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Abstract

We obtain a uniform ergodic theorem for the sequence ﬁ Dieods)(n—k) Tk, where 4
is the inverse of the endomorphism on the vector space of scalar sequences which maps
each sequence into the sequence of its partial sums, 7" is a bounded linear operator on
a Banach space and s is a divergent nondecreasing sequence of strictly positive real
numbers, such that lim,_, 1. s(n+1)/s(n) = 1 and 49s € £ for some positive integer g.
Indeed, we prove that if 7" /s(n) converges to zero in the uniform operator topology,
then the sequence of averages above converges in the same topology if and only if 1 is
either in the resolvent set of 7', or a simple pole of the resolvent function of 7.
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1 Introduction

Throughout this paper, we will write N and Z, for the sets of nonnegative integers and of
strictly positive integers, respectively. Also, for each v € N, we will write N, for the set of
all nonnegative integers n satisfying n > v.

K will stand for either R or C, and we will denote by K*' the vector space (over K) of
all sequences in K. For each vector space V over K, let Oy and Iy denote respectively the
zero element of V and the identity operator on V. If V and W are vector spaces over K and
AV — W is a linear map, let N(A) and R(A) stand respectively for the kernel and the
range of A.

For each normed space X, we will write || ||x for the norm of X, and L(X) for the normed
algebra of all bounded linear operators on X. Henceforth, by convergence in L(X) of a
sequence of bounded linear operators on X, we will mean convergence with respect to the
topology induced by || [I(x), that is, the uniform operator topology.

*E-mail address: burlando@dima.unige.it



2 L. Burlando

If X is a complex nonzero Banach space, then L(X) is a complex Banach algebra—with

identity Ix.
For each T € L(X), let (T') and o(T) stand respectively for the spectral radius and for the
spectrum of 7. Also, let p(T') and Ry stand respectively for the resolvent set and for the
resolvent function of 7. Namely, p(T) = C\ o«(T) and R : p(T) 3 A — (Ux—T)"' € L(X).
It is well known that Ry is analytic on the open set p(T).

In [3], N. Dunford obtained several results about convergence of the sequence f,(T) in
different topologies (where T € L(X) for a complex Banach space X, and, for each n € N,
fu is a complex-valued function, holomorphic in some open neighborhood of o(7T")). The
uniform ergodic theorem, establishing equivalence between convergence of the sequence

n-1
l Z T* in L(X) and 1 being either in p(T') or a simple pole of Rz, under the hypothesis

hm —||T"|| Lx) = 0, is a special case of one of these results (see [3], 3.16; see also [4],
n—+

1
comments following Theorem 8). Notice that if the sequence % A converges in L(X),

n n—1
then 1|77 L(x) Necessarily converges to zero, as Lyn — ﬂ(L D Tk) -1 3 T* for each
n n n \n+l = n =0

nez,.

More general means of the sequence of the iterates of the bounded linear operator T
than the arithmetical ones involved in the uniform ergodic theorem, that is, the (C, @) means
m éoAa_l (n—k)T*, n e N (where a € (0, +), and A, and A,_; denote respectively the
sequences of Cesaro numbers—whose deﬁnition is recalled here in Section 2—of order «

and a — 1; notice that for @ = 1 we have —— (n) Z Ag_1(n—k)Tk = Z T* for each n € N),

n+1

were considered by E. Hille in [8]. Indeed, in [8] Theorem 6 he proved that if the sequence
n
AL(H) > Aq_1(n—k)T* converges to some E € L(X) in L(X), then L ”L(X’ —0asn— +o0
{03 k:0
and Alinil+ I(A = DR7 (D) — Ellrx) = 0. Notice that the former of these two conditions yields

r(T) < 1, and then the latter is equivalent to 1 being either in p(T'), or a simple pole of Ry,
and moreover E being the residue of Ry at 1 (see the result recorded here as Theorem 2.4).
Theorem 6 of [8] also provides a partial converse of this, establishing that if 7" is power-
bounded and /llir111+ I(2 = DR7 (D) — Ellx) = 0, then hm y(n) Z Ago1(n—k) Tk -

L(X )

0 for each a € (0, +0).
More recently, an improvement of [8], Theorem 6 was obtained by T. Yoshimoto,
who in [12], Theorem 1 replaced power-boundedness of 7 by lim ”T,ll# = 0 (where

n—+oo

w = min{1,a}). Finally, in [5], E. Ed-dari was able to complete the (C, @) uniform ergodic

n
theorem, by proving that the sequence A#(n) > Aq_1(n—k)T* converges to E in L(X) if and
k=0

ly if P58 — 0 as n - +o0 and lim [[(1~ DR7(2) - Ellygy = 0. E. Ed-dari’s result is
recorded here as Theorem 2.6.
We are interested here in obtaining a uniform ergodic theorem for the Norlund means

n
of the sequence 7, that is, for the means ﬁ > (ds)(n—k) Tk, neN, where sisa divergent
k=0



A uniform ergodic theorem for some Norlund means 3

nondecreasing sequence of strictly positive real numbers (and 4 : K — K is as in the
abstract; see Definition 4.1 here). Notice that for s = A,, a € (0,+00), one obtains the (C, @)
means.

In Section 2 we collect some preliminaries, in order to make this paper as self-contained
as possible.

In Sections 3, 4 and 5 we derive some properties of real sequences, that we use in the final
section dealing with bounded linear operators.

In Section 3 we are concerned with the least concave majorant of a real sequence.

In particular, in Theorem 3.9 we prove that if b is a real sequence such that the sequence
(@)neZ is bounded from above and b is not, then the least concave majorant of b, be-
sides bei+ng strictly increasing and divergent, has a subsequence that is asymptotic to the
corresponding subsequence of b.

In Section 4 we mainly deal with the real sequences s for which 4”s is concave for
some p € N.

The main result of this section is Theorem 4.7, in which we derive several properties of
a sequence s of nonnegative real numbers such that 4”s is concave and unbounded from
above for some p € N. In particular, we prove that s is strictly increasing and divergent,

lim S(f(::)l) =1, and 4725 € ;. Also, in Example 4.9 we show that if @ € (0,+0c0) the
n—+4oco *

sequence A, satisfies the hypotheses of Theorem 4.7 (for p = [a] if « ¢ Z,; for p=a -1 if
a €Zy).

In Section 5 we introduce an index H(b) (€ N U {+oo}) for a real sequence b, such that

H(b) < +oo if and only if the sequence (b,f,’,f) )nEZ+ is bounded from above for some m € N,

in which case H(b) is the minimum of such nonnegative integers m.

In Theorem 5.3 we use Theorem 3.9 to prove that if b is unbounded from above and such that
H(b) < +c0, then b has a majorant s which satisfies the hypotheses of Theorem 4.7 for p =

H(b) — 1, and moreover is such that lim sup % € [%, 1]. We also prove (in Proposition
—400

5.4) that if a is a real sequence such that 49a € ¢; for some g € Z,, then H(a) < g—1.

Section 6 contains our main result, that is Theorem 6.7: we prove that if 7" is a bounded

linear operator on a complex Banach space, and b is a divergent sequence of strictly positive
. . .
real numbers, such that H(b) < +oco and lim % = 0 (which gives r(T) < 1), then,
n—+oo
for each divergent nondecreasing sequence s of strictly positive real numbers, such that

lim % =1, 495 € £, for some g € N;, and the sequence (}%)nEN is bounded (which
n—+oo .
Tl Lxy

. .
gives nEI-Poo v )
1 is either in p(T'), or a simple pole of Ry. The sequence s can be chosen so that it is not

infinite of higher order than b, and 4”s is concave and unbounded from above for some
peEN.

n
= 0), the sequence ﬁ S (Ads)(n—k) Tk converges in L(X) if and only if
k=0

We conclude this section—and the paper—with an example (Example 6.10), showing that,
contrary to the case of the sequence A, considered in Theorem 6 of [8], convergence in L(X)

n n
of the sequence ﬁ > (4s)(n—k)T* does not imply lim L7
k=0 n—

=0, even if s satisfies the
+o00 s(n)

hypotheses of Theorem 4.7.
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2 Preliminaries

If X is a Banach space, and Y, Z are closed subspaces of X, satisfying X = Y& Z, by the
projection of X onto Y along Z we mean the bounded linear map P : X — X such that
PxeY and x— Px € Z for every x € X. Notice that Iy — P is the projection of X onto Z along
Y, and that P2 = P. On the other hand, if E € L(X) satisfies EZ=E, itis easily seen that
R(E) is closed in X, X = R(E)® N(E), and E is the projection of X onto R(E) along N(E).

We begin by recalling a classical characterization of simple poles of Ry, that will be
useful to us in this paper.

Theorem 2.1 (see [11], V, 10.1, 10.2, 6.2, 6.3 and 6.4, and 1V, 5.10)). Let X be a complex
nonzero Banach space, T € L(X) and Ay € C. If Ay is a simple pole of Ry, then Ay is an
eigenvalue of T, N((AoIx —T)") = N(Aolx — T) and R((AoIx — T)") = R(ApIx — T) for every
neZ., R(Aolx —T) is closed in X, X = N(Aolx — T)®R(Aplx — T), and the projection of X
onto N(Aoglx — T) along R(Aplx — T) coincides with the residue of Ry at 1g. Conversely, if
X =Nolx —-T)®R(Aglx —T), then Ay is either in p(T), or else a simple pole of Rr.

If X is a complex nonzero Banach space and T € L(X), following [11], Definition on
page 310, we denote by U(T) the set of all complex-valued holomorphic functions f whose
domain Dom(f) is an open neighbourhood of o(T'). For each f € A(T), the operator f(T) €
L(X) is defined as follows:

1
=5 f FORAD AL,
L J+oD

where +dD denotes the positively oriented boundary of D, and D is any open bounded
subset of C, such that D 2 o(T), DcC Dom(f), D has a finite number of components, with
pairwise disjoint closures, and dD consists of a finite number of simple closed rectifiable
curves, no two of which intersect; the integral above does not depend on the particular
choice of D (see [11], comment 2 on pages 310-311; see also [3], 2.2, 2.3 and 2.6). We

n
recall that for each polynomial p: C3> A+ 3, agAf € C (where n € N, and ay, ...,a, € 0,
k=0

n
we have p(T) = 3 a;T* (see [11], V, 8.1).

