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Abstract

In this paper, we prove Lp estimates of a class of parabolic maximal functions

provided that their kernels are in Lq. Using the obtained estimates, we prove the

boundedness of the maximal functions under very weak conditions on the kernel. In

particular, we prove the Lp-boundedness of our maximal functions when their kernels

are in L log L
1
2 (Sn−1) or in the block space B

0,−1/2
q (Sn−1), q > 1.
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1 Introduction

Let Rn, n ≥ 2 be the n−dimensional Euclidean space and let Sn−1 be the unit sphere in Rn

equipped with the normalized induced Lebesgue measure dσ. For nonzero x ∈ Rn, we set

x′ = x/ |x|. Let (Rn,ρ) be the metric space of Fabes and Rivière [9]. It is shown in [9] that ρ

is the unique solution to the equation

F(x,ρ) =
∑n

j=1
x2

jρ
−2α j = 1.

Here, α1, . . . ,αn are fixed real numbers in the interval [1,∞). The space (Rn,ρ) is commonly

known by the mixed homogeneity space related to {α j}nj=1
. It is evident that if α1 = . . . =

αn = 1, then ρ(x) = |x|, the standard Euclidean metric on Rn.
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†E-mail address: alsalman@yu.edu.jo
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For λ > 0, let Dλ be the n×n diagonal matrix with diagonal entries λα1 , ...,λαn , i.e.,

Dλ = diag(λα1 , ...,λαn ) =

























λα1 0
. . .

0 λαn

























.

A measurable functionΩ : Rn→ R is said to be homogenous of degree zero with respect to

Dλ if

Ω(Dλx) = Ω(x),λ > 0. (1.1)

Using the change of variables

x1 = ρα1 cosϕ1 . . .cosϕn−2 cosϕn−1,

x2 = ρα2 cosϕ1 . . .cosϕn−2 sinϕn−1,

...

xn−1 = ραn−1 cosϕ1 sinϕ2,

xn = ραn sinϕ1,

it follows that

dx = ρα−1J(ϕ1, ...,ϕn−1)dρdσ

where J(ϕ1, ...,ϕn−1) is the Jacobian of the above transformation.

For a suitable function ϕ : R+ → (0,∞), we let S (ϕ) be the surface introduced by Al-

Salman [1]. More precisely, we let S (ϕ) be the image of the mapping

Dϕ(ρ(.))(.) : Rn×Sn−1→ Rn,

where Dϕ(ρ(.))(.) is given by

Dϕ(ρ(x))(x
′) = ((ϕ(ρ(x)))α1 x′1, ..., (ϕ(ρ(x)))αn x′n). (1.2)

Let L2(R+,r
−1dr) be the Hilbert space of all measurable functions h : R+ → R satisfying

the integrability condition

‖h‖L2(R+ ,r−1dr) =





















∞
∫

0

|h(t)|2

t
dt





















1
2

<∞. (1.3)

Consider the operator

MΩ,P,ϕ( f )(x) = sup
‖h‖

L2(R+ ,r−1dr)
≤1

∣

∣

∣

∣

∣

∣

∫

Rn

eiP(y) f (x−Dϕ(ρ(y))(y
′))
Ω (y′)h(ρ(y))dy

ρ(y)α−1

∣

∣

∣

∣

∣

∣

, (1.4)

where α =
∑n

j=1α j, P : Rn→ R is a polynomial mapping, and Ω is a homogenous function

of degree zero (with respect to Dλ) that is integrable on Sn−1 and satisfies the cancellation

property
∫

Sn−1

Ω(y′)J(y′)dσ
(

y′
)

= 0. (1.5)
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By specializing to the case ρ(x) = |x| and Dϕ(ρ(x))(x
′) = x, the resulting operator was

considered by Al-Salman in [3]. In fact, Al-Salman studied the operator

MΩ,P( f )(x) = sup
‖h‖

L2(R+,r−1dr)
≤1

∣

∣

∣

∣

∣

∣

∫

Rn

eiP(y) f (x− y))
Ω (y′)h(|y|)dy

|y|n−1

∣

∣

∣

∣

∣

∣

. (1.6)

By establishing suitable Lp bounds ofMΩ,P when Ω ∈ Lq(Sn−1), q > 1, Al-Salman proved

that the operatorMΩ,P is bounded on Lp provided thatΩ is in L log L
1
2 (Sn−1) or in the block

space B
0,−1/2
q (Sn−1), q > 1 (see definition in Section 6 below).

On the other hand, when P = 0, the resulting operatorMΩ,ϕ =MΩ,0,ϕ was considered

in [1]. It is proved in [1] thatMΩ,ϕ is bounded on Lp for certain values of p provided that

ϕ is a polynomial mapping and Ω satisfies certain size conditions introduced by Grafakos

and Stefanov in [11]. It is worth pointing out here that the conditions introduced in [11]

are distinct from the conditionΩ ∈ L log L
1
2 (Sn−1) or the conditionΩ ∈ B

0,−1/2
q (Sn−1), q > 1.

