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Abstract

In this paper, we obtain the boundedness for the singular integral operator with rough
variable kernel T on the generalized local Morrey spaces, as well as the boundedness
for the multilinear commutators generated by T and local Campanato functions.
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1 Introduction

Suppose that S"~! is the unit sphere in R” (n > 2) equipped with the normalized Lebesgue
measure do. We say that a function Q(x, 7) defined on R” xR" belongs to L™ (R") x L*(S n=ly,
if Q(x, z) satisfies the following conditions:
(1) for any x, z € R", Q(x, Az) = Q(x,z) for all 1 > 0;
1/s
(i) 12 o grmperscsot) = sup( f 10, z’)l‘yda'(z')) .
§n=

xeR?

*E-mail address: huixmo@bupt.edu.cn
TE-mail address: xuehongyang999@ 126.com



Commutators of Singular Integral Operators with Variable Kernels 33

Then, the singular integral operator with variable kernel is defined by

Q(x,x—
Tof(x) = p.v. f Q0T ) pdy. (1.1)
re o x=)l

Moreover, let_b> =(b1,by,...,by), where b; € L;,.(R") forl <i < m. Then the multilinear
commutator generated by b and T can be defined as

rirw= [ nﬂ(b (=)= f (12

In [1, 2, 3], Calderén and Zygmund investigated the L? boundedness of the singular
integral operator T with the variable kernel. They found that these operators connected
closely with the problem about the second order linear elliptic equations with variable co-
efficients. In 1971, Muckenhoupt and Wheeden [4] studied the weighted norm inequalities
for T with power weights. Ding, Chen and Fan [5] established the (H?, L”) boundedness
of TQ.

Recently, the commutators generated by singular integral with variable kernel also at-
tract much attention. In 1993, Fazio and Raguse [6] obtained the weighted L” boundedness
of commutators generated by To and BMO functions. And, Zhang and Zhao [7] studied the
commutators of integral operators with variable kernels on Hardy spaces.

Moreover, the classical Morrey space M, ; were first introduced by Morrey in [8] to
study the local behavior of solutions to second order elliptic partial differential equations.
And, in [9] the authors considered the boundedess of the commutators gereated by singular
integral operators with variable kernel and BMO functions on the classical Morrey space
M, ,. Moreover, in [10], the authors introduced the local generalized Morrey space LM pxg},
and they also studied the boundedness of the homogeneous singular integrals with rough
kernel on these spaces.

Motivated by the works of [8, 9, 10], we are going to consider the boundedness of the
singular integral operator T with variable kernel on the local generalized Morrey space
LM;,),‘&}. Furtherly, we also obtain the boundedness of the commutators generated by T and

local Campanato functions on the local generalized Morrey space LML’fg}.

2 Some notations and lemmas

Definition 2.1. [10] Let ¢(x,r) be a positive measurable function on R"” x (0,00) and 1 <
p < oo. For any fixed xo € R", a function f € qunc is said to belong to the local Morrey space,
if
_1
A1, 00 = supp(xo, 1)~ 1BCGo, N7 | fllLr(seeg.) < 0
Pe 0

And, we denote

LMY = LMY (@®R™) = (f e LI (R™) ||l L <)

According to this definition, we recover the local Morrey space LM{p"OAl under the choice

A=n
o(xo,r)=rr.
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Definition 2.2. [10] Let 1 < g <ocoand 0 <A< 1/n. A function f € LZ}C(R") is said to belong
to the space LC,{;E} (local Campanato space), if

1 1/q
x) =SUp\ ———m———— - qd ) <00,
11, o 4wmﬁwwﬁmJﬂmeM|y

r>0

where

fBGxor) = fQ)dy.

|B(x0, )| J Bxo.r)
Define
LR = (f e L] (R"): ||f||LC<X0) < oo},

Remark[10] Note that, the central BM O space CBMO,(R") = LC 10} (R") and CBM O{X" R" =

