Communications in Mathematical Analysis

Volume 21, Number 1, pp. 9-22 (2018) www.math-res-pub.org/cma
ISSN 1938-9787

HARDY CLASSES AND SYMBOLS OF TOEPLITZ OPERATORS

MARrcos LOPEzZ-GARCIA*

Instituto de Matematicas, Unidad Cuernavaca
Universidad Nacional Auténoma de México
Avenida Universidad S/N, Col. Chamilpa
Cuernavaca, Morelos C.P. 62251, México

SALvADOR PErez Esteva®
Instituto de Matematicas, Unidad Cuernavaca
Universidad Nacional Auténoma de México
Avenida Universidad S/N, Col. Chamilpa
Cuernavaca, Morelos C.P. 62251, México

(Communicated by Palle Jorgensen)

Abstract

The purpose of this paper is to study functions in the unit disk D through the fam-
ily of Toeplitz operators {T 4o, }re(0,1), Where Tyq,, is the Toeplitz operator acting the
Bergman space of D and where do; is the Lebesgue measure in the circle £tS'. In
particular for 1 < p < co we characterize the harmonic functions ¢ in the Hardy space
h?(D) by the growth in ¢ of the p-Schatten norms of T4, We also study the depen-
dence in ¢ of the norm operator of 744, When a € H Zl, the atomic Hardy space in the
unit circle with 1/2 < p < 1.
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1 Introduction and notation

For 0 < p < o0, let A? be the Bergman space of all the holomorphic functions on the open

unit disk D, such that
1/p
/1, = (f IfI”dA) < 0o,
D

where dA is the normalized Lebesgue measure on D.
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Denote by L(A”) the bounded operators in A” and for p > 0, let S, be the Schatten classes
in the Bergman space A. For a complex Borel measure u on D the Toeplitz operator
T, : A* - hol (D) is defined by

Tof(2)= fD I i),

(1-zw)?

where hol(D) is the space of all holomorphic functions on D. The measure y is called the
symbol of T,,. When du = ¢dA with ¢ € L' (D) we write T,.

Consider the case when u is a Borel measure supported at S Li={zeD:|z =1 given
by

uA) = fs 1 a(w)do(w)

where a € L'(tS') and do, is the arc length measure on tS!. We will write in this case
du = ado. Thus we have

27 0 6
Tt f2) =1 fo %da (L.1)

If ¢ is measurable in D we can formally split the Toeplitz operator T, as

1
T, = f T paor, dt. (1.2)
0

In previous work [3], the authors obtained the precise dependence on ¢ of the operator norm
and the p-Schatten norm of 7,4, when a is a positive density in L!(zS!). It is proved that

fora>0in L'(tS") and 0 < ¢ < 1, the norm operator ||Tadat||L(ﬂ2) satisfies

1
||Tada,||L(ﬂz) ~ msupfra@)dm(&), (1.3)

uniformly in [0, 1), where the supremum is taken over all the arcs I contained in S ! such
that o (I') < (1 —1). For the Schatten norms it was proved precise estimates for |74, || S,
1 <p<oo(see (1.16) and (1.17) below). In view of (1.2) this allowed to study new classes
of Toeplitz operators T, with finite mixed norms involving ||T¢d(,[||5p and a weighted L?
norm in the variable 7 € [0, 1).

The purpose of this paper is twofold. First we want to study functions ¢ in D through the
family of operators {T40, }r0,1)- In concrete we characterize the membership of a harmonic
function to the Hardy space h” = h”(D), 1 < p < oo by the p—Schatten norms of the operators
T4do,- On the other hand, extending the results in [3] we will study the behavior as 7 tends
to 1 of the norm of 7,4, in Bergman spaces A%, when a € H?, the atomic Hardy space in
the unit circle for 1/2 < p < 1.

