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Abstract

In this paper, we prove the existence of (w,c)-periodic solutions for a nonhomoge-
neous linear impulsive system by constructing Green functions and adjoint systems,
respectively. In addition, we study the existence and uniqueness of (w, ¢)-periodic so-
lutions for a semilinear impulsive system via fixed point approach. Two examples are
provided to illustrate our results.
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1 Introduction

Periodic motion is a very important and special phenomenon not only in natural science, but
also in social science. Impulsive periodic systems serve as the models to study the dynamics
of periodic evolution processes that are subject to sudden changes in their states. There are
many interesting existence results for periodic solutions for impulsive periodic system on
finite and infinite dimensional spaces in the past decades (see for example [3, 4, 5, 6, 7]).

Alvarez et al. [2] introduced the concept of (w,c)-periodic functions by observing the
property x(- + w) = cx(-), ¢ € C of any solution x(¢) of the well-known Mathieu’s equations
X" +ax = 2gcos(2t)x, which is a Hill’s equation with only one harmonic mode. Obviously,
(w, c)-periodic functions reduce to the standard w-periodic and w-antiperiodic functions
when ¢ = 1 and ¢ = —1, respectively.

Very recently, Agaoglou et al. [1] adopted the concept of (w,c)-periodic functions to
study the existence and uniqueness of (w, ¢)-periodic solutions of semilinear evolution equa-
tions of the type x’ = Ax+ f(¢,x) in complex Banach spaces, where A is not necessary be a
bounded linear operator and f is a (w, c)-periodic function. Motivated by [1, 2], we study
(w, c)-periodic solutions of the following impulsive differential systems

{x:Ax+f(t,x),t¢T,',ieN:{l,Z,---}, (1.1)

AX == X(17) = x(7}) = Bx(1]) + ¢,

where A, B are n X n matrices, f € C(RxXR",R") and 1; < 741, i € N. The symbols )C(T;') and
x(t;) represent the right and left limits of x(7) at 7 = 7;. In addition, we set x(7;’) = x(7;) and
i(t, s) denotes the number of impulsive points 7; € (s,#). Concerning on (1.1), we impose the
following assumptions:

(Hy) A, B are nxn commutative matrices, i.e., AB = BA.

(H,) Constant vectors c¢; and the time sequence {7;};ev are such that ¢;p, = ¢j, Tizm =Ti+ @
for some fixed m, i € N.

(H3) ¢ & oI+ B)™), where o-(D) denotes the spectrum of a matrix D and [ is the unit
matrix.

(Hy) cea(e“+B)M).
(Hs) Forall t € R and x € R”, it holds f(¢+ w,cx) = cf(t, x).

(Hg) There is a constant L > 0 such that || f(z,x1) — f(z, x2)|| < L||x; — x2|| for all # € R and
X1,X2 € R™.

(H7) There are constants u,v > 0 such that || f(¢, x)|| < u+ v||x|| for any r € R and x € R".
(Hg) There are constants K > 1 and 7 € R such that ||e*’|| < Ke™ for any ¢ > 0.

We first find a sufficient and necessity condition to guarantee the homogeneous linear
problem of (1.1) may have a (w, c)-periodic solution. Secondly, we study the existence of
(w, c)-periodic solutions of nonhomogeneous linear problems of (1.1) by assuming a non-
resonance condition via constructing a Green function of the corresponding boundary value
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problem. We also study the existence of (w,c)-periodic solutions by assuming a resonance
condition via constructing adjoint impulsive systems. Further, we transfer the existence
of (w, c)-periodic solutions into seeking a fixed point of a Fredholm integral equation with
impulsive sources via Banach and Schauder fixed point theorems.

The rest of this paper is organized as follows. In Section 2, we present some necessary
notations, definition and lemmas. In Section 3, we give two conditions for the existence
of (w,c)-periodic solutions of nonhomogeneous linear impulsive problem (3.1) and give
two necessary estimations on G(:,-) defined in (3.3). In Section 4, we prove the existence
and uniqueness of (w, ¢)-periodic solutions for semilinear impulsive problem via fixed point
theorems. Two examples are given in Section 5 to demonstrate the application of our main
results.

2 Preliminaries

Denote by ||x|| a norm on R”. We introduce a Banach space PC(R,R")={x: R > R":x €
C((#,ti+1],R"), and x(t;) = x(t;), x(tl.*) exist for any i € N} endowed with the norm ||x|| =

sup;eg [1X(Ol-
The following definitions and lemmas will be used in this paper.