Also, it is known that the spaces L logL
1
2 (Sn−1) and B

0,−1/2
q (Sn−1) are distinct in the sense

L log L
1
2 (Sn−1) * B

0,−1/2
q (Sn−1) and B

0,−1/2
q (Sn−1) * L log L

1
2 (Sn−1). Moreover,

⋃

r>1

Lr(Sn−1) @

L log L
1
2 (Sn−1)∩B

0,−1/2
q (Sn−1).

The main concern of this paper is to consider the general parabolic operatorMΩ,P,ϕ and

to prove results analogous to those proved in [3]. Our results will generalize as well as

improve previously obtained results.

Our main results are the following:

Theorem 1.1. Suppose that Ω ∈ Lq(Sn−1), q > 1, and satisfy the conditions (1.1) and (1.5)

with ‖Ω‖1 ≤ 1. Let ϕ : [0,∞)→ R be a real valued polynomial of degree d. Let MΩ,ϕ be

given by (1.4) with P = 0. Then

∥

∥

∥MΩ,ϕ( f )
∥

∥

∥

p
≤ {1+ log

1
2 (e+ ‖Ω‖q)}Cp,q ‖ f ‖p , (1.7)

for all p ≥ 2 where Cp,q =
21/q′

21/q′−1
Cp. Here 1/q′ = 1− 1/q and Cp is a constant that may

depend on the degree of the polynomial ϕ but it is independent of the function Ω and the

index q.

Theorem 1.2. SupposeΩ ∈ Lq(Sn−1), q > 1, and satisfy the conditions (1.1) and (1.5) with

‖Ω‖1 ≤ 1. Suppose also that ϕ : [0,∞)→ R is a real valued polynomial of degree d such

that Dϕ(ρ(x)) is an odd polynomial. Then

∥

∥

∥MΩ,P,ϕ( f )
∥

∥

∥

p
≤ {1+ log

1
2 (e+ ‖Ω‖q)}Cp,q ‖ f ‖p , (1.8)

for all p ≥ 2 where Cp,q =
21/q′

21/q′−1
Cp. Here 1/q′ = 1− 1/q and Cp is a constant that may

depend on the degree of the polynomial ϕ but it is independent of the function Ω, the index

q, and the coefficients of the polynomial P.

Combining Theorem 1.1, Theorem 1.2, and suitable decomposition of the function Ω,

we have the following two results.
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Theorem 1.3. Suppose that Ω ∈ L(Log)1/2(Sn−1) and satisfy the conditions (1.1) and (1.5).

Let ϕ : [0,∞)→ R be a real valued polynomial of degree d with the property that Dϕ(ρ(x)) is

an odd polynomial whenever deg(P) > 0. Then

∥

∥

∥MΩ,P,ϕ( f )
∥

∥

∥

p
≤Cp ‖ f ‖p , (1.9)

for all p ≥ 2. Here Cp is a constant that may depend on the degree of the polynomial ϕ but

it is independent of the function Ω and the coefficients of the polynomial P.

Theorem 1.4. Suppose that Ω ∈ B
0,− 1

2
q (Sn−1),q > 1 and satisfy the conditions 1.1 and 1.5.

Let ϕ : [0,∞)→ R be a real valued polynomial of degree d with the property that Dϕ(ρ(x)) is

an odd polynomial whenever deg(P) > 0. Then

∥

∥

∥MΩ,P,ϕ( f )
∥

∥

∥

p
≤Cp ‖ f ‖p , (1.10)

for all p ≥ 2. Here Cp is a constant that may depend on the degree of the polynomial ϕ but

it is independent of the function Ω and the coefficients of the polynomial P.

In order to prove our results, we need to invest new ideas in addition to some ideas from

[1], [3], and [10]. The argument in this paper has a significant difference from that used in

[3], where suitable decompositions are needed (See Lemma 3.1 and the proofs of Theorems

1.1 and 1.2.). It should be remarked here that the method presented in this paper is general

enough to enable us to study more general operators. Finally, we would like to point out

that this work is part of master thesis of done by the first author under the supervision of

the second author[14].

Throughout this paper, the letter C will denote a constant that may vary at each occur-

rence, but it is independent of the essential variables.

2 Introductory estimates

This section is devoted to prove necessary estimates that we shall need in the proofs of the

main results. We start by recalling the following lemma due to Van der Corput:

Lemma 2.1 (van der Corput). Suppose that ϕ is a real valued function which is smooth in

(a,b), and that
∣

∣

∣ϕ(k)(x)
∣

∣

∣ ≥ 1 for all x ∈ (a,b). Then

∣

∣

∣

∣

∣

∣

∣

∣

∣

b
∫

a

eiλϕ(x)ψ(x)dx

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤ c
k
λ
−1
k





















|ψ(b)|+
b

∫

a

∣

∣

∣ψ′(x)
∣

∣

∣dx





















. (2.1)

holds when:

1. k ≥ 2 or

2. k = 1 and ϕ′(x) is monotonic.