We will use the fgllowing convergence result for the elements of A(T'), due to N. Dunford,
a special case of which is the classical uniform ergodic theorem.

Theorem 2.2 (see [3], 3.16). Let X be a complex nonzero Banach space, T € L(X), and
(fi)nen be a sequence in U(T), satisfying 1 € Dom(f,) for each n €N, such that lim f,(1) =
n—+o0o

1 and (Ix = T) fu,(T) — Or(x) in L(X) as n — +oo. Then the following three conditions are
equivalent:

(2.2.1) there exists E € L(X) such that E* = E, R(E) = N(Ix = T), and f,(T) — E in L(X)
asn— +oo;

(2.2.2) 1is either in p(T), or a simple pole of Rr;

(2.2.3) RUx—T) is closedand X = N(Ix - T)®R(Ix —T).
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Remark 2.3. We remark that, under the hypotheses of Theorem 2.2, each of conditions
(2.2.1)—(2.2.3) is actually equivalent to each of the following two conditions (which at first
glance might respectively appear to be weaker and stronger than them):

(2.3.1) the sequence (f,(T)),,c;y converges in L(X);

(2.3.2) RUx—T)is closed, X = N(Ix—T)®R(Ix —T), and the sequence (f,(T)),c; converges
in L(X) to the projection of X onto N(Ix —T) along R(Ix —T).

Equivalence between (2.2.1) and (2.3.1) is observed in [4], comments following Theorem
8. For the convenience of the reader, we give here a proof of equivalence of these five
conditions. Indeed, it suffices to prove that (2.3.1) implies (2.3.2). Suppose that (2.3.1) is
satisfied, and let £ € L(X) be such that f,(T") — E in L(X) as n — +oc0. We prove that then
E’=Eand R(E) = N(x-T).

We begin by proving that for each x € N(Ix—T) we have Ex =x. Thisisclearif N(Ix—T) =
{Ox}. If instead N(Ix —T) # {Ox}, then 1 € o((T), and Ry (D)x = ﬁx for every A € p(T).
Hence (see [11], V, 1.3) f,(T)x = f,(1)x for every n € N. Since nl_i)rfloof"(l) =1, we conclude
that Ex = x. This gives the desired result, which in turn yields N(x —T) C R(E). On the
other hand, since (Ix—T)E = nEIPw(IX —T)fu(T) =0r(x), we have R(E) € N(Ix—T). Hence

R(E)=N(x—-T),and E> = E.

We have thus proved that the equivalent conditions (2.2.1)—(2.2.3) are satisfied. Now we
observe that, since f,,(T) commutes with Iy — T for each n € N by [11], V, 8.1, and conse-
quently E also does, we have E(Ix —T) = Orx). Hence R(Ix —T) C N(E). Since E*=E
and R(E) = N(Ix —T) give X = N(Ix - T)® N(E), and condition (2.2.3) in turn gives
X=N(x-T)®R(Ix—-T), we conclude that N(E) = R(Ix —T). Then condition (2.3.2)
is satisfied.

We also recall the following consequence of [3], 3.16.

Theorem 2.4 ([5], 1.3; [9], 18.8.1). Let X be a complex nonzero Banach space and T, E €
L(X). If there exists a sequence (A,,),en in p(T) such that nl_l)l;l—loo A, =1and (4,—-1)Rr(1,) —
E in L(X) as n — +oo, then 1 is either in p(T), or a simple pole of Ry. Furthermore,
RUx —T) is closed in X, X = NUx-T)®R(x —T) and E is the projection of X onto
N(x—-T) along R(Ix—T).

For each @ € R, let A, : N — R denote the sequence of the Cesaro numbers of order a.
That is,
et 1 ifn=0
Ao(n) = ( " ) =1 M+
E— ifneZ,.

Hence A,(n) > 0 for each n € N if @ > —1. Notice also that Ay(n) = 1 for all n € N. We recall
that

n
(2.1) > Ag(k) =Aq+1(n) for eachn e N and each @ € R
k=0

and
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(2.2) lim Aoln) _ foreacha e R\{-k:keZ,},

Nt MO F(a+1)

where I" denotes Euler’s gamma function (see for instance [13], III, (1-11) and (1-15)).
The following well known identity—which we will need in the sequel-—can be obtained
from (2.1) as a straightforward consequence, or else is not difficult to check directly, by
induction on n.

(2.3) i (k) = ("ﬂ) for every j€ N and every n € N;.
sy J

Remark 2.5. Let X be a complex nonzero Banach space, and let 7 € L(X). We recall that
if the sequence (” ”L(’O) ,_is bounded for some @ € (0,+00), then r(T) < 1. Indeed, if
n

€Ly

M € (0,+c0) is such that ”Tnl(l,“x’ < M for each n € Z,, then

1
r<T>=ngrgm||T"||z(X)=ngr+nm(” ”“’0) < lim M =1,

n% n—+co

Finally, by also taking Theorem 2.4 into account, the improvement of E. Hille’s (C, )
ergodic theorem obtained by E. Ed-dari can be formulated as follows.

Theorem 2.6 (see [5], Theorem 1). Let X be a complex nonzero Banach space, T € L(X),
and a € (0,+00). Then, given any E € L(X), we have

S Agot(n—k) T

lim || — -E =0
n—+0e0 Aqp(n)
L(X)
if and only if
Tn
im O o g lim = DR~ Ellyo =0
n—+oo n« A—-1t

Hence the following two conditions are equivalent:

S Ag1(n—k) T

(2.6.1) the sequence [” o) ] converges in L(X);
neN

(2.6.2) lim ”TQ# =0and 1 is either in p(T), or a simple pole of Rr.

n—+oo

3 The least concave majorant of a real sequence

We begin with some results concerning the least concave majorant of a real sequence.

We recall that a real sequence a : N — R is called concave (convex) if the real sequence
(a(n+1)—a(n)), oy is nonincreasing (nondecreasing). Notice that a is concave (convex) if
and only if a(n+1) > w (an+1)< w ) for every n e N.

1T Mlx)
n*

'We point out that, by virtue of Remark 2.5, liIP =0 gives r(T) < 1. Then p(T') contains all real
n—+0o0

numbers A satisfying A > 1, which allows the limit Alinll I(A = DR7 () — Ellz(x) to be considered.
1+
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Definition 3.1. For each real sequence a : N — R, let ¢, : [0,+c0) — R be the function
defined by

¢a(x) = a(n)+ (x—n)(a(n+1)—a(n)) for every x € [n,n+ 1] and every n € N.

Notice that ¢,(x) = a(n)(n+ 1 —x)+a(n+ 1)(x —n) for every x € [n,n+ 1] and every
n € N. Hence ¢,(n) = a(n) for every n € N.

Proposition 3.2. Let a : N — R be a real sequence. Then a is concave if and only if the
function ¢, is concave.

Proof. 1t is easily seen that a is concave if ¢, is. Conversely, suppose a to be concave.
Notice that ¢, is continuous. Also, the right derivative (¢,)} of ¢, exists at every point of
[0, +c0), and (¢,)’.(x) = a(n+ 1) —a(n) for every x € [n,n+ 1) and every n € N. Since a is
concave, it follows that (¢,)’, is nonincreasing, and consequently (see [10], 5, Proposition
18) ¢, is concave. O

We recall that a majorant of a real sequence b : N — R is a real sequence ¢ : N — R
satisfying c(n) > b(n) for every n € N.
The following result is probably known. Indeed, for instance, the authors of [1] seem to be
aware of it when (in the proof of Proposition 2.1) they derive that the sequence (p;), <y has

a least concave majorant from being lim %" = (. Anyway, we give a (short) proof here, for

n—+00

the convenience of the reader.

Proposition 3.3. A real sequence b : N — R has a concave majorant if and only if the

sequence (@)n . Is bounded from above.

Proof. By virtue of Proposition 3.2, it is easily seen that b has a concave majorant if and
only if there exists a concave function f : [0,+c0) — R such that f(x) > ¢,(x) for every
x € [0,+00). The latter condition is satisfied if and only if there exist @, 8 € R such that
op(x) < a+ Bx for every x € [0,+00) (see [6], Theorem 1.2) or, equivalently, b(n) < a +fn
for every n € N. Now it is straightforward to observe that such « and 8 exist if and only if the

sequence (@)nez is bounded from above. We have thus obtained the desired result. O

a(n)

i p <z, 1s bounded

Remark 3.4. If a : N — R is a concave sequence, then the sequence (
from above.

Remark 3.5. If areal sequence b : N — R has a concave majorant, then b has a least concave
majorant c. Furthermore, we have

c(n)=1infla(n) :a € RY, g concave majorant of b} for every n € N.

Indeed, once one observes that the real sequence ¢ defined as above is concave and is a
majorant of b, from the definition of c it follows that each concave majorant of b is also a
majorant of ¢, that is, c is the least concave majorant of b.

Theorem 3.6. Let b : N — R be a real sequence such that the sequence (@)n€Z+ is bounded
from above, and let ¢ : N — R be the least concave majorant of b. Then c satisfies the
following properties.
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(3.6.1) c(0) =b(0).

(3.6.2) c(n+1)=c(n)+sup{2=1 : k €N,y for every? n e N.

(3.6.3) Foreachn €N and each k € N, 5, we have
b(k)—c(n+1) < b(k) —c(n)

k-n-1 = k-n
If in addition
k—n J—n
then
b k —c I’l b ) —c l’l .
b —
M forall h=n,....k-1,
k—n

and consequently c(h+1)—c(h)=c(n+1)—c(n) forall h=n,...,k—1.
Proof. Leta:N — R be defined by
a(0) = b(0),
b(k) —a(n)
k—n

a(n+1) :a(n)+sup{ :keNn+1} for every n € N.

We prove that a = c. First of all, we prove that a(n) > b(n) for every n € N.
We proceed by induction. The desired result clearly holds for n = 0. Besides, if for some
n € N we have a(n) > b(n), then

b(k) — a(n)
k —

a(n+1)=a(n) +sup{ ke Nn+1} >a(n)+b(n+1)—an)=bn+1).