LC xo}(R") Moreover, one can imagine that the behavior of CBM 0 bol Ry may be quite dif-
ferent from that of BM O(R”) since there is no analogy of the J ohn -Nirenberg inequality of
BMO for the space CBMO, bl gy,

Lemma 2.3. [10] Let 1 <q<0,0<ry<randbeLC:Y, then

1 1g
- b(x)—b qd) < (1+1 )b
(IB(xo,r1)|1+’“1 jl;(xo,rl)l (%) = bp(xy,m)|"dx C n— ||| ”Lc;f{’

And, from this inequality, we have

r
b8taar) = batsarol < C(1+1n 2 B, OB -
r ch,/l

In this section, we are going to use the following statement on the boundedness of the
weighted Hardy operator:

H,g(1) := fm g(s)w(s)ds, 0 <t < oo,

where w is a fixed function non-negative and measurable on (0, co).

Lemma 2.4. [11, 12] Let vi,v, and w be positive almost everywhere and measurable func-
tions on (0,00). The inequality

esssupvo(t)H,,g(t) < Cesssupvy(t)g(?)

>0 >0

holds for some C > 0 and all non-negative and non-decreasing g on (0,0) if and only if

00

B := esssupw(1)
>0 t €SSSUDg ro0o Vi1 (T)

w(s) ds < 0.

Lemma 2.5. [3] Let Q € L°(R") X L5(S™ 1), s> 1, and for any xeR”, fsn-l Q(x,7)do(Z) =
0, where 7' = z/|z| for any z € R". Then Tq is bounded on LP(R") for all p > s’, where
s" = s/(s—1) is the conjugate exponent of s.

Let us formulate our main results in section 3 and section 4.
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3 Singular integral operators with variable kernels on general-
ized local Morrey spaces

Theorem 3.1. Let xo e R, Q€ L°(R") X L*(S™ 1), s> 1 and for any xeR", fS'H Q(x,7)do () =
0, where 7 =z/lz| forany z € R". If p> 1 and s’ < p, then the inequality

00

n _n_q
||TQf||LP(B(x0,r))SI’Pf A lzr Byt » dt

2r

holds for any ball B(xo,r) and for all f € LY (R™).

loc

Proof. Let B = B(xo,r). We write f = fi + f», where fi = fy2p and f> = fx @By
Thus, we have

ITaflles) < 1 Tafillrs + I Taf2lles)-
And, from the boundedness of T on LP(R")(see Lemma 2.5) it follows that

n o0 dt
ITafillry SN llreapy S re f AN zr B = - 3.1
2r

t%+l
Moreover, it is obvious that

1

1920, x i Bag) = ( f Qx, u)P‘du)
B(0,t+|x—xo|)

4| x—xo| i %
~ ( f Ly f Qe 1) dor(u )) 32)
0 Sn—l

1
=~ ||Q||Loost(Snfl)|B(0,t+ |x_ X()|)| s,

Note that %|X0 -y <|x—-y < %Ixo —y| for x € B,y € 2B)°. Then, by (1.1), (3.2), the
Fubini theorem and Holder’s inequality, we have

Q(x, x—
ITsz(x)sz LSO (X?fl y)ldy
2By |xo =yl

dt
< [ yonecr-yi [ Sa
@By xo—y| £
0 dt
~ LF DN, x = y)ldy —
2r J2r<|xo—yl<t r

© dt
<[] ironaex-yia
2r JB(xo.0) r

« 1—l_1 dt
Sf 1l (B0, 16202, X = I 15 (Bxg 09 1 B(X0, DI P i

2r

(3.3)