Definition 2.1. ([2]) Let c € R\{0} and w > 0. A function f :R — R" is called (w, ¢)-periodic
if f(t+w)=cf(t)forall teR.

Set O, :={x:x€ PC(R,R") and cx(-) = x(- + w)}, i.e. . denotes the set of all piece-
wise continuous and (w, ¢)-periodic functions.

Lemma 2.2. (see [1, Lemma 2.2]) x € D, . if and only if it holds
x(w) = ¢x(0). 2.1

Lemma 2.3. Assuming that (Hy) and (H;) hold. The following homogeneous linear impul-
sive differential equation

{ X=Ax, t#71;, i €N, 2.2)

AX |i=¢,= Bx,

has a solution x € O, . if and only if
(cI—e*(I+B)™)xo =0,
where x(0) = xo.

Proof. For any fg € [0,00)\ &, £ = {T;}ien, the solution x € PC(R,R") of (2.2) with x(#y) = xo
can be formulated by [7, (2.27)]

x(t) = A1) I+ B)’UOJ)XO, t21.
Then for o = 0 and 7 € [0, 00) \ £, we have

xt+w)=cx(t) & I+ By = ce(1+ B xg
= I +B) ) xy = exg

— (cI-e*+B)")x=0.

Since x(7;) = x(7;), we get x(7; + w) = cx(7;). The proof is finished. O
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3 Nonhomogeneous linear impulsive problems

In the section, we consider (w, ¢)-periodic solutions of nonhomogeneous linear problems

{x:Ax+g(t),t¢n, [€N, (3.1)

AX |i=7,= Bx+ci,
where g € C(R,R") and g is (w, ¢)-periodic. In order to study the existence of (w, c)-periodic

solutions of (3.1), we consider the following two cases:

3.1 Casel: ¢ ¢ o(eA(I + BY™).

Lemma 3.1. Assuming that (Hy) — (H3) hold, the solution x € Q := PC([0,w],R") of (3.1)
satisfying (2.1) is given by

x(t) = f " Gl g+ > G, (3.2)
0 i=1

where G(-,-) is a Green function defined by

ce®I(I+ By ™ (cl - (I + BY™) ™!, 0<1<1,

Gl = { eAre=D([ 4 By OO (] — A1+ BY")!, 1< T < w. (3-3)

Proof. The solution x € Q of (3.1) with x(0) = x on the interval [0, w] is formulated by (see
[7,(2.21)])

!
x(t) = (I + B ®xg + f AU+ B gmydr+ Y LTI+ B e (34)

0 O<t;<t

Then

W m
x(w) = AL+ B)"xo + f A+ B g(t)dr + Z AW+ BT ¢ = exo,
0 i=1

which is equivalent to

xo = (cI-e"I+B)"™) ( f M1+ BYg(r)dr
0

m
+Z A@=T)([ 4 BT Ci)’
i=1
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where (H3) is used here. Therefore we arrive at a formula

[
x(t) = MU +BYOD(cl-eN+ B)'")—l( f ACI ([ 4 B9 g(1)dr
0
+ M1+ B)’(T""”)ci) + f A1+ B ™g(r)dr
i=1 0
A(t—T1;) i(Ti,0)
+ > T+ B
O<Tt;<t
!
- f A0+ B)'W)((I +BY"(cl-"(I+By") e + I)g(T)dT
0
W
+ f M+ BY OV (cl - (I + BY") ' M 01 + B " g(r)dr
t
+ M+ B)i(Tf")((I +B)"(cl — e (I +By") et + I)c,-
O<t;<t
+ > MU+ B O (el -+ BY") N1+ BY e
1I<T;<w
t
= f ce™ (I + B (cl - (1 + BY") ' g(r)dr
0
W
+ f eA(t+a)—T)(I + B)l(0,1)+l(‘r,w)(c1 _ eAa)(I + B)m)_lg(T)dT
t
+ > eI+ BT el - MU+ BY") e
O<t;<t
+ Z eA(t+a)—‘ri)( I+ B)i(O,t)+i(Ti,w)( ol — &2 I+ B)m)—l ¢;
I<Ti<w
w m
= f G(t,0g()dr+ > G(t,T)e;.
0 i=1
The proof is finished. O

Remark 3.2. By Lemma 2.2, (3.2) is the unique (w, ¢)-periodic solution of (3.1).