We have thus proved that a is a majorant of 5. Now we prove that a is concave.
For each n € N, we have
b(k) —a(n)

aln+1)—a) = sup{ o

:keNn+1} 3.1

and
b(k)—a(n+1)

a(n+2)—a(n+1)=sup{ - .keN,,+2}. (3.2)

Now, for each k € N, ;», (3.1) yields
b(k)—a(n+1)  b(k)—a(n) B a(n+1)—a(n)
k-n-1  k-n-1 k—-n-1

k—n \(b(k) - 1 b(i)—
:(k—nil)( (2_2("))‘(k_n_1)sup{ (J;_Z(n) ¢J'€Nn+1} (3.3)

<( k—n b(k) — a(n) B 1 (b(k)—a(n)
“\k-n-1 k—n k—-n-—1 k—n

_(b(k)—a(n))( k-n 1 )_b(k)—a(n)
B k—-n k-n-1 k-n-1)  k-n

b(n)
=)

ZNotice that, since the sequence ( is bounded from above, this supremum is finite for every n € N.

nezZ,
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Now from (3.3), together with (3.1) and (3.2), we derive that a is concave. Hence a is a
concave majorant of b. In order to conclude that a = ¢, it suffices to prove that c(n) > a(n)
for every n € N. We proceed by induction.

Since c(0) > b(0) = a(0), the desired inequality holds for n = 0. Now let n € N be such that
c¢(n) = a(n). Since c is concave and is a majorant of b, from Proposition 3.2 and from the
three chord lemma we conclude that for each k € N,,;; we have

e+ 1) c(ny > L=, PO cw)

k—-n = k-n
and consequently, since c(n) > a(n),
cn+1)>c(n)+ —b(k) —<) =c(n)+ bk) ~a(n) + an) =)
k—n k—n k—n
:(k—n—l)c(n)+ 1 a(n)+b(k)—a(n)
k- -n k—n
k—n-— 1 b(k)— a(n) b(k)— a(n)
2( k—n k )() -n =am+ k—n
Then
cm+D2aMHﬂw{%ﬁgﬁﬂﬁkeNm}:am+D.

We have thus proved that c(n) > a(n) for every n € N. Then a = ¢, from which we obtain
(3.6.1) and (3.6.2). Also, the inequality in (3.6.3) now follows from (3.3).

In order to complete the proof, it remains to prove that if n € N and k € N,;» satisfy

b(k b( ) . b(k)—c(h b(j)—c(h b(k
B — g (A0 ; e, ), then A=) — o (B ; ey, ) = B g
allh=n,....k—1.

Letn e N, k e N,;, be as above. As a straightforward consequence of (3.3), we obtain

b(k)—c(n+1) _ b(k)—c(n)
k-n—-1 —  k-n

and consequently

b(j)—c(n+1) .
—
-n—1

b(k)—c(n)

- c(n+1)—c(n).

cn+2)—cn+1)= sup{ € N,,+2} >

Since c is concave, the opposite inequality also holds. Hence

b(k)—c(n+1) {b(j)—c(n+ 1) . } b(k) —c(n)
— ——————=max{ ———— jJEN, = ————.
k—n—1 j—n—1 k—n

If k = n+2, the proof is complete. Otherwise, we finish the proof by applying the same
biky—ctm) b(k) C(h) yh=n+1,...,k=2. O

argument again k—n—2 times, with =-——= replaced by
Lemma 3.7. Let a: N — R be a real sequence. If there exists v € N such that a(v) >

limsupa(n), then the set {a(n) : n € N} has a maximum.
n—+oo
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Proof. We set £ = limsupa(n) and observe that £ € [—co,+00). Since assuming a(n) < £ for
n—+oo

every n € N yields £ € R and a(v) = £ > a(n) for every n € N—which means that a(v) is the
maximum of {a(n) : n € N}, we may assume that a(v) > £. Then there exists ng € N such that
a(n) < a(v) for every n € N,,;, from which we conclude that v < ny. Now letny €{0,...,no—1}
be such that a(n;) > a(k) for all k=0,...,no— 1. It suffices to remark that for each n € N,
we have a(n) < a(v) < a(n;). Hence a(n;) > a(n) for every n € N. O
Theorem 3.8. Let b: N — R be a real sequence such that the sequence (@)n 7. I bounded
from above, and let ¢ : N — R be the least concave majorant of b. :

(3.8.1) If we set £ = limsup @, we have € € [—00,+00), c(n+1)—c(n) > { for every n e N

n—+oo

and lim sup(%) ={ for everyn e N.

k—+0c0

(3.8.2) If we set

m={0}u{n€Z+:c(n)—c(n—l)=max{w :keNn}},
k—-n+1

it follows that ne %t = {0,...,n} CN.

(3.8.3) If we set N = sup(N) and (Vi)ren IS the nondecreasing sequence of nonnegative inte-
gers defined by vy =0,

min{neNka L D=t — oy 4 1)—c(vk)} if>vi<N

v — n—vi
et Vi ifvizN

for every k e N, it follows that vi € Nt for everyk e Nand {vy : ke N} ={neN:c(n)=

b(n)).

(3.8.4) If M is finite (that is, N € N, N = max(N)), then the sequence (Vy)ien is eventually
constant (and consequently vy > N for sufficiently large n). Furthermore, if we set
ko = min{k € N : vy > N} we have: vy = N for every k € Ny, vi < viy1 for each k € N
satisfying k < ko, £ € R, and, for eachn € N,

b + (55257 ) (bkst) = b)) if vie S < Vi for some k€N
satisfying k < ko

c(n)
b(N)+{€(n—N) ifn>N

Vis1—n n—vi .
(VM_Vk)b(vk) + (Vkﬂ_w)b(vkﬂ) if vi < n < viy1 for some k e N

= satisfying k < ko
b(N)+£(n—N) ifn>N.

Finally, c(n) > b(n) for every n € Ny,.

b(m)—c(vi)

3Notice that if v < N, from (3.8.2) it follows that v + 1 € 9 and consequently c(vg + 1) = c(vt) = =

for some n €N,, ..
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(3.8.5) If N is infinite (that is, N = N), then the sequence (Vi) is strictly increasing. Fur-
thermore, for each k € N we have

n—

¢(n) = b(vy) +( )(b(vk+1> ~b(wp)) = ( e 7 )b(vk) +( — k)b(vk+1>

Vi
Vi+1 — Vi Vi+1 — Vi Vi+1

for every n € N satisfying vi < n < viy1.
Proof. We begin by proving (3.8.1). As a straightforward consequence of (¥)nez being

bounded from above, we have £ € [—c0, +0).

Now let (kj)jeN be a strictly increasing sequence of strictly positive integers such that
b(kj)

lim % = ¢. Then for each n € N we have
Jj—+oo
bk;)—c(n ki b(k;
im (252N o (K k) _em)_, (3.4)
Jjo+oo kj—n Jj—o+oo kj—n kj kj
Hence, by virtue of (3.6.2),
b(k)—
cn+1)—cn) = sup{w ke N,,+1} > ¢.
-n

Now if we set s = limsup (W), from (3.4) we also derive that s > €. On the other hand,

k—+oc0

if (m j)jeN is a strictly increasing sequence of nonnegative integers such that lim (

Jjo+oo

b(m;)—c(n) )

m;—n

= 5, we obtain

b(mj) ( b(mj) —c(n) )(m] -n ) c(n)
= = +— — s,

mj m;—n m; mj jo+o
which gives s < . Hence s =¢.
(3.8.1) is thus proved. Now we prove (3.8.2).
Fix n € M and let k € {0,...,n}. We prove that k € N. This is clearly true if k =0. If k € Z,,
thenneZ, and c(n)—c(n—-1) = % for some p, € N,,. It is not restrictive to assume
k <n—1 (which gives n—k € Z,,neN,, k—1<n—2). Since for each je {k—1,...,n—2}
we have j+2 < p,, and consequently h(p;):;(_jfl) < b(p[’}):;(j) by (3.6.3), by taking (3.8.1)
into account we obtain ' !

bpw) = ctk=1) _ b(py)—c(n—1) |
2 = - —-D>f=1
okt 1 = ponsl cwmen=h=l=limsup

b(m)—ck-1)
m—k+1 '

b(m)—c(k=1) .

Now from Lemma 3.7 we conclude that the set { rrara e

together with (3.6.2), yields k € 9.

We prove (3.8.3).

We begin by proving that for each k € N we have v, € %t and {n € {0,...v¢} : c(n) = b(n)} =
{vj:j=0,...,k}. We proceed by induction. We set

me Nk} has a maximum. This,

S={keN:v,eNand {n€{0,...,n}: c(n)=bm)}=1{v;: j=0,....k}.

Since vy = 0, by the definition of 9t and by (3.6.1) we have 0 € S. Now suppose k € S.
Then v € 9t and {n € {0,...vi} 1 c(n) =b(n)} ={vj: j=0,....k}. If vy, > N, we have vy, =
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vietand {nel0,...,vkr1} :c(n) =b(m)} ={ne{0,...vi} :c(n) =b(m)} ={vj: j=0,....,k} =
{vj:j=0,...,k+1}, which gives k+ 1 € S. Thus, let us assume vy < N. Then vj1 > vy +1

and

Vi1 = min {n €Ny w = c(vp+1)— c(vk)}. (3.5)
—Vk

From (3.6.3) we derive that for each j € N satisfying vy < j < v¢;1 — 1 we have

b(vir1) = c(j) _ max{b(m)—c(j) meN }: b(v+1) — c(vk)
Viel = J m—j s Visl = Vk

(3.6)

By letting j = v¢41 — 1, from (3.6)—together with (3.6.2)—we conclude that v, € )t and
besides

— e — 1
bm)zcii =D . NVM} = cgar) = cier 1),

b(Vir1) —c(iir1 — 1) = max{
m—vi +1

which gives c(Vi+1) = b(vi+1). Finally, for each n €N, ;1 satisfying n < vi.1, (3.6.2), (3.6.3),
(3.5) and (3.6) give

c(n)—cn—-1)= rnax{M 1me Nn}
m-n+1
_ b)) —c(vi) S b(n) — c(vy) > b(n)—c(n—1)
O kel - n-vg ’

the latter inequality being trivially an equality if n = v, + 1, and being a consequence of
(3.6.3)if n > v +2 (as b(",z:;(ﬁ > b("lz:;(_];r D for all j=vy,...,n—2). Consequently, c(n) >
b(n). Hence