00
1 1—1_1 dt
Sf 1/ 1lLr (B, B(O, 1+ [x = xoD)I s [B(x0, D) 7 St
2

r

00 dt
N f2 Wlliacon
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Therefore,
a [ dt
W TafallLrm S 1P WA lzrBroan 57 (3.4)
2r tr
So, combining (3.1) and (3.4) we have

n [ dt
WTaflles <P A 1zrBexon 7
2r tr

O

Theorem 3.2. Let xo e R", Q€ L°(R")x L*(S" 1), s> 1 and for any x€R", fsn_l Q(x,7)do(Z) =
0, where 7' = z/lz| for any z € R". If functions ¢, ¥ : R" X (0,00) — (0, +00) satisfy the in-
equality

vy dt < Cy(xo,r), (3.5)

n
foo ess 1nf’<‘r<oo QD(XO’ T)TP
r tr

where C does not depend on r, then the operator Tq is bounded from LM},’fg} to LMLX;} for
p>s.
1

Proof. Taking vi(r) = ¢(x0,0)™' 17, va(t) = Y(x0,0)™", 8(1) = | flleo(Baouy and w(r) = 177",
then from (3.5) we have
© w(s)ds

esssupva(?) < 00,
>0 ¢t €SSSUP o VI(T)

Thus, from Lemma 2.4, it follows that

esssupva(t)H,,g(t) < Cesssupvi(#)g(t).
>0 >0

Therefore,

_1
||TQf||LM<x3> :suopz//(xo,r)‘llB(xo,r)l ?ITafllLrBxo.r)
p.

r>

I e dt
< supy(xo,r) lf e B0 37
r tr

>0

_n
< supp(x0, 1) P N fllLrBaer) = A1l g0
r>0 2%

4 Multilinear commutators of singular integral operators with
variable kernels on generalized local Morrey spaces
In this section, we will consider the boundedness of the multinear commutators generated

by singular integral operators with variable kernels and Campanato functions on generalized
local Morrey spaces.
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Theorem 4.1. Let xo € R", 1 < p,q,p1,P2,..,Pm <0, such that 1/qg=1/p1+1/py+---+
1/pm+1/p, and b; € LCL):?/{,_ for 0 < A; < 1/n,i=1,2,--- ,m. Assume that Q € L*(R") X
L5(S"™Y), s> 1 and for any x€R", fS,H Q(x,z)do(z) =0, where 7 =z/|z| for any z € R™.
Then, for 1 < s’ < q the inequality

m 00
e n r\" N
T <T Tl o rqf (14102 ) WAl F
173 Ao < [ [ Wil e 77 | =) Wl

i=1
holds for any ball B(xg,r), where 1= A1 + Ay + ... + Ap,.

Proof. Without loss of generality, it is sufficient for us to show that the conclusion holds
form=2.
Let B = B(xo,r). And, we write f = fi + f>, where f1 = fx28, f> = fx@py. Thus, we
have
1T fllzosy < ITQ"™ filleos +1T0 " Bllag =2 1+11.

Let us estimate / and /1, respectively.
It is obvious that

1T filliac)
=[|(b1 = (b1)B)(b2 = (b2)B)Ta fillLa) + I(b1 — (b1)B) T (b2 — (b2)B) fi)llLaB)
+ (b2 = (b2) )T ((b1 — (b1)B) fllLas) + ITa((b1 — (b1))(b2 — (b2)B) f)llLa(B)
=h+hL+1+14. (4-1)
Since 1/g=1/p1+1/p2+1/p and g > s, then p > s’. And, from Definition 2.1, it is

easy to see that

1 = ) pllLricsy < PPy fori=1,2. (4.2)

{xo} »
LC,0)

Thus, using Holder’s inequality, Lemma 2.5 and (4.2), we have

I < 1By = (bD)llr B)llb2 — (D2)BllLr2 B ITa fillLr(B)
S b1 = (b)) Bllrvw)llb2 = (b2) BllLr2 (Bl f1lLr 2B)

n o0 dt
< b1 = bl ) llb2 — B2)sllrs syt f i
2r

t%+l
00 2
1 I\ (i +d)n-2-1
U1l et N2l i f (1410 ) O Al dr. @3)
P P2 2r r

Moreover, from Lemma 2.3, it is easy to see that

l1bi = (b)8llLri 23y < CFP" | fori=1,2. (4.4)