The bound c
k

is independent of ϕ and λ.

The following three lemmas will be useful:
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Lemma 2.2 ([10]). Let P(x) =
∑

|α|=d

aαxα be a real valued homogeneouspolynomial of degree

d in R
n

where d is an odd integer. Then

S up
ω∈R

∫

Sn−1

|P(x)−ω|−ε dσ(x) < Aε,n,d

















∑

|α|=d

|aα|
















−ε

(2.2)

for each ε < 1
2d

. The bound Aε,n,d does not depend on the coefficients {aα}.

Lemma 2.3 ([15]). Let P : Rn → Rd be a polynomial mapping and let Ω ∈ L1(Sn−1) be a

homogeneous function of degree zero on Rn. For every 1 < p ≤ ∞ there exists a positive

constant Cp such that the maximal function

MΩ,P f (x) = sup
r>0

1

rn

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

|y|<r

f (x−P (y))Ω(y)dy

∣

∣

∣

∣

∣

∣

∣

∣

∣

(2.3)

satisfies

‖MP f ‖p ≤Cp ‖Ω‖1 ‖ f ‖p , (2.4)

for f ∈ Lp
(

Rd
)

. The constant Cp may depend on the degree of the polynomial P. But, it is

independent of the coefficients of the polynomials.

Lemma 2.4. ([10]). Let l and n be positive integers. Let Vl(n) be the space of real-

valued homogeneous polynomials of degree l on Rn. Let Ul(n) be a subspace of Vl(n) with

|x|l < Ul(n). Let Ω ∈ Lq(Sn−1),q > 1 and that s = min{2,q}. Then there exists a positive

constant A independent of Ω such that

2k+1
∫

2k

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

Sn−1

eiF(ry′ )Ω(y′)dσ(y′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

dr

r
≤ A‖Ω‖Lq (2kl ‖Pl‖)−

1
4s′ l

for all k ∈ Z and function F : Rn→ R of the form

F(x) =

l
∑

j=0

P j+W(|x|)

where P j is a homogeneous polynomial of degree j, 0 ≤ j ≤ m,Pl ∈ Ul(n), and W is an

arbitrary function. The constant A may depend on the subspace Ul(n) if l is even, but it is

independent of Ul(n) if l is odd. Here, ‖Pl‖ =
∑

|α|=l

∣

∣

∣a
α

∣

∣

∣ where Pl(y) =
∑

|α|=l

a
α
y
α
.

By following the argument in [1], we prove the following proposition:

Proposition 2.5. Suppose that ϕ is a polynomial of degree d. Then there are linear trans-

formations L j,1 ≤ j ≤ dϕ where dϕ = d max{α j : 1 ≤ j ≤ n}such that

Dϕ(r)(x
′).ξ =

dϕ
∑

i=1

(L j,ϕ(ξ).x′)r j (2.5)
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Proof. For 1 ≤ j ≤ n, let

(ϕ(r))αi =

d αi
∑

j=1

b jir
j.

For 1 ≤ i ≤ n, set b ji = 0 for j > dαi. Then

(ϕ(r))αi =

dϕ
∑

j=1

b jir
j (2.6)

and

Dϕ(r)(x
′).ξ =

n
∑

i=1

(ϕ(r))αi x′iξi =

dϕ
∑

i=1

(L j(ξ).x
′)r j

where L j(ξ) = (b j1ξ1, ...,b jnξn). This completes the proof.

Throughout this paper, we shall let

aq,k = 2log(e+‖Ω‖q)k (2.7)

and

Cq(Ω) = log(e+ ‖Ω‖q). (2.8)

Now, we prove the following lemma.

Lemma 2.6. Let Ω ∈ L
q

(S
n−1

) with ‖Ω‖1 6 1,q > 1. Let ϕ be a polynomial of degree d. For

k ∈ Z, let

Jk,Ω(ξ) =

22Cq (Ω)
∫

1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

Sn−1

Ω(y
′
)J(y′)eiDϕ(ρaq,k+1 )(y

′).ξ
dσ(y′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ
. (2.9)

Then, Jk,Ω(ξ) satisfies

supξ Jk,Ω(ξ) ≤CCq(Ω)

∣

∣

∣

∣

∣

(

aq,k+1

)dϕ
Ldϕ(ξ)

∣

∣

∣

∣

∣

− ε
4q′Cq (Ω)

, (2.10)

where Ldϕ(ξ) is a linear transformation, C is constant independent of the function Ω, the

parameter k, and the index q.