3.2 Case2: c € o(eA“(I + BY™).

If ¢ € o(e"“(I + B)™) then the homogeneous system (2.2) has k linearly independent solu-
tions for 1 < k < n. This implies that rank (¢ — eA“(I + B)") = n — k. Assuming that I + B is
invertible, we consider the adjoint system of (2.2) given by (see [7, (2.79)])

.__ T . .
{y— ATy, t#7;, i €N, 35)

AY === +BT)"'BTy.
By Lemma 8 of [7], we know that the solution of (3.5) with y(0) = yg is given by

y(©) = (I + BTy e 1y ly, (3.6)
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for some yg € R". This solution is (cw, %)—periodic if and only if it holds
YoeN(cI-e1+By") . (3.7)
Since
. Aw m\ " Aw m\T Aw m
dlmN(cI—e (I+B) ) =n-rank (cI—e"“(I+B)") =n-rank (cI-e"“(I+B)") =k,
the adjoint system (3.5) has k linearly independent (w, %)-periodic solutions.

Lemma 3.3. Let {:,-) be the standard scalar product on R". Assuming (H\), (H,) and (Hy)
hold, a solution x(t) of the system (3.1) is (w, c)-periodic if and only if

[ omamndrs Y o =0, =120k (38)
i=1

for any (w, %)—periodic solution y(t) of the adjoint system (3.5).

Proof. We take a solution x(¢) of (3.1) given by (3.4). Set Z=N (cl -1+ B)m)T. Then
using

10, +i(r,w) =i(0,w) =m 7e[0,w]\¢,
1(0,D)+i(r,w) =i0,w)=m—1 7€ [0,w]NE,

we obtain

x(t) is (w,c)-periodic
w m
& (eI - (I +B)")xo = f AT+ B g(1)dT + Z AT 4 BT,
0 i=1

m
& f AU+ BT g(mydr+ Y| AT 1+ BT
0 i=1
1
eR(cl-e*(I+B)") = [N (c1-e*"(r+ B)’")T]
W . n .
©0= <yo, f M+ B g(rydr+ Y| MO+ B)’“f*‘*”c,-} Yy €Z
0 i=1
. . 4
0=+ B . [ (B0 gtrds
0
m .
+ Z(eAT,'(I+ B)I(O,Ti)+l)—lci> vyo I Z
i=1
e0=c f“ (( +BTYODA )y, g(r))dT
0

+e ) U+ B (A +BTYOA ™y Ny 0y WygeZ
i=1

= ¢ [Comanree Y 0.0
i=1
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for any y(#) given by (3.6) with yy satisfying (3.7), which are all (w, %)—periodic solutions of
(3.5). The proof is finished. O

Next, we give two useful lemmas.
Lemma 3.4. It holds
Kll(eI =" (I +By") ' lmax{||(I + B)|", 1}

m
" xllmax{lcl. ™) 5 e, 7>0,
el < = i=1
2NGET <Ky = e o By matia + By, 1
i= m
xmaxle, 1} 3 i, <0

i=1

forany t € [0,w].

Proof. By (Hg) and according to (3.3), we obtain

DG lllcll= > IGE el + Y IGE e
i=1

O<t;<t 1<Ti<w

< > 1l NG + BY Tl = e + B el
O<t;<t
+ > TN + BY OO el — A+ BY™) e
I<T;i<w
< Kll(eI ="+ BY")™ i max{||( + B)II", 1)

X[ e+ Y e

O<T;<t 1<Ti<w

for any ¢ € [0, w]. Therefore, we consider the following two cases:
Case I: n > 0. Then we have

Z G, Tollllcill < Kli(el — (T + BY™) ™| max{||( + B)|I", 1}
i=1

~Ti 2w-T;
X e e+ Y e e

O<ri<t 1<Ti<w
m
< Kll(el =+ BY"y™ max{li(+ B)|I", }max{cl, "} > ™™ fic,|.
i=1
Case II: 7 < 0. Then we have

DG Tl < Klitel - e + By [l max{lid + B)I", 1)

:(l > elledi+ Y el

O<ti<t ISTi<w
m
< Kl(cI = eI+ BY™) ™ Imax{||( + B)|I", 1} max{lc], 1} ) [lcill.

i=1

The proof is finished. O
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Lemma 3.5. It holds

Kli(eI = (1 +B)")~ "l max{l|(Z + B)I[", 1}

w x max{|c|, 1}¢==L, n#0,
G(t,7)ldt < M, := !
Iy e <= T a1
xmax{|c|, 1}w, n=0

for any t € [0,w].