We start in Section 2 by extending to complex functions, one side of the estimate (1.3)

for |T waor |l £ear)-

Theorem 1.1. Lerac L'(tS!), 0 <1< 1.
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a) Forevery p > 1 there exists a constant C, > 0 such that

f a@dm@],
r

Cp
T o |l £eary < W sup

)

where the supremum is taken over all the arcs T contained in tS' such that o, (I') <

(1-1).
b) There exists a constant C > 0 such that

Clog(1/(1-1) sup

T ador ll gty <
adolL A (1-1)? o (D)<1-t

f a@dm@],
r

where the supremum is taken over all the arcs T contained in tS" such that o, (T) <

1-0.

Next in Section 3 we characterize those functions « in D that belong to the Hardy space
h? by the growth of the Schatten norms |74, || S,

Theorem 1.2. Let u : D — C be a harmonic function and 1 < p < co. Then the following
statements are equivalent

a) ueht.

b) L= sup [|[T_pyi+1ppaslls, < oo, for some 0 <itp < 1.
to<t<1

c) sup ”T(l_t)l+l/p|u|dg-t”5p < 00.
0<t<1

Some work has been done about Toeplitz operators with distributional symbols, see for
example [4, 5]. For h € '(S') we define the Toeplitz operator

f(te")

Thao, f(2) = <h, A=z )

>, f € hol(D), 1.4)

where (-,-) is the duality pairing of D’(S1)-C*(S!). We end the paper giving in Theorem
1.3 estimates for the growth in ¢ of Schatten norms [|Tp44 || S, when h e D'(S1) belongs to
the atomic Hardy space H”, . We have

Theorem 1.3. Let he HY, with 1/2 < p <1 and q > p then
a) For q > p given, there exists C > 0 such that

Cllll

1T hao |l £eaay < (1= n)la+1/p+1’

b) There exists C > 0 such that

C
itz < e (og (/01 =) P llhllg

(
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The following notations and facts will be used in the paper: We denote by D(z,r) the
hyperbolic disk in D, namely the disk centered at z and radius r > O with respect to the

Bergman metric
[1—zw|+|z—w|

Bz = 3log

|1 Wl —lz—w|’

The following inequalities will be useful.

1
ds C
< ,a€[0,1),8>0, 1.5
fo(l—as)“ﬁ (l—a)ﬁa [0,1),8 (1.5)
1
d 1 1
f '~ og[—), a1, (1.6)
o l—as «a 1-a
If0<t<1,8>0 then (see [2, Theorem 1.7])
21 1 1
——dl~ ———. 1.7
fo |1 —te®|1 A (1-1p (7

The following estimate holds (see [6, Proposition 4.13]):
For each r > 0, g > 0, @ > —1, there exists a constant C, > 0 such that

C,
O < s fD AL ) (1.8)

for every holomorphic function f on D where dA,(z) = (1 - 12*)2dA(z).
In particular, for each g > 0 we have that

C,
lf' @I < me )(l—lwlz)qlf'(w)lqu(w) (1.9)

for every holomorphic function f on D.
Since for holomorphic functions is ||(1 —[z]) f’ll; < Cyllflly, we have for f € A? and g > 0,

i0
|f(z2e™)] < - )Z/qllfllq, (1.10)
’ 6
Gl < t)z/qﬂnfnq (1.11)
If¢>0,t> -1, then (see [6, Lemma 3.10])

(1= 1 _
———dA 17, 1.12
fDu—szw O~ ey S (112)

and -

(1—1{wl%) 1 _
dA lo as |zl —1°. 1.13
Lll — zw|>* (0~ 1P g (1.13)

For a function f defined and integrable on S ! and 7 > 0 we let the averaging operator

0+1

1 .
Ecf0) =7 f(e™Mdn, (1.14)

6—-1
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and denote the Hardy Littlewood maximal function as

0+1

Mf(6) = sup 5 f(e™Mdn = sup&.f().
>0 «T Jo-1 >0

Notice that for 7 > 0,
Efxg(0) = f+E:4(0), 0€[0,2n),

where f* g denotes the convolution in §!. If ¢ is defined in D we will also write E.¢
meaning

0 1 0+1 .
Erp(te”) = 7 fe @(te")dn.