Proof. Using the boundedness of J and the fact that ‖Ω‖ ≤ 1, we get

Jk,Ω(ξ′) ≤CCq(Ω). (2.11)

Next, by making use of the observation

e
iDϕ(ρaq,k+1 )(y

′).ξ′
e
−iDϕ(ρaq,k+1 )(z

′).ξ′

= e
i[Dϕ(ρaq,k+1 )(y

′)−Dϕ(ρaq,k+1 )(z
′)].ξ′
= e

i[Dϕ(ρaq,k+1 )(y
′−z′)].ξ′

,
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it follows that

Jk,Ω(ξ) =

22Cq (Ω)
∫

1

"

Sn−1

Ω(z
′
)J(z′)Ω(y

′
)J(y′)e

iDϕ(ρaq,k+1 )(y
′−z′).ξ

dσ(y′,z′)
dρ

ρ

≤
"

Sn−1

∣

∣

∣

∣
Ω(z

′
)J(z′)Ω(y

′
)J(y′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

22Cq (Ω)
∫

1

e
iDϕ(ρaq,k+1 )(y

′−z′).ξ dρ

ρ
dσ(y′,z′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

By Hölder’s inequality, we have

Jk,Ω(ξ)

≤























"

Sn−1

∣

∣

∣

∣
Ω(z

′
)J(z′)Ω(y

′
)J(y′)

∣

∣

∣

∣

q
dσ(y′,z′)























1/q

×





























"

Sn−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

22Cq (Ω)
∫

1

e
iDϕ(ρaq,k+1 )(y

′−z′).ξ dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

q′

dσ(y′,z′)





























1/q′

≤ ‖Ω‖2q M





























"

Sn−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

22Cq (Ω)
∫

1

e
iDϕ(ρaq,k+1 )(y

′−z′).ξ dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

q′

dσ(y′,z′)





























1/q′

.

Thus,

(

Jk,Ω(ξ′)
)q′ ≤C ‖Ω‖2q′

q

"

Sn−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

22Cq (Ω)
∫

1

e
iDϕ(ρaq,k+1 )(y

′−z′).ξ′ dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

q′

dσ(y′,z′). (2.12)

Now, we claim that

∣

∣

∣

∣

∣

∣

∣

∣

∣

22Cq (Ω)
∫

1

e
iDϕ(ρaq,k+1 )(y

′−z′).ξ dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤C

∣

∣

∣

∣

∣

(

aq,k+1

)dϕ
Ldϕ (ξ).(y′ − z′)

∣

∣

∣

∣

∣

−ε
. (2.13)

In order to see (2.13), notice that

Dϕ(t)(y
′− z′) =

n
∑

i=1

(ϕ(t))αi(y′i − z′i)ξi.

It should be noticed here that Dϕ(t)(y
′ − z′).ξ is a polynomial of degree dϕ. Thus by Propo-

sition 2.5, there exist linear transformations L j,1 ≤ j ≤ dϕ that satisfy

Dϕ(ρaq,k+1)(y
′− z′).ξ =

dϕ
∑

j=1

(L j(ξ).(y
′ − z′)(ρaq,k+1) j.
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Therefore, by Lemma 2.1, we have

∣

∣

∣

∣

∣

∣

∣

∣

∣

22Cq (Ω)
∫

1

e
iDϕ(ρaq,k+1 )(y

′−z′).ξ dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤C

∣

∣

∣

∣

∣

(

aq,k+1

)dϕ
Ldϕ (ξ).(y′ − z′)

∣

∣

∣

∣

∣

−ε
. (2.14)

Thus, by (2.14) and the trivial estimate

∣

∣

∣

∣

∣

∣

∣

∣

∣

22Cq (Ω)
∫

1

e
iDϕ(ρaq,k+1 )(y

′−z′).ξ dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤CCq(Ω), (2.15)

we get

∣

∣

∣

∣

∣

∣

∣

∣

∣

22Cq (Ω)
∫

1

e
iDϕ(ρaq,k+1 )(y

′−z′).ξ dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤
[

Cq(Ω)
]1− 1

4q′ C

∣

∣

∣

∣

∣

(

aq,k+1

)dϕ
Ldϕ (ξ).(y′ − z′)

∣

∣

∣

∣

∣

− ε
4q′
. (2.16)

By (2.16) and (2.12), we get

Jk,Ω(ξ)

≤ C ‖Ω‖2q
[

Cq(Ω)
]1− 1

4q′























"

Sn−1

C

∣

∣

∣

∣

∣

(

aq,k+1

)dϕ
Ldϕ,ϕ(ξ).(y′ − z′)

∣

∣

∣

∣

∣

− ε
4

dσ(y′,z′)























1
q′

= C ‖Ω‖2q
[

Cq(Ω)
]1− 1

4q′
∣

∣

∣

∣

∣

(

aq,k+1

)dϕ
Ldϕ(ξ)

∣

∣

∣

∣

∣

− ε
4q′























"

Sn−1

∣

∣

∣(y′− z′).(Ldϕ (ξ))′
∣

∣

∣

− ε4 dσ























1
q′

.