{nef0,...,vie1} : c(n) = b(n)}
={ne{0,...nt}:cm) =bm)}Ulne{vi+1,...,vis1} : c(n) = b(n)}
=y j =0, KUt} = v =0,k 1),

which gives k+1 € S.
We have thus proved that v, € N for every k € N. Also,

{ne{0,....w}:cn)=bm)}=1{v;: j=0,....k} for every k € N. 3.7

Now we prove that {n e N : c(n) = b(n)} = {vy : k e N}.
If N = +oo, then vi41 > v + 1 for every k € N, which gives lim v = +o00, and consequently

k—+00
J{O0,...,v} =N. Hence
keN

{(neN:cn)=bn)) U{n €{0,...,v} : c(n) = b(n)}

keN

Jvji=0, k=t ke,
keN

which is the desired result. B
If N < +o0, then there exists k € N such that ve= N: otherwise, if vy < N for all k € N,
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the sequence (vi)reny Would be strictly increasing and consequently we would have +oco =
lim vy < N, a contradiction. Hence v = v; for every k € Ni.. Furthermore, for each n €

k—+00

NVEH, we have n > N and consequently n ¢ 9. Then n € Z, and, by virtue of (3.6.2),
c(n)—c(n—1) > b(n) — c(n— 1), which gives c(n) > b(n). From this, together with (3.7), we
obtain

{(neN:c(n)=bn)}={nel0,...,vg}: c(n) = b(n)}
={v;:j=0,....k} = {1 keN}.

We have thus finished the proof of (3.8.3).
We prove (3.8.4). Suppose 9t to be finite. Then N € N and N = max(9t). Also, we have
already observed—in the proof of (3.8.3)—that the sequence (v )y is eventually constant
and not less than N. We set ko = min{k € N : vy > N}. Then vx, > N. On the other hand,
since v, € N by (3.8.3), we have v, < N. Then v, = N, and consequently v, = N for each
k € Ny,. Furthermore, for each k € N satisfying k < kp we have v; < N, and consequently
Vi < Vi+1. From (3.6) and (3.6.2) we conclude that for each n € N satisfying vy + 1 <n < vy
we have

() —c(j—1y= 20TV vt 1

Vi+1 — Vi

and consequently

c(n)—c(v) = Z (c()—c(j-1)) = (n—vk)(w)'
J=vit+] Vi+l — Vk
Hence
cn)—clvp)=(n— vk)(W) forall n.=v,...,Ves1. (3.8)

Since c(vy) = b(vy) by (3.8.3), from (3.8) we derive that for each n € {vg,...,vi+1} we have

e(n) = cvp) + (n—m(w) ~ b(v) +( n-

Vi
Vi+1l — Vi Vi+1 — Vk

)(b(Vk+1) —b(vy)).

Now we prove that £ € R and ¢(n) = b(N) + £{(n— N) for every n € Ny.
For each n € Ny, we have n+ 1 > N and consequently n+ 1 ¢ ). From (3.6.2) we conclude

that the set {W tke Nn+1} has no maximum. From Lemma 3.7 and from (3.8.1) we

derive that 28=<W ¢ for every k € N,;, and consequently £ € R. Besides, from (3.6.2)

k—n
we obtain
b(k) —c(n)
k—n

which, together with (3.8.1), gives c(n+ 1) — c(n) = £. Notice also that by virtue of (3.8.3),
Vi, = N yields ¢(N) = c(vk,) = b(vk,) = b(N). Now, proceeding by induction, we conclude
that c(n) = b(N) + {(n— N) for every n € Ny. Finally, from (3.8.3) we derive that c(n) > b(n)
for every n € Ny, and the proof of (3.8.4) is complete.

We prove (3.8.5). If we assume 9t to be infinite (or equivalently, by virtue of (3.8.2), 9t = N),
then N = +c0 and consequently the sequence (Vi) 1S strictly increasing. The remaining
assertion can be derived from (3.6), (3.6.2) and (3.8.3), proceeding as in the proof of (3.8.4).
The proof is now finished. O

c(n+1)—c(n):sup{ :keNn+1}§€,
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Theorem 3.9. Let b : N — R be a real sequence such that the sequence (b(") )nEZ is bounded

from above and b is not, and let ¢ be the least concave majorant of b. Then c is strictly

increasing, hm c(n) = +o0 and limsup ff,’ﬁ =1

n—+00

b(") We observe that limsupb(n) = +co, and consequently £ €

n—+oo

[0,+c0). From (3. 8 1) 1t follows that ¢ is nondecreasing, and consequently there exists
hm c(n). Since c(n) > b(n) for every n € N, we conclude that

n—+

Proof. We set € = hm sup

lim ¢(n) > limsupb(n) = +oo.
n—+00 n—+co
Hence c¢(n) — +o0 as n — +o0o0. Now we prove that c is strictly increasing.
If ¢ were not strictly increasing, then—being ¢ nondecreasing—there would be ny € N such
that c(ng + 1) — c(np) = 0. Since c is concave as well as nondecreasing, we would conclude
that c is eventually constant, in contradiction with lim c(n) = +co.

n—+oo
b(n)

cm = 1- By virtue of Theorem 3.8, one of the following two

Finally, we prove that limsup ===
n—+oo
conditions is satisfied:
(3.9.1) there exists a strictly increasing sequence (vi);en Of nonnegative integers such that
c(vy) = b(vy) for every k e N;

(3.9.2) there exists N € N such that c(n) > b(n) for every n € Ny, and c(n) = b(N)+(n— N)
for every n € Ny.

b)) _
c(vg)

If (3.9.1) holds, it suffices to observe that limsup % > lim = 1. The opposite in-

n—+00 k—+co

equality follows from ¢ being a majorant of b.
If (3.9.2) holds, then lim (b(N)+£(n—N)) = lim c(n) = +oo gives € € (0,+c0). Hence
n—+oo n—+oo

imun( 22 ) < (M), L
imsu =limsu . =1.

n—>+oop C(l’l) n—>+oop n £+ (b(Nil—fN)

The desired result is thus proved. O

The following is a consequence of Remark 3.4 and Theorem 3.9. Alternatively, it can
be derived from Proposition 3.2 and the properties of concave functions.

Corollary 3.10. If a concave sequence a : N — R is not bounded from above, then a is
strictly increasing and lim a(n) = +oco.
n—+oo

4 Real sequences with concave p'P-difference

Definition 4.1. Let X, 4 : K — K" be the linear operators defined by

n

a)(n) = Z“(k) and  (da)(n) = {

k=0

a(0) ifn=0
am)—an—-1) ifnez,

for every n € N and every a € K.



A uniform ergodic theorem for some Norlund means 15

Notice that both linear operators X and 4 are bijective. Besides, 4 = X~! (or, equiva-
lently, 2 = A1), We also remark that A(£;) C ¢;. Finally, we observe that the operator 2
preserves inequalities: indeed, if a, b € RY satisfy a(n) < b(n) for each n € N, then (Za)(n) <
(Zb)(n) for each n € N.

The following is a consequence of Proposition 3.2 and of the the three chord lemma.

Lemma 4.2. Let a:N — R be a concave sequence. Then
n(a(k) — a(0)) = k(a(n) — a(0)) for everyneN and every k=0,...,n

Theorem 4.3. Let a : N — R be a nondecreasing concave sequence. Then for each p € N
we have

L (n+p) a(n) + i (n+p) a(0) < 2Pa)(n) < (n +p) a(n) for every n € N.
p+1\ p p+rl\ p p

Proof. We begin by proving that (X”a)(n) < (";p ) a(n) for all n, p € N. We proceed by
induction on p.

For p = 0, the desired inequality trivially holds for every n € N. Now let p € N be such that
(ZPa)(n) < (";p ) a(n) for every n € N. Then for each n € N, since a is nondecreasing we have

n

@W%@=Z@%®<Z&ﬂmwmmzkw (") any

k=0 k=0

by (2.3).

We have thus proved the desired inequality Now, proceeding again by induction on p, we
prove that (ZPa)(n) > — p+1 (";p) a(n) + L= p+1 (";p)a(O) for all n, p € N.

For p =0, the des1red inequality i 1s trivially satisfied for every n € N. Now let p € N be such

that (ZPa)(n) > —— p+1 (’“”)a(n) + £ p+l (”;p)a(O) for every n € N. We prove that (ZP*!a)(n) >

1 n+p+1) p+1 (n+p+1)
p+2( Pl a(n )+p+2 Pl a(0) for every n € N.

For n =0, since (ZP*'a)(0) = a(0) the desired inequality is straightforward. Now fix n € Z,.
Then from Lemma 4.2 and (2.3) we obtain

i 1 <k
(E”“a)(n)=2(21’a)(k)z?2( ;p) (k)+ (O)Z(
k=0

1 k+p n+p+
> D Z( ) )(ka(n)+(n k)a(O))+— (0(

_ (a(m) - a(O)) Z (k + p) a0) Z (k + P)
©0)
p+1 p+ p+1 p+ 1

(
Mz(kw) )(n+p+1
(",

p+1

n+p+1

’)
)
n+p+ﬂ
|
)

_ (am- a(O)) Z (k +p+ 1)
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_ (a(n) —a(0)) (n +p+ 1) +a(0)(n+p + 1)
p

n +2 +1
_(a(n)—a(O)). (n+p+1)! +a(0) n+p+1
T 2 nprDlm-Dr N pet

_ (a(n) —a(0)) (n+p+1)+a(0)(n+p+1)

p+2 p+1 p+1
1 1 1 1
__1 (n+p+ a(n)+li n+p+ a(0).
p+2\ p+1 p+2\ p+1
which is the desired result. The proof is now complete. O

Lemma 4.4. Let b: N — R be a nondecreasing sequence, satisfying b(0) > 0 and b(1) > 0.
Then for each k € Z.,. the sequence b is convex and strictly increasing.

Proof. 1t suffices to prove that 2'b is convex and strictly increasing. Indeed, once this is
proved, the desired result follows by induction on k (as (Z*b)(0) = b(0) > 0 for every keZ,,
and then 2*b strictly increasing gives (Z*b)(1) > 0).