—T

Consider ¢/ : R — R defined by

1 sl+p
U(s) = ZWX[O’U(S)’ (1.15)

with ¢ chosen so that fol Y(s)ds = 1 and where y1o,1) stands for the characteristic function of
[0,1).

For A > 0, denote by ¥,(s) = A-'y(A7's), so that y, acts as an approximate identity,
namely ¢, tends to the Dirac ¢ as A goes to 0. If f is a nonnegative function in L!(zS '),
0 <t <1, it was proved in [3] the two sided estimate of the Schatten norm of the Toeplitz
operator 7'z, valid for 1 < p < co:

1-t 1/p
I faer s, ~ '/ (1 —r)‘“*”f”{ f ||87f||”,(,51)w1_t<r>dr} , (1.16)
0
and
1-t
I far ls, ~ (=) f 11l 11—, (1.17)
0

with constants independent of f and ¢. Here p’ denotes the conjugate exponent of p > 1.

2 Norm estimates for 7,4, on the Bergman spaces A” with a €
L'tsh

Proof of Theorem 1.1. Fix r > 0 and let K, be the reproducing kernel of A2 at the point
ze€D. By (1.12) we have
Kl < CCL=1ah™>/7 @1

for all z € D, whenever p > 1.

We choose a partition {xg, ... xy} of the interval [0, 2] such that the corresponding arcs
in £S! have lenght less than 1 —1.
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For j=0,...,N—1 we set
Dj:= U D(te" 7).

xj-§0<xj+1

Let f € hol(D), we integrate by parts to rewrite

N
Tato f2) = ) (1§@)+J(2)+Li(2)),

J=1

I(z) = t( fxma(te’@) dg) )

_ —ixiy1)2°
: (1 —zte 1)

Xitl 6 0 rro, 10
Ji(z) = —it fx | ( fx atte )dg) T zep

where

J J
X j1 6 . e—i@f(teie)
Li(z) = 2it* te)do | ————=d#b
i@ =2 fo,- (fx, atee”) Q) (1 —zte~i0)3

Moreover, we set

Y = Yay := Sup fr a(?)dcrt(g)’ ,

where the supremum is taken over all the arcs I" contained in ¢S U'with o) < 1 —1.
We use (1.8) with @ = 0, and (2.1) to get

Yk f Fopdaon) 22)
(l—t)z/p €PN et " " .

1/p
o ( f If(W)I”dA(W)) .

We use the Minkowski 1ntegral inequality, the inequality (1.9), and the assumption about
the points x; to obtain

Wll, <

”J]”p < fytsz |f/(tei9)|||Ktei(-}||pd9 (23)
prt2 X j+1 Il ot ) 1/p
) <1—f>3 f (fmem,)“‘lwl YIf W) dA(w)) do
1/p
- <1_z>2 U (1= <w>|1’dA<w>) .

In a similar way, we use (1.12) to get

IA

X j+1 . .
LIl yt? f |f te™)I(L = 1) 73|, d0 (24)

J

Cpyt? [¥in ) 1/p
(1- t>3 f . (fm S0 dA(W)) a0

l/p
s ( f If(W)I”dA(W)) .
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For small enough r > 0, we notice that the sets 9; overlap each other at most twice. Thus
ITader, fllp < Cpy(1=072Ifll, for all f € AP.

For p =1 the Fubini theorem and (1.13) imply that

i < o | jj+la<re"9>dg % | o, FODIAGD 2.5)
< Cyw f FONIdAw),
and
Wi <y f U K ol do 2.6)
< Cyw f (1= WP (0IdAGe).
Using (1.12) we get that
LA < 2y f |f eI —-2e) 1116 2.7)
~ f FONIAAGe).
Therefore |Tago, flli < Cy(1 —1)"log(1/(1 —)|Ifll; for all £ € A, O

3 Hardy classes and Toeplitz operators

Recall that the Hardy space h”, 1 < p < co consists of all the harmonic functions « in D such

that
27 1/p
0 do
sup {f Iu(telg)lp—} < 0o.
re[0,1) LJO 2r

If u is any function defined in D, we denote by u, the function given in D as u,(z) =
u(tz),t €[0,1), z € D.