Lcjfi?}i’
And, let 1 < g < oo, suchthat 1/g=1/p;+1/g. Itiseasy toseethat 1/g=1/p+1/p

and g > s’. Then similarly to the estimate of (4.3), we have

L <|Iby = (bl 3 ITa((b2 = (b2)B) f)llLas)
S by = (b)) Bllrvw)llb2 = (02) Bl ) fllLr 2B)

00 2
1 I\ (+)n—2-1
< bl oot 211, i rqf (1410 2] 1 .
2r

P11 P2
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Similarly,
I <Wmmm'%ﬂmmH”f‘@+m )“”M" Al st
P 20) 2r
Moreover, by Lemma 2.5, Holder’s inequality and (4.4), we obtain

Iy <II(b1 = (b1)B)(b2 = (b2)B) fillLawn)
S by = (b1)Bllr 2B)llb2 = (B2) Bl 2B) | fllLr2B)

2
A1+
<Wmmm'%NmmH”f‘@+m TP
2r

Py P22

Therefore, combining the estimates of I, 1>, I3 and 14, we have

® A1+A)n—2
1 <mewnmmymmjﬁﬁ+m)#rwm ot
2

P22 r

Let us estimate /1.
It’s analogues to (4.1), we have

by,b
ITE" follracs)

A

= Ih+1L+15+11y.
Then, using the Holder’s inequality and (3.4), we have

Il <|lbr = (b1)Bllri )llb2 — (b2)Bllr2 B T follLr (B
QW—@MMmMM—QMMMWWflmmme
2

a « A1+A
wm%w%mﬁmmf(nm)ﬁ“m Al ot
P 2

[20] r

It is obvious that for any x € B,

ITa((b2 = (b2)B) 2)(X)]

$f 1b2(y) — (b2)5lIQx, x — y)| SO
(2B)°

|20 yl
) dt
zf[f 1b2(y) — @mmuxwwwmbﬂ
2r 2r<|xo—yl<t

0 dt
sj‘U‘|Mw(mwwmuxwwwmhﬂ
2r LB t

0 dt
+f[f B0~ 28O0 = VIF O]
2r B(xo,t)

= E|+E;.

l(b1 = (b1)B) (b2 — (b2)B)T o follLas) + I(b1 — (b1)B) T (b2 — (b2)B) f2)llLaB)
+(b2 = (b2)p)Ta((b1 — (b)) 2)llLa) + ITa((b1 — (b1)B) (b2 — (b2)B) 2l La(B)

4.5)
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Then, it is analogues to (3.3), we have

E; Sf 162 = (52)Bixo.0 | 22 By 1) 12X X = N L (Bxo.17)
2r
L_1_1 dt

1
x||f”LP(B(xO,[))|B()CQ,t)| P ptn+1

o0 dt
< f2 2= sl s 137
P

r

o0 t _n_
<116l o f (1 +1n—)t’Mz Ao sy dt- (4.6)
p2a J2r r
And, from Lemma 2.3 and (3.3), it follows that

00 t b—1_1
f (1+1n;)t"2 2 s
2

r

E2 < ”b”LC(xo)
P2y

Therefore, we get

© t _n_
I (em e @)
2

r

ITa((ba — (02)8) )] S 1], v

P22
Let 1 < g < oo, such that 1/g = 1/p; +1/g. Then, using Holder’s inequality and (4.7),
we have
1L < |lby = (BBl )| Tal(b2 - (bz)B)fZ)”zL‘?(B)
n [ t _n_
S ol ool Wbally oo 7 f (1 +1In ) R T s
2r