Sice b is nondecreasing, b(1) > 0 yields b(n) > 0 for every n € Z,, and consequently
Zb)(n+1)=2b)(n)+b(n+1) > (Zb)(n) for every n € N. Hence 2b is strictly increasing.
Furthermore, being the sequence ((Zb)(n+ 1) — (Zb)(n)), = (b(n + 1)), nondecreasing,
2'b is convex. We have thus obtained the desired result. O

Lemma 4.5. Lef ¢ : N — R be a concave nondecreasing sequence. Then Ac is convergent,
and N*c € ¢;.

Proof. Since c is concave and nondecreasing, it follows that the sequence ((4c)(n + 1)), oy is
nonincreasing and (4c)(n) > 0 for eachn € Z,. Then lim (4c)(n) = A for some A € [0, +00)
n—+oo

(and so 4c converges). Besides, (4%c)(n) < 0 for each n € N,. Since

Z(Azc)(n) = (ZA%¢c)(n) = (dc)(n) —1
k=0

+00
(that is, the series Y (4%c)(n) converges), being 4°c eventually nonpositive it follows that
n=0

+00
the series ) |(4%¢)(n)| also converges. Hence A*cely. O

n=0

Remark 4.6. Let s € K be an eventually nonzero sequence. If we fix v € Z, such that

s(n) # 0 for all n € N,, then for each n € N, we have (Ass()n(f) =1- S(S'z;)l). Hence
+1 A
im 20D im 49 _
n—+co s(n) n—+oo S(l’l)

Theorem 4.7. Let s : N — R be a real sequence satisfying s(0) > 0, and let p € N be such
that the sequence AP s is concave and is not bounded from above. Then:

4.7.1) s(n) >0 foreveryneZy;
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(4.7.2) s is strictly increasing;

(4.7.3) lim % = +oo (and consequently lim s(n) =+o0);
n—+o0o n—+00

(4.7.4) the sequence ( S(n) )nEZ is bounded;

npb

: (n+l) _ 1.
(47.5) lim &2 =1,

n—+oo S0
(4.7.6) AP*2s € ty.
If in addition p € Z., then the sequence s is also convex.

Proof. From Corollary 3.10 it follows that 4”5 is strictly increasing and ETW(AP s)(n) =
+00. Also, (475)(0) = s(0) > 0, and consequently (47 s)(n) > O for every n € ir. By applying
Lemma 4.4 in case p € Z,., since s = 2P (47 s) we conclude that s is strictly increasing. Hence
s(n) > 0 for every n € Z,. From Lemma 4.4 we also derive that if p € Z,, then s is convex.
We have thus proved (4.7.1) and (4.7.2), plus the final assertion.

Now we prove (4.7.3). If p =0, the desired result holds as +oo = nEer(Aos)(n) = nEIPOO s(n).
Thus, let us assume p € Z,. Since 4”s is nondecreasing, from Theorem 4.3 it follows that,
for each n € Z,., we have

S(n) = (AP ))n) > —— (” iR ) UPs)n)+ -2 (” TP ) 5(0)
p+1 p p+1 p

S

and consequently

)4
[T(n+k)

s k=1 AP s)(n)

o Z i IR

Since lim (4?s)(n) = +oo0, we obtain the desired result.
n—+oo

We prove (4.7.4). Since s(n) > 0 for every n € N, it suffices to prove that the sequence

(rf,(,’ﬂ )n€Z+ is bounded from above. By Remark 3.4, the sequence ((Apflﬂ)neZ+ is bounded

from above, which is the desired result if p = 0. Now suppose p € Z,. From Theorem 4.3 it
follows that

p
(n+k)
s(n)  (ZPUPs)n) 1 kl;ll AP s)(n)
= <— for every n € Z,..
np+1 np+1 p! np n
p
. : l«ljl (nth) (47 5)(n) . . .
Since lim ——)=1and (T) is bounded from above, we obtain the desired
n—+oo nez,

result.

Now we prove (4.7.5). We prove that lim @)X — (), which is equivalent to proving that
n

Stoo S
lim % =1 by Remark 4.6. If p =0, then s is concave by hypothesis. Furthermore, s is
n—+co
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strictly increasing and lim s(n) = +oo. Since 4s converges by Lemma 4.5, it follows that
n—+oo

lim % = 0. Now assume p € Z, (and consequently p —1 € N). From Theorem 4.3 we
n—+oo

derive that, for each n € N, we have

$(n) = (P (AP ))n) > —— (” TP ) UPs)(n)  (as (475)(0) = s(0) > 0)
p+tl\ p

and
+p

Us)(n) = (ZP~' (4P 5))(n) < (” I 1)(A”s)(n).

Since both s(n) and (4s)(n) are strictly positive for every n € Z; (see (4.7.1) and (4.7.2)),
from the two inequalities above we conclude that

wom _ (@O0 G peDlaep-D!_ pp+ 1)

< = = -
st T S (@) sy G (P DHeep)t o np

0<

for every n € Z,. Now lim @ =0 yields lim @9 _ (), which is the desired result.

n—+oo 1 n—too  S(M)

Finally, (4.7.6) is a consequence of Corollary 3.10 and Lemma 4.5. The proof is now
complete. O

Remark 4.8. Under the hypotheses of Theorem 4.7, for each j = 0,...,p we have
AP=i(Als) = APs. Since (475)(0) = s(0) > 0, we are enabled to apply Theorem 4.7 to the
sequence 4/s. Hence:

(4.8.1) (475)(n) >0 for every n € Z,;
(4.8.2) A/s is strictly increasing;

@ s)(n)

(4.8.3) lim === = +oo (and consequently lim (4 5)(n) = +00);
n—+oo n—+oo
(4.8.4) the sequence ((f:;f%’j’)) is bounded,;
€Z,

: 4/ 5)(n+1 . . Aitlg
@8.5) Jim SGRy =1 (on cauivalendly, i SGrGr = 0)

If in addition j < p, then the sequence 4/s is also convex.
We conclude this section with an example of an important sequence satisfying the hy-
potheses of Theorem 4.7, that is, the sequence of the Cesaro numbers of order a for @ > 0.

Example 4.9. Fix «a € (0, +00), and consider the sequence A, : N — R of the Cesaro numbers
of order @. Then A,(0) =1 > 0. Also, from (2.1) it follows that A, = 2’A,_1, or equivalently
AAy = Ay—y. Hence 4¥A, = A, for each k € N. Now we set

p=max{keN:k<a}. 4.1)

Then

ifag¢Z
:{[a/] e gL, and O<a-p<l.

a-1 ifaeZ,
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Since @ — p > 0, from (2.2) we derive that the sequence 4”A, = A, is unbounded from
above. Besides, since —1 < a—p—1 <0, it follows that the sequence 4(47A,) = Aq—p-1 18
nonincreasing (see [13], III, (1-17)), and consequently 4”A, is concave. Hence A,, satisfies
the hypotheses of Theorem 4.7 if p is as in (4.1).

Notice that a real sequence need not be infinite of order « for some @ € (0,+o0) in or-
der to satisfy the hypotheses of Theorem 4.7: for instance, the sequence (log(n+ 1)),
of nonnegative real numbers, being concave and unbounded from above, satisfies the hy-
potheses of Theorem 4.7 for p = 0. Nevertheless, it is infinite of order less than « for each
a € (0,+00).

S An index of unboundedness from above for a real sequence
Definition 5.1. For each real sequence a : N — R, we set

H(a) = inf{m € N : the sequence (%) o is bounded from above}.
n

+

Remark 5.2. Let a : N — R be a real sequence. We observe that H(a) € NU {+co} and the
infimum above is attained if and only if H(a) < +o0. Also, H(a) < +co if and only if the

sequence (“(ff)) is bounded from above for some « € [0, +c0), in which case H(a) is the
n® ’nez,
a(n)

minimum nonnegative integer m for which the sequence (75), .,
.

Moreover, if H(a) < +oo, then clearly (%)ﬂEZ+ is bounded from above for every m € Nyy(y
(indeed, for every m € [H(a),+o0)). Notice also that a is bounded from above if and only if
H(a) =0.

Finally, we remark that if s : N — R is a real sequence satisfying the hypotheses of Theorem
4.7, then H(s) = p+ 1. Thus, if s : N — R is a real sequence such that s(0) > 0, there exists

at most one p € N for which the hypotheses of Theorem 4.7 are satisfied.

is bounded from above.

Theorem 5.3. Let b : N — R be a real sequence, which is not bounded from above and
satisfies H(b) < +oo. Then H(b) € Z,. Besides, if we set p = H(b)—1, then p € N and b has
a majorant s : N — R such that s(0) > 0 and AP s is concave and is not bounded from above
(which implies that s satisfies (4.7.1)—(4.7.6), besides being convex if p € Z,—equivalently,
if H(b) € N»), and moreover hnnlilop % € [[ﬁ, 1] = [%, 1].

Proof. Let us first notice that H(b) € Z,—and consequently p € N—by Remark 5.2, being
b unbounded from above. By going to the sequence

- b(n) ifneZ,
:N>nr-— e R
0 ifn=0

if b(0) < 0, it is not restrictive to assume that »(0) > 0. Now let a : N — R be the sequence
defined by
(p+Db(n)

(")

a(n) = pb(0) for every n € N.
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P
n+p’ n(n+k)
Then a(0) = b(0). Furthermore, since lim n’;) = lim (%) [}., and the sequence
n—+oco n—+oo .
(2, ., is bounded from above, whereas (%)n% is not (as H(b) = p+1), it follows that

the sequence (”(”)) is bounded from above, and a is not. Hence a has a concave majorant
by Proposition 3.3, and consequently (see Remark 3.5) has a least concave majorant. Let
¢ : N — R denote the least concave majorant of a. Then from (3.6.1) we obtain c¢(0) = a(0) =
b(0). Moreover, from Theorem 3.9 we conclude that c is strictly increasing, n1—i>r-i1-]oo c(n) =

+00, and limsup “gZ; =1. Hence lim £ 353) =0, and consequently
n—+o0 n—+00
b
limsup —— " — (f;) = 1. (5.1)
noreo b ( : )c(n)

Now let s € RN be defined by s = X”c. We prove that s is a majorant of b. Since c is concave
and nondecreasing, from Theorem 4.3 we derive that, for each n € N, we have

_ 1 [n+p _p_ (n+p
S(n)—(Z”C)(n)ZpH( p )C(n)+p+1( » )c(O)

1 n+p p [n+p
() e (o

1 (n+p p [n+p
_lm(l’)() +1(p)b(0)

1 n+p) (p+1)b(n) p (n+p)
=— —— —pb(0) |+ — b(0
p+1( p [ (";P) p()]+p+1 p ©)

+ +

= b~ (” b )b<0) - (” b )b(O) = b(n),
p+1\ p p+1\ p

which is the desired result. We also remark that s(0) = ¢(0) = b(0) > 0, and A4”s = c is con-

cave and is not bounded from above.