Proposition 3.1. Let p > 1. There exists C > 0 such that if f € LP(S ') and u is the harmonic
extension of f on D, then

sup [T i—p+1irugorlls, < Cllfllzocsty- 3.1

0<t<1

Moreover, if f > 0 then for t close to 1,

”T(l—t)l“/l’ud(r,”S,, ~ 1 fllzrcs 1y 3.2)
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Proof. Let p > 1. To prove (3.1) assume first that f > 0. Notice that the continuity of M in
LP(S1) implies that
IE-ullppsty < Cllfllp(sty, >0, (3.3)

hence (3.1) follows by (1.16). Indeed,

IEullppisty = fl/p”aruzllya(sl)ll < tl/pIIMutllu,(Sl)
<l ullpesty < Clfllons,
Hence by (1.16), [|T_p+1/0u40 | < Cllf Lo (s1y)-
To prove (3.1) for a complex-valued function f, we write f = f; — f> +i(f3 — f1), where

each f; is nonnegative, then we have u = u; — up — i(uz — uq), where u; is the Poisson integral
of f;. We have then

4
SUp IIT(1ppemuderls, < C D I FllLocsty < Cllfllzasty.

O<t<1 i—1
To prove (3.2) notice that

1Ecttll s 1y = Ecuellos | = (1 =t D)IE sl ogs 1y < (=P IMugll sy
< C(=t"P)ugll sty < CA =172 lull o (3.4)

Thus,
tim 1€l sy = 1Exttillogs ] = 0

uniformly in 7. Also

If = Ecttellppisty SN f = Ecfllpnsty +1E(ue = llprcsty
S =Ecfllersty + Cllus = flipes s (3.5)
and since |f — &, f] < |f|+ Mf we see by the Lebesgue’s dominated convergence theorem
that || f — Eusllp(s1) tends to 0 as £ — 0.

We conclude from (3.4) and (3.5) and the fact that [|E.ul|;y;s1) is bounded by C||fllz»(s1)
that

. p p .
ti lEcl? 51, =151, | SClim 16ty = I ogs

SC}EI}||8TMt = fllersty =0,

uniformly in 7 € (0,1 —1¢). Since ¥|_; is an approximate identity we finally have that

1-¢
lim /7 fo 6l 1 (D) = I

t—1

Then (3.2) follows from (1.16). The case p = 1 can by handled in a similar way, easier,
using (1.17) instead. m|
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Proof of Theorem 1.2. Consider p > 1 first. a) = c¢) follows from Proposition 3.1. Next
¢) = b) is obvious.
Now suppose that ») holds. Then the same is true for u; uniformly for 0 < s < 1. In fact,
we write
us(re”) = Pyxuy(6), (3.6)

where P; is the Poisson kernel in D. Then
1E(etsDllp sty < NE(EPIPs x uDllppis)
< PPyx E (s

<P & (Dl (st
= ||87-(|u|)”LP(tSl)‘

Thus,
1-¢
g f IEushI, o1 ¥1-1(D)dT < LP, forall 0 < s < 1. 3.7
0 (A

Now write

1-t 1-t
R Sl =X R

1-t
+?7 | H@ o (e
0

_ 4 _ 4
where H(z,7) = IIMsIIU,(tSI) II&(quI)IIU,USl), so that

1=t 1-t
v f Nl Wi-(m)dr < L + P17 H(t, 7)1 _(t)dT. (3.8)
0

p 1
Lr(tS 0

For s fixed, u; and Vu, are bounded in D and so is &;(Ju|) uniformly in 7. Thus,

1 O+ . .
I&(qul)(H)—qul(H)I<—f lles(1e™)] = |u(te)lldn

S 27 0-7
O+ ) )
<= luy(te™) — u(te)ldn
27 0-7
O+
<— |n—0ldn < Cr,
27 0-7

and for 0 < 7 < 1 —t we have

|H(t,7)| < C|||81(|Mx|)||u’(t51) - ||Mx||Lp(;51)|
< ClIE- (lusl) = uslll s 1y < C(A =1).