Since 0 < ε < 1, the last integral is bounded in ξ ∈ Sn−1. In fact, by Lemma 2.2, we have

Jk,Ω(ξ) ≤C ‖Ω‖2q
∣

∣

∣

∣

∣

Ldϕ (ξ)
(

aq,k+1

)dϕ
∣

∣

∣

∣

∣

−ε/4q′
[

Cq(Ω)
]1−1/4q′

. (2.17)

By interpolation between (2.11) and (2.17), we get

Jk,Ω(ξ) ≤C ‖Ω‖2θq

∣

∣

∣

∣

∣

Ldϕ(ξ)
(

aq,k+1

)dϕ
∣

∣

∣

∣

∣

−εθ/4q′
[

Cq(Ω)
]1−θ/4q′

.

for any 0 < θ < 1. By choosing θ = 1
Cq (Ω) , we get

Jk,Ω(ξ) ≤CCq (Ω)

∣

∣

∣

∣

∣

(

aq,k+1

)dϕ
Ldϕ ,q(ξ)

∣

∣

∣

∣

∣

−ε/4q′Cq (Ω)

.

Now, we assume that the polynomial P is given by P(y) =
∑

|α|≤d aαyα. Then

Dϕ(ρ)(y
′) = ((

dϕ
∑

i=1

b1iρ
i)y′1, ..., (

dϕ
∑

i=1

bniρ
i)y′n) = ϕ(ρ)⊗ y′
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where

ϕ(ρ) = (

dϕ
∑

i=1

b1iρ
i, ...,

dϕ
∑

i=1

bniρ
i)

and b ji are as in the proof of Proposition 2.5. Here, we use the notation

x⊗ y = (x1y1, ..., xnyn).

Now, for 1 ≤ s ≤ dϕ , we let σs,ρ be the measure defined by

∫

f dσs,ρ =

∫

Sn−1

eiP(Dρy′) f (Γs,ρ(y
′))Ω(y′)J(y′)dσ(y′) (2.18)

where Γs,ρ(y′) = ϕs(ρ)⊗ y′ and

ϕs(ρ) = (

s
∑

i=1

b1iρ
i, ...,

s
∑

i=1

bniρ
i). (2.19)

For later use, it is worth observation that

σ̂s,ρ(ξ) =

∫

Sn−1

eiP(Dρ(y′))Ω(y′)J(y′)e−iξ.Γs,ρ(y′)dσ(y′). (2.20)

Also, we let

ϕs,d(y′,ξ,ρ). = P(Dρ(y
′))− ξ.Γs,ρ(y

′) =
∑

|α|≤d

aαρ
|α|y′α−

s
∑

i=1

(Li(ξ).y
′)ρi

Now, we have the following proposition:

Proposition 2.7. Let Js,d,k be given by

Js,d,k(ξ) =

aq,k+1
∫

aq,k

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

Sn−1

eiϕs,d (y′,ξ,ρ)Ω
(

y′
)

J(y′)dσ(y′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ
.

Then

Js,d,k(ξ) ≤CCq (Ω)2
− k

4q′ (
∑

|α|=d

|aα|)
−1

4dq′Cq (Ω) (2.21)

for d > s and

Js,d,k(ξ) ≤CCq (Ω)(2
k

4q′ Cq (Ω) |Ls(ξ)|)
−ε

Cq (Ω) (2.22)

for 1 < d ≤ s. Here, for the case d = s, we assume all terms of Dϕ(ρ)(y
′) are odd.

Proof. Notice that

Js,d,k(ξ) ≤ M2

"

Sn−1

∣

∣

∣Ω
(

y′
)

∣

∣

∣

∣

∣

∣Ω
(

z′
)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

aq,k+1
∫

aq,k

ei(ϕs,d (y′,ξ,ρ)−ϕs,d(z′,ξ,ρ)) dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

dσ. (2.23)
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By Lemma 2.1 and the observing

ϕs,d(y′,ξ,ρ)−ϕs,d(z′,ξ,ρ)

=
∑

|α|=d

aα(y′α− z′α)ρd +
∑

|α|<d

aα(y′α− z′α)ρ|α|−
s

∑

i=1

(Li(ξ) · (y′ − z′))ρi,

we get
∣

∣

∣

∣

∣

∣

∣

∣

∣

aq,k+1
∫

aq,k

ei(ϕs,d (y′,ξ,ρ)−ϕs,d (z′,ξ,ρ)) dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤C(ad
q,k

∣

∣

∣

∣

∣

∣

∣

∣

∑

|α|=d

aα(y′α− z′α)

∣

∣

∣

∣

∣

∣

∣

∣

)
−1
d . (2.24)

