUR, F. J. Dyson, H. EpsTEIN, A. JAFFE, A. S. WicaTMAN, C. N. YANG and W.
ZIMMERMANN, It is a pleasure to thank Professor J. R. OpPENHEIMER for his kind
hospitality at The Institute for Advanced Study.
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