Thus H(¢,7) tends to zero uniformly as t — 1~ and 0 < 7 < 1 —¢. Taking the limit in (3.8) as
t — 1 we obtain by (1.16) that [lusl|;»s1) < L and hence [lullp» < L. Hence b) = a) and the
proof of the theorem is complete for p > 1. For p = 1 the result is obvious by (1.17). O
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We recall the definition of p-atom, see [1].

Definition 3.2. For 1/2 < p <1 we say thata: S' — C is an p-atom in S if either a(f) =
1/(2m) or

a) a is supported in an interval I c S!,
b) llalles < 1/111/7, where 1] is the arc length measure of 7,

c) fslad(rzo.

Notice that if a is a p-atom with 1/2 < p < 1, and a # 1/(2n) then for every ¢ € C*(S 1

faapd@
I

where { is a point in /.
Denote by H”, the space of distributions in O’(S!) of the form

< [ late(pte") - e@)| a0 < WPlaloli e < 2n e, G9)

h= le,-a,-, (3.10)
=1

where the complex sequence (A;) satisfies > |4;[’ < oo, and each q; is a p-atom, and we
assume 1/2 < p < 1. By (3.9) we have that the series converges in (S ). Denote

0 1/p
WAl = inf{{z Iﬂilf’) }
i=1

where the infimum is taken over the representations (3.10).
Ifh=372 dia; € H?, by (1.4) we have that

Thio f@) = ) AiTado f Q). 3.11)

i=1

Notice that the convergence of the series in £’(S!) implies the pointwise convergence of
Z;’z 1 AiT4,a0, f (z) and in particular the series in (3.11) does not depend on the representation
of h.

Proof of the Theorem 1.3. It suffices to prove that the estimates hold with the same constant
for any p-atom. Consider first a p-atom a different to the constant 1/(2x). Let [ an interval
containing its support and satisfying (b) in the definition of p-atom. Let { be the center of
1, so we can write

on i
. f@e®y  f@d)
Tador,f(2) =t fo a(®) [(1 —zte™ ) (1 -z17)?

=$1f(@+S2f(2),

where 0
f(te )—f(té“)de

(1 —ztei0)?

>

Slf(Z)=tha(9)
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1 1
SZf(Z) = tf(tg) a(@) [(1 —zte” 19)2 (1 _ZZ)Z ] a9

To estimate S | f(z) we notice that for 6 € I, |f(te?) — f(t0)| < tlI||f'(te®)|, where & lies be-
tween 6 and the argument of £. Using (1.11) we obtain

IS1 /(@) <

ca-\e >
|11 ||f||qf X1(0) (3.12)
0

(1 _ t)2/q+l |1 —Ztei9|2

Suppose first that 1/2 < p < 1 so that 1/p = 1+ s, with s € (0,1). Then by Holder’s
inequality for the conjugate exponents 1/s and 1/(1 —s), and using (1.7) we obtain

2171—5 21 1-s
NPT Y| ST LN
0

(1 _ t)2/q+1 |1 _Ztez(9|2/(l—x)
Ct? 1
(I=n)2a+1 (1 = |zln)/P

1 1lg-

Now by (1.5) it follows that

C
“S 1f”q < W”f”q, q>p (3.14)
and
IS 1f1l, < e (log (1/(1 =) "|If1l,. (3.15)
On the other hand
Lt fae_1 dW’_f"o 267 d’ oo
(1—ztei®)2 (1 -zt0)? rdw (1-zw)? o (—zteey ) :

where I’ es the arc in tS ! connecting te’ and ¢ = te'®.
Then using Holder’s inequality as in the previous estimate, Jensen’s inequality and

(1.11) we have

1 1
IS 2/ @I <t fll s 1 lalloo f1’(1—zte‘i9)2 i do (3.17)
1 1

<f||f||q|1|_l/p+‘v ~
hS (1 _ t)Z/q e—i9)2 (1 _ZIZ)Q

RN
A f"“id o
- a=pe e (T=zreiey©?