Proof. According to (Hg) and the formula of (3.3), we obtain

¢ t
f “G(t,T)”dT < K|CIII(CI_€Aw(I+B)m)_1||maX{||(I+B)”m, l}f en([_T)dT
’ 0

()
+K||(cI — e (I + BY™) ™| max{||( + B)|[", 1} f 1O dr

t

n_1 nw _ nt
= Kl(cI - &**(I+B)")~" | max{||(/ + B)|", 1}(|c|e TRam )
n n

Therefore, we consider the following two cases:
Case I: n # 0. Then we have

w n_1 nw _ ,nt
f ||G<r,r)||drsK||(c1—ef““<1+B)mr1||max{||<1+B>||m,1}(|c|e ; + € ne )
0

nw _
< Kll(cl — (I + BY") Yl max{||(Z + B)|I", 1} max{lc|, 1}

Case II: n = 0. Then we have
)
f IG(t, Dlldr < Kll(cI - e*“(I + BY™)™ "l max{||( + B)|I", 1} max{|c], I }w.
0

The proof is finished. O

4 Semilinear impulsive problems

In this section, we will apply the Banach and Schauder fixed point theorems to prove exis-
tence and uniqueness results for (1.1).

Theorem 4.1. Assume that (Hy), (Hy), (H3), (Hs), (Hg) and (Hg) hold. If 0 < LM, <1,
then (1.1) has a unique (w, c)-periodic solution x € @, . satisfying

I/11M) + K,

<
Il < ==

where f(-) = f(-,0).
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Proof. Note that the condition (Hs) implies that if x € ®,, ., then f(-,x(-)) € D, .. By Lem-
mas 2.2 and 3.1, our task is equivalent with solving the fixed point problem

x() = fw G(t,7)f (T, x(1))dT + Z G(t,t))ci, te]0,w].
0

i=1

Hence we define an operator A on Q as follows
w m
(Ax)(t) = f G(t,7)f (7, x(1T))dt + Z G(t,7i)c. 4.1)
0 i=1

It is easy to show that A : Q — Q. Next, for any x;,x, € Q we only check that A is a
contraction mapping. According to Lemma 3.5, we have

l(Ax1)(0) = (Ax)DN - < foIIG(I,T)IIIIf(T,M(T)—f(T,X2(T)IIdT

IA

() 0}

Lf ||G(I,T)||||x1(T)—xz(T)HdTSLllxl—lelf G, 7)lldT
0 0

LMllx1 — x|l

IA

which implies that
IAx1 — Axz|| < LM,llx; — x2].

Then using 0 < LM, < 1, the uniqueness result follows by the contraction mapping principle.
Furthermore, we obtain

llxl

IAX] < fo G, 7)f (7, x(7))lldT + Z NG, Ticill
i=1

A

< LfomIIG(t,T)IIIIX(T)IIa’T+IIJF”VIIfO IIG(t,T)IIdT+ZIIG(t,Ti)IIIICiII
i=1

IA

m
LMylixll + 1111 M + Z NG Tlllicill-
i=1

By using Lemma 3.4, we have

I171IM, + K,

<
Il < =5

The proof is finished. o

Theorem 4.2. Assume that (Hy), (H>), (H3), (Hs), (H7) and (Hg) hold. If0 < vM,, < 1, then
(1.1) has a (w,c)-periodic solution x € @, .
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Proof. Consider operator A defined in (4.1) on B,, where B, :={x € Q| ||x]| < r} and r =
£ IALI 'Z/;,IK” . First, for any x € B, and t € [0, w], by Lemmas 3.4 and 3.5 we have
n

IADOI - < j; ||G(t’7)f(7ax(7'))”d7+z||G(t,7'i)ci”
i=1
< Vj(; IIG(t,T)IIIIX(T)IIdT+,ufO IIG(t,T)IIdT+ZIIG(t,Ti)IIIICiII
i=1
<

VM || x|+ uM, + K, = r,

which implies that [|Ax|| < r. So A(B,) C B, for any x € B,. Next, it is standard to prove
that A is continuous and that A(B,) is a relatively compact set. Thus Schauder fixed point
theorem gives the result. The proof is finished. O

5 Examples

Example 5.1. Consider the following semilinear impulsive system

X1 =2xp +ksintcos(xy+xp), t £ 1, i=1,2,---,
Xp==3x1=S5xp+ksin(x;—x2), t #7175, i =1,2,---, 5.1)
AXxy |I=T,':2-x1 +%r’ '
sz |I:Tl': 2x2 + 171'_2,

where « is a real parameter, T; = @ and w=m, ¢ = —1. Since 1,42 = T; + 7 and

ciyo =cj fori e N, we get m =2 and (H3) holds. System (5.1) has a form of the following
impulsive system