P P2y r

Similarly, we have

n [ 1\? A+ )n—"—1
11 < 1loal il 102l i rqf (1 +1n;) R Lt
P1-A 2r

{
P22

Let us estimate 114.
It is analogue to the estimate of (4,5), for any x € B,

ITa((b1 = (b1)B)(b2 = (b2)B) f2)(X)]
dt

Sf; [f( )|b1()’)_(bl)B(xo,t)||b2(.Y)_(bZ)B(xo,t)”Q(x’x_y)||f@)|dy prve
r B(xo,t
eor 1 dt
+ f f 1109 = 1)t = G20 x = WLy
2r LU B(xp,t) -
o1 1 dt
" f2 f 1500~ (1B20) ~ 1 x|
r LU B(xo,t -

“r 1 dt
+f f 1(01)B(xo,1) = (D1)BI(B2) Bxy,1) — (02) BIIQ(x, x = I f (W)Idy ]
2r LB .

r

= U+ U+ Uz + U,.
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Similar to the estimate of (4.6), we have

® A1+
U = lbil e 1021 et f (1+ln ) (D L.
2

P22 r

From (4.6) and Lemma 2.3, it follows that

* A +A)n—-=2
Uz <llol ol M1B2ll o f (1+ln ) (D L,
2

P P2:42 r
and .
A+Apn—"1—1
Us <llol el M1b2ll o f (1+ln ) (D L.
2

P11 P22 r

Moreover, from (3.3) and Lemma 2.3, we obtain

“ A +A)n-2%
Us $lbill e Mool i f (1+1n )r< R Ve
2

22 J2r

Therefore, combining the estimates of Uy, Uy, Uz and Uy, we have
ITa((b1 = (b1)B)(b2 = (b2)B) f2)(X)|
<101l 121l i f (1412 ) [T e
2

P P22 J2r

So,
Iy = ||[Ta((b1 —(b1)p)(b2—(b2)B) 2)lLaB) )
0 t _n_
<”b1||LCX°} 1621l ”j; (1"’1“;) A 1 B

P22 r

Therefore, combining the estimates of /1y,11,,115 and /14, we have

A1+4
15 Wil 1620, 7 f (1+1m% )t( R T s
2r

9242

Thus, from the estimates of I and 7/, we obtain

. * A+A
||T( Y22 fllLaaoam < Hbl”LC(ro} D21l o rqf (1 +In- ) AN Al B dt.
2

P2 r

Theorem 4.2. Let xo € R", 1 < p,q,p1,P2,--,Pm <0, such that 1/qg=1/p1+1/py+---+
1/pm+1/p and b; € LCL?"A}} for 0< i< 1/n, i=1,2,---,m. Assume that Q € L*(R") x
L™, s> 1 and for any xeR", fS,H Q(x,7)do(z) =0, where 7' =z/|z| for any z € R".
If functions @, ¥ : R" X (0,00) — (0, +00), satisfy the conditions

00 m : n/p
[ (e ) et O < Cun,
r

t;—n/l+1

m -
where A = ), A; and the constant C > 0 doesn’t depend on r. Then the commutator Té is
i=1
bounded from LME;’D} to LM{{;Z} forqg>s.
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Proof. Taking vi(t) = @(x0,0)" £ 7, va(r) = Y(x0.0)~", g(t) = 1Nl ze(B(xo,ry) and w(t) = (1 +
In f)’"t’m_ﬁ_l, then we have

e w(s)ds
esssup () _
>0 ¢ ess sup vi(7)
§<T<00

Thus, from Lemma 2.4, it follows that

esssupva(t)H,,g(t) < Cesssupv(#)g(t).
>0 >0

So,
||T3(f)||LM<x2»
q, 5
= supy(xo, )" 1BCxo, I TVUNT (Pl La(Bxg.ry)

r>0
(o]

n _ I\ pa-n-1
.I_Il”bi”LC‘XO) sup(xo,7) ! (1+ln;) T £ 112 (Bxo.) At
i=

Pisdi r>0 2r

A

N

m n
Hl 1Bl tor sup@(xo, ) 17l fllr(sexo,ry
1=

ridi r>0

m
[T1Bill, xor 1AL -
imiee, o Y g
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