) Upe 1-s
_PIA s o= Tl e
(1 —0?4 0 [1-Zrele3/1-9

cAlfll, _ CrlIflly
T (=02l =203 1=9 (1=n)2a(1 ~ |zt p

1/(1-5) 1=
de]

)
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Hence using (1.5) we obtain for 1/2 < p < 1,

2
I|Szf||qs( crlifll, (3.18)

1= t)l/p+l/q+l ’
that together with (3.14) and (3.15) proves that there exist C > 0 such that

c

I Tader |l eae) < A= plriia

and

W ador || £cry < (log(1/(1=n)))"/?

C
(1 _t)2/p+l

for every p-atom a different to the constant 1/27 and constant independent of a.
For the case p = 1 we have

i
ot (MG, 1f1lq

T, 7)< - = i ’
| adcr,f( I Ul J; |1 = ztei2 17](1 _t)Z/q 1|1 —ztei®|?

When ¢g > 1 the Minkowski integral inequality implies that

cHillifll, _ciiflly
(1 =041 =22 (1-1)?

”Tado-,f”q <

for all f € A9
When g = 1 = p Fubini’s theorem and (1.13) yield

Ctlog(1/(1=)IIflh
(1-1)2 ’

”Tado-,f”l <

The proof of the theorem is complete for non-constant atoms.
Now for a = 1/2m we have by Theorem 1.1 that

C
T 1 2m)dor, |l £aay < - 9> L,

and

C
W71 /2mydor | geary < Elog(l/(l —1)).

which imply the estimates of the theorem. The theorem follows expanding any h € H?, as
h =32, Aia;j, with g; a p-atom and }°, |4;]” < co.
O

For 0 < p <1, we say that a harmonic function « in D belongs to the Hardy space H? (D)
if the maximal function Mu(6) = sup,r, [u(z)| € L (S 1), where Ty is the Stoltz region in D
with vertex in €. For 1/2 < p < 1 a function u belongs to H?(D) if and only if it is the
Poisson integral of some f € H”,, moreover in this case u, € H?, for every 0 <7< 1. Then
from Theorem 1.3 we have
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Corollary 3.3. If1/2 < p <1, there exists C > 0 such that

Cllullzr ()
1T,1] < m,
for every u € h?(D).
Example 3.4. The function

1
fO= 5o C< 1,

belongs to the Hardy space h' and it is known that 1! Nhol(D) ¢ H'(D). Then {f(te'")): 0 <
t<}ycH,.
We consider the symbol ¢ = f(te'"), so we have

2 tdo
Tpaor,(1)(2) _fo (1 — zte9)2(1 — £ei)C

MEN n_n_—in N r(m+C) m _im
:f [Z(ﬂ+1)t ze 9}[;) ml‘ e H}Ide

3 n F(n+C)
zZz (n+ F(C)n' z

—zZ 2 (n + 1)3/21;(?5 C') e(2),

where e,(z) = (n+1)~1/27".

The Stirling’s formula implies that

" T(n+0)\’
”T(de',”L(AZ) 21 Zt ( 1) ( n'r(C) )

- t22t4”(n+ Hi+2C
n=0
4 T(n+2+20)

2 4n

~t t—

;) n!
2
~ (1- t2)2+2C'
Thus,
At

(1-n¢

T gaor |l a2y =

for all a < 2, where A depends on a.
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