Now it remains to prove that limsup }; 83
n—+00
(2Pc)(n) = s(n) > 0 for every n € Z,. Then, since s is a majorant of b, we clearly have

limsup ?E”g < 1. Finally, we prove that limsup ?EZ; 2 - + —7- Since c is strictly increasing,
n—+co n—+oo

¢(0) > 0 yields c¢(n) > 0 for every n € Z,. Then

b(n) _( b(n) ](,,H ("P) c(m)

s(n) ﬁ (”+P) c(n) (ZPc)(n)
Since c is concave and nondecreasing, from Theorem 4.3 we conclude that

! < p}rl (n+p)c(n)
p+1=  (Zro)n)

[p +1,1] From Theorem 4.7 it follows that

] foreveryneZ,. 5.2)

foreveryneZ,. (5.3)

Now the desired result is a consequence of (5.1), (5.2) and (5.3). The proof is thus complete.
O
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We remark that, by virtue of Theorem 5.3, any real sequence b which is unbounded
from above and such that H(b) < +o0, has a majorant s which enjoys the good properties
of Theorem 4.7 for p = H(b) — 1, satisfies H(s) = p+ 1 = H(b) (see Remark 5.2) and is not
infinite of higher order than b (equivalently, has a subsequence which is infinite of the same

order as the corresponding subsequence of b). Thus, in some sense, s is not ’too far” from
b.

Proposition 5.4. Let a: N — R be a real sequence, and q € Z.. be such that Aa € £,. Then
H(a)<qg-1.

Proof. 1f we set M = ||4%al|;,, for each n € N we have

S et

k=0

U a)(n) < (497 @) ()| = |(Z4%a)(n)] =

< Z I(A%a) (k)| < M = MAoy(n).
k=0

Since the linear operator X preserves inequalities, and consequently X! also does, from
(2.1) we conclude that

a(n) = (X' 477 a)(n) < M(ZT' Ag)(n) = MA,_1(n) = M(’HZ_ 1)

for each n e N.
Since nger nq]—4 (’“Z‘l) = ﬁ , and consequently the sequence (n(,lﬁ ("Jrz_l))nez+ is bound-

ed, it follows that the sequence (%)nez is bounded from above. Hence H(a) <g—-1. O

Remark 5.5. Let a : N — R be a real sequence. If 4%a € £, for some g € N, since 4(£1) C £,
it follows that A*a € ¢, for each k € N,.

Remark 5.6. If a real sequence a is unbounded from above, and g € Z.. is such that A%a € ¢,
then from Proposition 5.4 it follows that g > 2 (as H(a) > 1).

6 A uniform ergodic theorem for Norlund means

We begin with a result relating several properties of the sequence of the norms of the iterates
of a bounded linear operator.

Theorem 6.1. Let X be a complex nonzero Banach space, and T € L(X). Then the following
conditions are equivalent:

(6.1.1) H(UT"llzx)nen) < +o0;

(6.1.2) there exists a sequence b of strictly positive real numbers such that H(b) < +oo,
lim b(n) = +oo, and lim % =0;
n—+eo n—+oo
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(6.1.3) there exists a sequence s of strictly positive real numbers such that A? s is concave and

unbounded from above for some p € N (which implies that s satisfies (4.7.2)—(4.7.6),
IT"llzcx) —0:

besides being convex if p € Z.), and lim
n—+oo S

(6.1.4) there exists a nondecreasing sequence s of strictly positive real numbers such that

lim s(n) = +oo, lim D =1 A5 € ¢, for some g € Ny, and hrn M _ g,
n—+oo n—+oo S(n) S(n)

Furthermore, if b : N — R is a sequence of strictly positive real numbers satisfying (6.1.2),
then H(b) € Z, and a sequence s : N — R of strictly positive real numbers can be cho-
sen so that (6.1.3) is satisfied for p = H(b) — 1, s(n) = b(n) for each n € N, and moreover

b 1
limsup sgg € [z 11
n—+oo

Finally, the equivalent conditions (6.1.1)—(6.1.4) imply the following:
(6.1.5) n(T)< 1.

Proof. We begin by proving that (6.1.1) implies (6.1.2). If H((IT"|lzx))nen) < +oo, it
suffices to define b : N — R as follows: b(n) = (n+ 1)7{((”Tk”L<X>)keN)Jrl for every n € N.

Indeed, b(n) > 0 for every n € N, nET I ”nL(X) = lim &)(ﬁ) =0, and

b(n) R 400 (n+1)H((HT L) ke
H(b) = H(IT I x)ners) + 1 < +o0.
Now let us assume that condition (6.1.2) is satisfied by a sequence b of strictly positive
real numbers. Since H(b) < +o0 and b is unbounded from above, from Theorem 5.3 it
follows that H(b) € Z,. Furthermore, if we set p = H(b) — 1 (which gives p € N), then b
has a majorant s such that A4”s is concave and is not bounded from above, and besides

lfﬂ stlop ls)gg [W(b), 1]. Notice also that s(n) > b(n) > 0 for each n € N. Finally, since
Moo o M) g6 each 5 € N, we derive that lim X% — () Hence condition (6.1.3)
s(n) Th(n) oo S(D)

is satisfied by s for p = H(b) - 1.
From Theorem 4.7 it follows that (6.1.3) implies (6.1.4). Now we prove that (6.1.4) implies
(6.1.1). Let s : N — R be a nondecreasing sequence of strictly positive real numbers which

satisfies (6.1.4). Then H(s) < ¢— 1 by Proposition 5.4. Also, the sequence (”Ts(lllf)(x)) is
neN

bounded, and consequently H(([|7"|.x))nex) < H(s) < +o0.

We have thus proved equivalence of conditions (6.1.1)—(6.1.4), as well as the subsequent
claim. It remains to prove that if the equivalent conditions (6.1.1)—(6.1.4) are satisfied, then
r(T) < 1, which follows from Remark 2.5. O

Remark 6.2. If T is a bounded linear operator on a complex nonzero Banach space X, such
that #(T) < 1, then nl—i)r-ll:loo I7"[Izx) = 0. Consequently, the sequence (/7| 1(x)),,c; 1S bounded,
which gives H(UIT"llcx))nerr) = 0.

However, condition (6.1.5) is not equivalent to (6.1.1)-(6.1.4). Indeed, the following ex-
ample shows that a bounded linear operator 7 on a complex nonzero Banach space X, such
that r(T') = 1, need not satisfy H ((|7"||.(x))nen) < +oo.

Example 6.3. Let us consider the complex Hilbert space ¢, and the unilateral weighted
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shift operator T : {, — ¢, defined by

+00
1
Tx= Z e Vorh x(n)e,4q for every x € {3,
n=0

where {e, : n € N} denotes the canonical orthonormal basis of £,. Then T € L({,). Besides
(see [7], Solution 77), for each k € Z, we have

k k
# 2 V)l+
||Tk||L({32) = sup{ | | evriiine N} = sup{e-/ ! ne N} el

j=1

€
) \U

M?«r

Since 4= — 0 as j — +oo, from the classical Cesaro means theorem we conclude that

i
1 k
f Ry 0
IT e,y = e = e s 1,

and consequently #(7) = 1.
Now fix a € (0, +oo) Since for each j € Z, we have % l\f for every x € [j,j+ 1], and

consequently > f s dx it follows that

k 1 k j+l k+1
Z—_ ZZ dx = —dx—2\/k+ -2 forevery ke Z,.
=1 J =1 i \/_ 1 ‘/_
Then .
k 4
1T ey _ JAT “logkz 2 VeI —alogh-2 oo,
ka k—+00
Tﬂ . .
Hence the sequence (” n'!f"“) is bounded from above for no @ € (0,+o0), that is,

€Ly

W((llTn”L(X))neN) = +o00.

Lemma 6.4. Let A be an algebra with identity 14 over K, T € A, a € K. Then for each
m € Z, and each n € N we have

(Z a(n—k) TkJ Agq-7)"

k=0

n+m

= (- l)mZ(Ama)(n+m k)7t +Z( D (a)n+ j+1)Aa -7,

j=0

Proof. We proceed by induction on m. We set

S = {m €Z,: ( ia(n—k)rk)(lgq —7)" = (—l)m’in(zlma)(n+m—k)rk
k=0 k=0
m—1

+ Z (- (da)n+ j+1)(Az—-17)""' forevery n e N}.
j=0
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Since for each n € N we have

[Za(n—k)Tk](ly{—T)

k=0

N

n
an-k)™* =Y a(n-k) !