Here, L j,ϕ(ξ) are the linear transformations given by Proposition 2.5. By Combining the

estimate (2.24) and the trivial estimate

∣

∣

∣

∣

∣

∣

∣

∣

∣

aq,k+1
∫

aq,k

ei(ϕs,d (y′,ξ,ρ)−ϕs,d (z′,ξ,ρ)) dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤CCq(Ω),

we get
∣

∣

∣

∣

∣

∣

∣

∣

∣

aq,k+1
∫

aq,k

ei(ϕs,d (y′,ξ,ρ)−ϕs,d (z′,ξ,ρ)) dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤CCq (Ω)(ad
q,k

∣

∣

∣

∣

∣

∣

∣

∣

∑

|α|=d

aα(y′α− z′α)

∣

∣

∣

∣

∣

∣

∣

∣

)
−1

4dq′ .

Thus, by the last estimate, the estimate (2.23), and Lemma 2.2, we get

Js,d,k(ξ) ≤≤ M22
−kCq (Ω)

4q′ ‖Ω‖2q Cq(Ω){
∑

|α|=d

|aα|}
−1

4dq′ ;

which when combined with the estimate Js,d,k(ξ) ≤CCq(Ω), imply that

Js,d,k(ξ) ≤C2
−k
4q′ Cq(Ω)(

∑

|α|=d

|aα|)
−1

4dCq (Ω)q′ .

Next, for d = s, we observe that

ϕs,d(y′,ξ,ρ) = (
∑

|α|=s

aαy′α−Ls(ξ).y
′)ρs+ ... =

s
∑

j=1

ψ j,ξ(y
′)

where

ψ j,ξ(y) =
∑

|α|= j

aαyα− (L j(ξ).y) |y| j−1 ,1 ≤ j ≤ s.

It is clear that ψ j,ξ is a homogeneous polynomial and that

∥

∥

∥ψ j,ξ

∥

∥

∥ ≥
∑

|α|= j

|aα|+ |Ls(ξ)| ≥ |Ls(ξ)|

(note that d = s > 1). Thus by Lemma 2.4, we get

Js,d,k(ξ) ≤C ‖Ω‖q (2kCq(Ω) |Ls(ξ)|) −ε4s
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for some ε > 0. By interpolation with the estimate Js,d,k(ξ) ≤CCq(Ω), we get

Js,d,k(ξ) ≤CCq(Ω)(2kCq(Ω) |Ls(ξ)|)
−ε

4sCq (Ω) .

Finally, for d < s, we argue as for the case d > s. Notice that

ϕs,d(y′,ξ,ρ)−ϕs,d(z′,ξ,ρ)

=
∑

|α|≤d

aα(y′α− z′α)ρd −Ls(ξ)(y′− z′)ρs+

s−1
∑

i=1

(Li(ξ).(z
′− y′)ρi.

By Lemma 2.1 and interpolation, we get

Js,d,k(ξ) ≤ M2Cq(Ω)‖Ω‖2q
∣

∣

∣2kCq(Ω)Ls(ξ)
∣

∣

∣

−1
4sq′ ;

which when combined with the estimate Js,d,k(ξ) ≤CCq(Ω) imply

Js,d,k(ξ) ≤CCq(Ω)
∣

∣

∣2kCq(Ω)Ls(ξ)
∣

∣

∣

−1
4sCq (Ω)q′ .

This completes the proof.

As a consequence of Proposition 2.7, we can prove the following:

Proposition 2.8. Let { σs,ρ : ρ > 0,1 ≤ s ≤ dϕ} be as in (2.18). Let Ls be the transformation

as given by Proposition 2.5. Suppose that Dϕ(ρ)(y
′) is odd polynomial. Then

aq,k+1
∫

aq,k

∣

∣

∣σ̂s,ρ(ξ)− σ̂s−1,ρ(ξ)
∣

∣

∣

2 dρ

ρ
≤CCq(Ω)

∣

∣

∣aq,kLs(ξ)
∣

∣

∣

1
Cq (Ω) (2.25)

and
aq,k+1
∫

aq,k

∣

∣

∣σ̂s,ρ(ξ)
∣

∣

∣

2 dρ

ρ
≤CCq (Ω)

∣

∣

∣aq,kLs(ξ)
∣

∣

∣

−ε
Cq (Ω) . (2.26)

for d ≤ s ≤ M and
aq,k+1
∫

aq,k

∣

∣

∣σ̂d−1,ρ(ξ)
∣

∣

∣

2 dρ

ρ
≤Cq(Ω)

∣

∣

∣aq,k

∣

∣

∣

−ε
Cq (Ω) . (2.27)

Now we prove the following:

Proposition 2.9. Let { σs,ρ : ρ > 0,1 ≤ s ≤ dϕ} be given by (2.18). Let Ω ∈ Lq(S
n−1

), q > 1,

with ‖Ω‖1 6 1. Let σ∗s,q be the operator defined by

σ∗s,q( f )(x) = sup
k

1
aq,k−1
∫

1
aq,k+1

∣

∣

∣

∣

∣

∣σs,ρ

∣

∣

∣∗ f (x)
∣

∣

∣

dρ

ρ
.