{ X:Ax+f(t,X),t¢Ti,121’2""7 (52)

AX |i=7,= Bx+cy,

where
| x1(0) (0 2 (20 __E
X(”‘(xzm ) A‘(—3 —5)’ B‘(o 2)’ “"( z )

sinzcos(x; +x7)
sin(x] — xp)

f(t,x)=/<(

Since ¢ = —1 ¢ o(¢™*(I + B)?) = {96‘2", 9e‘3”}, (H3) is satisfied. Then by elementary calcu-
lation, we have

At —2e7 34372 2e73 427
€ = 36—31 _ 3e—2t 3e—3t _ Ze—2t >
18 27 1 1
~giw ~ 145 18(5r — o)
27( 1 1 ) 27 1- 18 :

9+e3™ 9427

(-1-e*"(I+B)»)!

9+e37™ 9+e27
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Clearly (H;) and (Hs) hold. Since o(A) ={-3,-2}, (Hs) is verified for n = —2. Now we
consider on R? the norm ||x|| = |x;| + |x2|. Then

K = supe”||e’'|| = supmax{| —2e " + 3|+ 3¢ = 3|,| - 2¢ " + 2| +|3¢~ - 2|} = 6,
>0 >0

which specifies (Hg). Similarly, we obtain

45 36
K, = 21(- F1+ 7=90.1234,
9+ 37 9+
50+eM 40
M, = 2728+, +1) = 28.6336.
9+e3m 9427

By calculation, we have ||f(¢, x)|| < 2|k| = u, v =0 and L = 2|«|.

If |x] < 0.034924, then LM, < 1 and by Theorem 4.1, (5.2) has a unique n-antiperiodic
solution x € PC([0, o0), R?).

Since vM;, =0 < 1 and by Theorem 4.2, (5.2) has a w-periodic solution x € PC([0, o), R?)
for any k € R.

Example 5.2. Consider the following more complicated semilinear impulsive system

X1 =x1+2x2+kxysin(e”'xq), t# 71, i=1,2,---,
Xy = =3x; =5xp +kxysin(e™'xy), t #71;, i=1,2,-+,

5.3
AX1 |l:Ti: 4X1 + 2)62 + %, ( )
AX) |i=r;= =3x1 = 2x2 + 75,
where « is a real parameter, 7; = 2"4—_1 andw=1,c=e. Since 74,7 =7;+ 1 and ¢;42 = ¢;

for i e N, we get m =2 and (H;) holds. Now we have
1 2 4 2 z xzsin(e™x1)
= = .= 6 —
A (—3 -5 ) B (—3 -2 ) € ( z ) fiax K( xysin(ex) |’

Since AB = BA and ¢ = e ¢ (e (I + B)?) = {10.6543,0.00171908}, (H,) and (H3) are satis-
fied. Clearly (Hs) holds. Next, we have

Al = e (cosh( \/gt) + sinh( \/§t) \/§) WL\/;(\@)
—V3e ™ sinh( \/51) o2t (Cosh( \/gt) = \/gsinh( \/§t)) )

and o(A) = {— V3-2,V3- 2}, so (Hg) is verified for n = v/3-2. Now we consider on R?
the norm ||x|| = |x1| +|x2]. Then

K supe®” ‘/g)tlleA’ll = sup max{ ’e‘ A& (cosh( \/gt) + sinh( \/§t) \/§)|

>0 >0
2¢~ V3 sinh ( \/gt)
V3

+ | V3e V3 sinh( \/gt)’ ,

+ ‘e‘ V3i (cosh( \/gt) - \/gsinh( \/§t))| }

1
= 3+ -,
V3 2
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which specifies (Hg). Similarly, we obtain

31 (5 \/§+ 8)e(e‘/§ - ez) (—3e3 +47 \/gsinh( \/§) +81 cosh( \/5))
M, = = 137.649.
" 6(e®+1-2¢3 (4 V3sinh(V3) +7cosh( V3)))

By calculation, we have ||f(z, x)|| < |k| = v and u = 0. Now the function f(-, x) is not globally
Lipschitz continuous. So we can just verify (H7). If « < 0.00726488 then by Theorem 4.2,
(5.3) has a (1, e)-periodic solution x € PC(]0, o), R?).

Remark 5.3. Motivated by the above arguments, we can consider in (Hs) with f(¢,x) =
E(e“x)x for E € C(R", L(R")) with sup g [|E(x)|| < 00 and e®“c = 1, when ¢ >0 and f(z,x) =
E(sin(Zt)e” x)x with e*“c = —1, when ¢ < 0.
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