= —Za(n+ 1 —k)Tk+Za(n—k)Tk—a(O)T”“ +a(n+1)1g
k=0 k=0

= —[Z(Aa)(n +1-k)+ (Aa)(O)T"“} + (L a)(n+1)14

k=0

n+l
= —[Z(Aa)(n +1- k)Tk] + (L) +1) (La -1,

k=0

it follows that 1 € §..
Now let m € S. Then, since (4"a)(0) = a(0) = (4™*1a)(0), for each n € N we have

n

[ia(n—k)‘rk}(lﬂ _oyl = [( > ati-b 1 —T)m](lﬂ 1)

k=0 k=0

n+m

m—1
= ((_1)’" DA +m=iT+ > (=D dla)n+ j+ 1) (1A~ T)m—l—f) (1a-1)
k=0 j=0

= (=" Z(Ama)(n+m—k)rk +(=1)ym! Z(Ama)(n +m—k) !
k=0 k=0
m—1
+ ) (D dayn+ j+ )An—1"
j=0
n+m+1 n+m
= (=1)ym+! { Z A" a)(n+m+1—k) 7 — Z(Ama)(n+m—k)rk]
k=1 k=0
m—1
£ EDdan+ j+ ) Aa-)"
=0
= (—1)’”*‘( Z(Am“a)(n +m+1—k) 75+ U"a)0) T — (4" a)(n+m + 1)1ﬂ)
k=0
m—1
+ ) D Wayn+ j+ HAn—1"
Jj=0
— (_1)m+1( Z(Am+1a)(n+m+ 1 —k)Tk + (Am+1a)(0)7_n+m+l)
k=0
m—1

H=D" U@+ m+ D g+ Y (=D a)n+ j+ D (An—1)"
j=0
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n+m+1 m
= (_1)m+1( DA aynrm —k)‘rk)+2 Y Wayn+j+1) Qg 1",
k=0 =0
from which we conclude that m+ 1 € S. The proof is now complete. O

Lemma 6.5. Let s € KN be an eventually nonzero sequence, such that lim S(le) =1. Then

M=
k
for each k € Z, we have lim Y2 =0 and lim &0 = 1,
n—o+too S n—otoo (M)

U0 _ () for each k € Z ding by inducti
sy — Vloreach k € 4., proceeding by 1n uction.

From Remark 4.6 it follows that lim “42% =0, Now let k Z, be such that lim ds)m) _

n—+oo S(n) n—-+oo s(n)

0. Since for each n € N such that s(n) # O—and therefore for sufficiently large n—we have

Proof. We begin by proving that lim
n—+oo

Ulm (@) @s)n-1) s-1)
s(n)  s(n) s(n—1) s(n)

k+1
we conclude that lim ¢— 9
n—+oo S

Now, in order to finish the proof of the lemma, it suffices to observe that for each k € Z, we
have

= 0, which gives the desired result.

k-1

s(n+k) :ns(n+j+1)

s L s ) e

O

Definition 6.6. If X is a normed space and T € L(X), let M7 : N — R be the real sequence
defined by
Mr(n) = max{llTkllL(X) :k=0,...,n} for every n € N.

Theorem 6.7. Let X be a complex nonzero Banach space, T € L(X), and b : N — R be
a sequence of strictly positive real numbers, such that H(b) < +co, lim b(n) = +oo and
n—-+oo

. ™" . . .
1 oo _ 0. Then r(T) < 1. Furthermore, if s : N — R is any nondecreasing sequence
B0n) y g seq
n—+00
of strictly positive real numbers, such that nLlToo s(n) = +oo, ngl:ll—loo S(S"(:lr)l) =1, A9s € £y for
. . "
some q € N, and the sequence (%)%N is bounded?®, then lim ! s(”nL)(X) =0, and the follow-
n—+oo
ing conditions are equivalent:
f Us)(n—k)T*
(6.7.1) the sequence (H’T) converges in L(X);
neN

(6.7.2) 1 is either in p(T), or a simple pole of Rr;
(6.73) X=NUx-T)®eRUx—-T);

(6.7.4) RUx—T) is closedin X and X = N(Ix -T)®RUIx-T).

4Notice that, by virtue of Theorem 6.1, such a sequence s exists, and can be chosen so that it is not infinite
of higher order than b.
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Finally, if the equivalent conditions (6.7.1)—(6.7.4) are satisfied and P € L(X) is such that
S (As)(n-k) T*
k=0

s(n)

RIx—T).

— Pin L(X) as n — +oo, then P is the projection of X onto N(Ix —T) along

Proof. We begin by remarking that 7(7)) < 1 by Theorem 6.1. Now let s : N — R be
a nondecreasing sequence of strictly positive real numbers, such that lim s(n) = +oo,

n—+o0o

lim 2 (S”(;)l) =1, 495 € {; for some g € N;, and the sequence (%)HGN is bounded. Clearly,
n—+oo

li % =0yields lim % =0. We prove that conditions (6.7.1)—(6.7.4) are equiv-
n—-+oo n—+oo
alent.

We first observe that conditions (6.7.2)—(6.7.4) are equivalent by Theorem 2.1. Now sup-

pose that the equivalent conditions (6.7.2)—(6.7.4) are satisfied, and let P denote the projec-
5 (As)n-k) T

tion of X onto N(Ix —T) along R(Ix —T). Then P € L(X). We prove that MT — P

in L(X) as n — +oo.

Since Tx = x for every x € N(Ix —T), it follows that TP = P, and consequently TkP = P for

every k € N. Then for each n € N we have

SUNn-OTH  SUsn-0P (3 Us)n-k)
k=0 k=0 | x=0

P= = P
s(n) s(n) s(n)
5 4s)())
|~ _(EADM) ,  (s)
B s(n) F= s(n) )P - (s(n))P_ k. ©.D

f (4s)(n—k)T*
Now we prove that (”T)(IX —P) — Opx) in L(X) as n — +oo. Since T satisfies

the equivalent conditions (6.7.2)—(6.7.4), from Theorem 2.1 it follows that N((Ix - T)") =
N(Ix—T)and R((Ix —T)") = R(Ix — T) for every n € Z,. Then the bounded linear operator

A:RUx-T)3>x+— (Ix=T)"'xeR(Ux-T)
is bijective: indeed, since g € N, (and so ¢ — 1 € Z,), we have
N(A) = N(Ux-T)"")NRUx—T) = NIx - T)NR(Ix - T) = {0x},

and
R(A) = R((Ix —T)?) = RUx - T).

Since R(Ix —T) is a closed subspace of X, and consequently a Banach space, it follows that
the linear map A7 R(Ix-T) — R(Ix—T) is bounded. Since Ix — P is the projection of X
onto R(Ix —T) along N(Ix — T), and consequently R(Ix — P) = R(Ix — T), that is the domain
of A™!, we can define the linear operator

B:X3xr— A '(Ix-P)xeX.
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We remark that B € L(X) and
Ix-T) 'B=Ix-P. (6.2)

By virtue of Lemma 6.4, for each n € N we have

S (s)n—k) T

k=0 _ -1 _
pro (Ix—T)
n+qg—1
(=1t z (49s)(n+q - 1—k)Tk+2( 1 @ s)n+ j+ 1)Uy -T2
j=0
s(n) ’

from which we conclude that, for each n € N,

3 (Us)n -k T

k=0 —1
Ix-T)?
S (Ix-T)
n+q—1 .
2 . 2 |Ad9s)(n+q—1-©IIT
<qz |(A]+1s)(n+J+1)| ”I _THq 2— J+ k=0 i L&)
- = s(n) X LX) s(n)
q-2 i+l . n+q—1
(47 s)(n+ j+1)| g-2-j Mr(n+q-1)
< x =TIl —_— |49s)(n+g—1-k)| (6.3)
z:(; s(n) 1o s(n) ,;O
q-2 i1 . n+q-1
(A7 )+ j+ 1) Mr(n+g-1)
= oo M= T+ S S )
= s(n s(n P
q9- 1
(47 ) (n+ j+1)| g-2-j , Mr(n+q-1)
< Ix-T —_— |47 .
< ; o M =Ty + === == W%l
For each j€{0,...,g—2}, we have
AT i+1) (/! i+1 i+1
( Hntj+l) _ = ( s)(n.+]+ )'s(n+]+ ) for each n e N. (6.4)
s(n) s(n+j+1) s(n)
From Lemma 6.5 it follows that
A7t i+1 i+1
@™ e+ j+1) 0 ana S0HIFD 1. (6.5)
s(n+ j+ 1) n—+0o s(n) n—+0o
Now from (6.4) and (6.5) we obtain
A7+ i+ 1
lim A7DCHED o ran =0, g2,
n—+00 s(n)
from which we derive that
2 .
(47 s)(n+ j+1)| g-2-j
S(I’l) ||IX - T“L(X) P > 0. (66)

j=0
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By hypothesis, s is nondecreasing and s(n) > 0 for each n € N. Then the sequence (%n))neN

: . . . T .
is nonincreasing. Since lim Mo — 0= lim

1 : _
Jim = Jim o (as ngliloo s(n) = +00), from [2], 2.3 we

conclude that lim % =0. Since lim % =1 by Lemma 6.5, we derive that
n—+oo n—+oo
Mrin+q-1) Mrn+qg-1) s(n+qg-1)
s(n) T osin+ qg-1) s(n) n—-+co
This, together with (6.6) and (6.3), gives
n
> Us)n-k) T
= (Ix-T)' —— 0y  in LX)
s(n) n—+0o
Consequently, by (6.2),
n
> ds)n—k)T*
k=0
Ix—P
S (Ux—P)
n
Y (ds)(n—k)T*
k=0 (Ix-T)Y'B—— 0,y  inLX). (6.7)
s(n) n—+oo

Now from (6.1) and (6.7) we conclude that

SUHn-OTF [ S Usn-kT 3 (Us)n -k T
k=0 _ k=0 Py k=0 (IX _ P)
s(n) s(n) s(n)

S (As)n—k) T
P+ |x-P)——P  inLX).
s(n) n—+oo

We have thus proved that if the equivalent conditions (6.7.2)—(6.7.4) are satisfied, then the
3 Us)n-k) T*

sequence ("0 v ) ) converges in L(X) to the projection of X onto N(Ix —T) along
neN
S (ds)n—k) T*
R(Ix —T). It remains to prove that if the sequence HT) converges in L(X),
neN

then the equivalent conditions (6.7.2)—(6.7.4) hold.
3 Us)n—k) T

Let P € L(X) be such that *~*——+—

500 —> P in L(X) as n — +o0. Since

S s+ 1 - k)T
k=0

. s(n+1)
P L(X d — 1,
s(n+1) n—+00 in L(X) an s(n)  no+e
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it follows that

n+l

S Us)n+1-k)T*
k=0

P in L(X),
s(n) n—+0co in L(X)

which in turn yields the following limit in L(X).