12 G. Shakkah and A. Al-Salman

Then
∥

∥

∥σ∗s,q( f )
∥

∥

∥

p
≤CpCq(Ω)‖ f ‖p

for 1 < p <∞. The constants Cp are independent of the essential variables.

Proof. Notice that

σ∗s,q( f )(x) ≤ M sup
k

1
aq,k−1
∫

1
aq,k+1

∫

Sn−1

∣

∣

∣ f (x−Γs,ρ(y′))
∣

∣

∣

∣

∣

∣Ω(y′)
∣

∣

∣dσ(y′)
dρ

ρ

≤ M
(

Cq(Ω)
)

























sup
j

∫

2 j≤|y|<2 j+1

∣

∣

∣ f (x−Γs,ρ(y
′))

∣

∣

∣

∣

∣

∣Ω(y′)
∣

∣

∣

dy

|y|n

























.

Thus, by Lemma 2.3, the proof is complete.

3 A main lemma

This section is devoted to prove a lemma which will be the corner stone in the argument of

the proofs of the main results.

Lemma 3.1. Let {wk}k∈Z be a collection of C∞ functions defined on (0,∞) that satisfy the

following

supp(wk) ⊆ [
1

aq,k+1

,
1

aq,k−1

],0 ≤ wk ≤ 1,
∑

k∈Z
wk(u) = 1. (3.1)

Let

η∞(u) =

0
∑

k=−∞
wk(u).

Let ηΩ,p,∞ be the operator defined by

ηΩ,p,∞( f )(x) =

























∞
∫

1

∣

∣

∣

∣

∣

∣

∣

∣

∣

η∞

∫

Sn−1

eiP(Dρ .y
′) f (x−Dϕ(ρ)(y

′))ΩJdσ

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ

























1/2

. (3.2)

Then
∥

∥

∥ηΩ,p,∞( f )
∥

∥

∥

p
≤CpCq(Ω)‖ f ‖p for p ≥ 2.

Proof. Let {σs,ρ : ρ > 0,1≤ s≤ dϕ} be given by (2.20). By Lemma 6.1 in [10], for d≤ s≤ dϕ,

ns = rank(Ls), ∃ two nonsingular linear transformations Hs : Rns −→ Rns , Gs : Rn −→ Rn

such that
∣

∣

∣HsΠ
n
sGs(ξ)

∣

∣

∣ ≤ |Ls(ξ)| ≤ As

∣

∣

∣HsΠ
n
sGs(ξ)

∣

∣

∣ ,ξ ∈ Rn.

Let ϕ ∈C∞
0

(R) be such that

ϕ(t) =

{

1, |t| ≤ 1
2

0, |t| ≥ 1
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Let φ(t) = ϕ(t2) and let

τ̂s,ρ(ξ) = σ̂s,ρ(ξ)
∏

s< j≤dϕ

ϕ(
∣

∣

∣aq,kHsΠ
n
sGs(ξ)

∣

∣

∣)− σ̂s−1,ρ(ξ)
∏

s−1< j≤dϕ

ϕ(
∣

∣

∣aq,kHsΠ
n
sGs(ξ)

∣

∣

∣)

Then it follows that

dϕ
∑

s=d

τ̂s,ρ(ξ) =

dϕ
∑

s=d

σ̂s,ρ(ξ)πs−
dϕ
∑

s=d

σ̂s−1,ρ(ξ)πs−1

=

dϕ
∑

s=d

σ̂s,ρ(ξ)πs−
dϕ−1
∑

s=d−1

σ̂s,ρ(ξ)πs

= σ̂dϕ,ρ(ξ)πdϕ − σ̂d−1,ρ(ξ)πd−1, (3.3)

where

πs =
∏

s< j≤dϕ

ϕ(
∣

∣

∣aq,k+1HsΠ
n
sGs(ξ)

∣

∣

∣).

Notice that

πdϕ =
∏

dϕ< j≤dϕ

ϕ =
∏

j∈∅
= 1.