S U—T* S Us)n+ 1 -k T
OL(X) = lim k=0 - k=0
n—+co s(n) s(n)

S U n-K)TE  Us)n+1)Ix +"§1(As)(n +1-k)T*
k=0 k=1

= lim -
n—+eo s(n) s(n)

S UH—-KT*  Us)n+ Dix+ 3 (As)(n—k) TH!
= k=0

L k=0 B
B nHr-Poo s(n) s(n) (6.8)

(Ix-T) 3 (As)n-k) T
k=0

. U+ 1) |
=, s(n) B s(n) X

3 Us)n -k T

= lim (Ix-T)| &
n—+oo S(n)

= 1, and consequently 42@+D —

(as lim “Y%0 = by Remark 4.6, being lim 21 o

n—+oo S(n+l) n—+oo S()

ds)(n+1) s(n+1)
SotD sy 0asn— +00).

Now, for each n € N, let f,, : C — C be the polynomial defined by

S Us)n—k) 2
i@ = = for each z € C.

s(n)

i Us)(n—k)T*

Since f,(1) = % = % =1and f,(T) = H’S(—n for every n € N, (6.8) enables us

to apply Theorem 2.2 (together with Remark 2.3) to the sequence (f;),,cx» and to conclude
that the equivalent conditions (6.7.2)—(6.7.4) are satisfied. This finishes the proof. O

Remark 6.8. Let X be a complex nonzero Banach space, T € L(X), and s : N — R be
a nondecreasing sequence of strictly positive real numbers, such that lim s(n) = +oo,

n—+oo
lim S(S'é:lr)l ) =1, A%5 € £; for some g € N, (which implies H(s) < g— 1 by Proposition
n—+00

5.4), and lim 1o _ 0. Then r(T) <1 by Theorem 6.1. Furthermore, from Theorem

n—+oo S0
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6.7 and Theorem 2.4 we derive that, given any E € L(X), the following two conditions are
equivalent:

n

AUs)(n—k)T*
0
s(n)

k=

(6.8.1) lim -E

n—+o0o

L(X)
(6.82) lim [[(A=1HR7() = Ellycx) = 0.

Also, if the equivalent conditions (6.8.1) and (6.8.2) are satisfied, then 1 is either in p(T),
or a simple pole of Ry (so that R(Ix —T) is closed in X and X = N(Ix —T)®R(Ix —T)), and
E is the projection of X onto N(Ix —T) along R(Ix — T).

The following is a consequence of Theorem 6.7 and Theorem 4.7.

Corollary 6.9. Let X be a complex nonzero Banach space, T € L(X), and b : N — R be
a sequence of strictly positive real numbers, such that H(b) < +co, lim b(n) = +oo and
n—+oo

lim ”T;(”rf)(x) =0 (so that (T) < 1 by Theorem 6.1). If s : N — R is any sequence of strictly
n—+00
positive real numbers, such that A?s is concave and unbounded from above for some p €

b(n) . . 1T 2xy
<) )”GN is bounded, then nl—l)lPoo -

(6.7.2)—(6.7.4) is equivalent to the following:

N, and the sequence ( =0, and each of conditions

5 (Us)(n—k) T

(6.9.1) the sequence (HT) converges in L(X).
neN

3 Us)n-k) T+
Finally, if P € L(X) is such that HT — P in L(X) as n — +oo (so that condi-

tions (6.7.2)—(6.7.4) are also satisfied), then P is the projection of X onto N(Ix —T) along
R(Ix-T).

Let @ € (0,4+00). By applying Theorem 6.7 or Corollary 6.9 to the sequences b =
((n+1)"),y and s = A, (see Example 4.9, (2.2) and Theorem 4.7; see also (2.1)), we
derive that if 7" is a bounded linear operator on a complex nonzero Banach space X, such

n
> Ag-1(n—k) T*
k=0

that lim 0

1Tl zcx)
n—too N7

= 0, then the sequence ( ) converges in L(X) if and only
ne

if 1 is either in p(T'), or a simple pole of Rr. From thisNand from the result by E. Hille
mentioned in the Introduction ([8], Theorem 6), together with Remark 6.8, Theorem 2.6
can be deduced. We remark that, however, Theorem 6.7 does not completely extend The-
orem 2.6 to a larger class of sequences than the one of the sequences of Cesaro numbers
(that is, the class of divergent nondecreasing sequences s of strictly positive real numbers

for which lim % =1 and 4%s € £ for some g € N;), and neither does Corollary 6.9
n—+oco

relative to the class of all sequences s of strictly positive real numbers for which 4”5 is

concave and unbounded from above for some p € N. Indeed, if X is a complex nonzero

Banach space, T € L(X), and s is a nondecreasing sequence of strictly positive real num-

bers, such that lim s(n) = +o0, lim % =1, 49s € ¢, for some g € N, and the sequence
., n—+oo n—+oo *

Tk
( >, (4s)(n—k)T NT"Mlzcx)

s(n)

k=0

RO need not converge to zero as n — +0oo,

) converges in L(X), then
neN
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even if A4”s is concave and unbounded from above for some p € N. The following is an
example.

Example 6.10. Let us consider the complex Banach space C?, endowed with the infinity
norm (that is, ||(z1,22)llc2 = max{|z1|,|z2|} for all (z1,22) € C2). If A € L(C?) is the operator
represented by the matrix (1) 1) (with respect to the canonical basis of C?), then o-(A) =

{1}. Furthermore, for each n € N, A" is represented by the matrix ((1) ’11)

Now let T € L(C?) be defined by T = —A. Then o(T) = {-1}, which gives #(T) = 1 and
1 ep(T).
We define a sequence a : N — R of strictly positive real numbers as follows:

1 ifn=0
a(n) = % ifn=1

1 2 1 .

m'ﬁ‘z'ﬁ‘m lfI’lGNz.

Since a(2) = % < % = a(l), it follows that the sequence (a(n))ne% is strictly decreasing. Now
let s : N — R be the sequence defined by s = 2Xa. Then 4s = a. We also remark that s(n) >0
foreachn e N, and lim s(n) = +oo. Furthermore, since the sequence (s(n+ 1) — s(n)), o =

n—+0oo

(a(n+ 1)),y is strictly decreasing, it follows that s is concave. Then s satisfies the hypothe-
ses of Theorem 4.7 for p = 0 (so that 11111 SetD) — 1 and 425 € £)).
n—+0o0o

s(n)

We prove that
n
> Us)n-k)T*
k=0 . 2
S(n) oo OL(CZ) m L(C ) (69)
‘- _(=DE (=K
We remark that, for each k € N, 7" is represented by the matrix 0 1% | Hence
proving (6.9) is equivalent to proving that
n
3 (=D Ads)n—k)
=0 0 (6.10)
s(n) n—+oo
and .
> (D kAs)n—k)
=0 0. 6.11)

s(n) n—+0o

We begin by proving (6.10). We observe that for each n € N we have
DD s =k = (1 Us)k) = (-1 )" (-Dkatk). (6.12)
k=0 k=0 k=0

Since a is eventually nonincreasing and lim a(n) = 0, we conclude that the series
n—+o0o

+00 n
>, (=1)*a(n) converges, and consequently the sequence ( > (—1)"a(k)) is bounded.
n=0 k=0 neN
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Since lim s(n) = +oo, the desired result now follows from (6.12).

n—+oo

Now we prove (6.11). We first remark that, since for each r € (—1,1) we have (l—lt)2 =

+00
3 nt""!, we obtain

n=1
(- ==t ) n(-y"'=- foreachr e (—1,1). (6.13)
Z Z (r+1)2
+o00 +OO n _
Also, since Z ’—1 = Z L= —w for each ¢ € (0, 1), we conclude that
n=0 n=1
(t+1)210g(1—t)
tn+2 oo tn+1 too o X | )
= Zn+1 Zn+l+zon+l = 1+(§+2)t+2;(m+;+n+1)t (6.14)
= n= n=
+00
:1+%t+2(n%1+%+n%)t”22a(n)t" for each 7 € (0, 1).
n=2 n=0
Since
t ( (t+1)210g(1—t)) log(1 - 1) i’i‘ " ¢ hie©.1)
_ _ =1lo —1) = — — or eac >, 1),
(t+1)7? t s “~n
from (6.13) and (6.14) it follows that
< 1
Z(—l)kka(n—k) =—— foreachn e Z,. (6.15)
n

Since lim s(n) = +oo, from (6.15) we conclude that

n—+oo

S DRUSHn—-K) 3 (~Dika(n—k)
k=0 k=0 1

s(n) - s(n) T Ths(n) note

which is the desired result. We have thus proved (6.10) and (6.11), and consequently (6.9).
5 Ak T*

Hence r(T) = 1, 1 € p(T), and the sequence (“OT) converges in L(C?) to 0 c2),
neN

which is, by the way, the projection of C2 onto {02} = N(Ic2 —T) along C? = R(I2 —T).

™
Nevertheless, we prove that the sequence (s(+)«:2>) does not converge to zero as
eN

n — +oo.
Since for each n € N we have

IT"(z1,22)llc2 = II(=1)"(z1 +nz2,22)llce = max{|zy + nzal, lz2l} < max{|z| +nlzal, |zal}
< (n+ Dmax{lzi|, |z} = (n+ Dli(z1,22)llce.~ for each (z1,22) € C*
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and
IT"(L, Dllcz = lI(n+ 1, Dllcz =n+1,

being [|(1, D)|lc2 = 1 it follows that ||T"||c2) = n+ 1 for each n € N. On the other hand, since
s is concave, by Remark 3.4 there exists M € (0, +o0) such that % < M for each n € N.
Since s(n) > 0 for each n € N, it follows that

Iy n+1 . 1
sn)  sn) T M

for each n € N.

17" 2
Hence the sequence ( s(yL,()C ) does not converge to zero as n — +oo.
ne.
T .
Actually, we can see that lim (fl‘) ) = t00. Indeed, since for each k € N, we have % < %
n—+oo

for each x € [k —1,k], and consequently % < fklil % dx, it follows that for each n € N3 we

have

n n n n—1
5 1,2, 1 7 1 7 1 15 1
S(l’l):1+§+2(m+ﬁ+m)s—+4 m:2+4+42k1:7+4 7
k=2 k=2 k=3 k=2
n-1 k n-1
15 1 15 1,15 _
<Ly f }dx—2+4f Lax=15 +4login-1)
Hence
17" 2 n+1 n+1
) > for each n € N3,

sy sm) T B i alog(n-1)

. . . T2
which gives lim —HA= =
n—+oo S0V
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