Thus,
dϕ
∑

s=d

τ̂s,ρ(ξ) = σ̂dϕ,ρ(ξ)− σ̂d−1,ρ(ξ)πd−1. (3.4)

By Proposition 2.8, it can be shown that

∥

∥

∥τ̂s,ρ

∥

∥

∥ ≤CCq(Ω) (3.5)

aq,k+1
∫

aq,k

∣

∣

∣τ̂s,ρ(ξ)
∣

∣

∣

2 dρ

ρ
≤Cq(Ω)

∣

∣

∣2k log(e+‖Ω‖q)Ls(ξ)
∣

∣

∣

−ε
Cq (Ω)

aq,k+1
∫

aq,k

∣

∣

∣τ̂s,ρ(ξ)
∣

∣

∣

2 dρ

ρ
≤Cq(Ω)

∣

∣

∣2k log(e+‖Ω‖q)Ls(ξ)
∣

∣

∣

1
Cq (Ω) . (3.6)

For d ≤ s ≤ dϕ, let

η
(s)

Ω,p,∞( f )(x) =





















∞
∫

1

∣

∣

∣

∣

η∞(ρ)
(

τs,ρ ∗ f (x)
)

∣

∣

∣

∣

2 dρ

ρ





















1/2

and

η
(d−1)

Ω,p,∞( f )(x) =





















∞
∫

1

∣

∣

∣

∣
η∞(ρ)

(

σd−1,ρ ∗ϕd−1 ∗ f (x)
)

∣

∣

∣

∣

2 dρ

ρ





















1/2

,
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where (ϕd−1 )̂ = πd−1. Thus,

ηΩ,p,∞( f )(x) ≤
dϕ
∑

s=d

η
(s)

Ω,p,∞( f )(x)+η
(d−1)

Ω,p,∞( f )(x). (3.7)

Now, we estimate
∥

∥

∥

∥
η

(s)

Ω,p,∞( f )
∥

∥

∥

∥

p
for d ≤ s ≤ dϕ. By the argument on page 818 in [10], we

may assume that Ls is a projection, i.e., Ls(ξ) = πns
(ξ).

Let {ω j} j be a smooth partition of unity adapted to the intervals E j = [ 1
aq, j+1

, 1
aq, j−1

] and

satisfy

ω j ∈C∞ ,0 ≤ ω j ≤ 1,
∞
∑

k=−∞
ω j(ρ) = 1, supp(ω j) ⊂ E j, and

∣

∣

∣

∣

∣

d

dt
ω j(t)

∣

∣

∣

∣

∣

≤ C

t j

where C is a constant independent of the sequence aq, j . Let Ψ j be such that

(Ψ j)̂(ξ) = ω j(
∣

∣

∣πns
(ξ)

∣

∣

∣

2
).

Then,

η
(s)

Ω,p,∞( f )(x) =





















∞
∫

0

∣

∣

∣

∣

∣

∣

∞
∑

j=−∞

0
∑

k=−∞
wk(ρ)(Ψ j+k ∗τs,ρ ∗ f (x))

∣

∣

∣

∣

∣

∣

2
dρ

ρ





















1
2

≤
∞
∑

j=−∞
η

( j,s)

Ω,p,∞( f )(x)

where

η
( j,s)

Ω,p,∞( f )(x) =





















∞
∫

0

∣

∣

∣

∣

∣

∣

0
∑

k=−∞
wk(ρ)

(

Ψ j+k ∗τs,ρ ∗ f (x)
)

∣

∣

∣

∣

∣

∣

2
dρ

ρ





















1
2

.

Notice that

∥

∥

∥

∥

η
( j,s)

Ω,p,∞( f )
∥

∥

∥

∥

2

2
≤ C

0
∑

k=−∞

∫

Rn

aq,k+1
∫

aq,k

∣

∣

∣Ψ j+k ∗τs,ρ ∗ f (x)
∣

∣

∣

2 dρ

ρ
dx

≤ C
0
∑

k=−∞

∫

E j+k

aq,k+1
∫

aq,k

∣

∣

∣τ̂s,ρ(ξ)
∣

∣

∣

2 ∣

∣

∣ f̂ (ξ)
∣

∣

∣

2
ω j+k(

∣

∣

∣πns
(ξ)

∣

∣

∣

2
)
dρ

ρ
dξ.

By the estimates (3.5) -(3.6), we have

∥

∥

∥

∥

η
( j,s)

Ω,p,∞( f )
∥

∥

∥

∥

2

2
≤C

(

Cq(Ω)
)2

2−2| j| 0
∑

k=−∞

∫

E j+k

∣

∣

∣ f̂ (ξ)
∣

∣

∣

2
dξ.

Thus,
∥

∥

∥

∥
η

( j,s)

Ω,p,∞( f )
∥

∥

∥

∥

2
≤C

(

Cq(Ω)
)

2−| j| ‖ f ‖2 . (3.8)
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By similar argument as in [10] and Proposition 2.9, we have

∥

∥

∥τ∗s,q( f )
∥

∥

∥

p
≤Cp

(

Cq(Ω)
)

‖ f ‖p (3.9)

for 1 < p <∞. The constants Cp are independent of the essential variables. Here,

τ∗s,q( f )(x) = sup
k

1
aq,k−1
∫

1
aq,k+1

∣

∣

∣

∣

∣

∣τs,ρ

∣

∣

∣ ∗ f (x)
∣

∣

∣

dρ

ρ
.

Next, for p ≥ 2, choose g ∈ L(p/2)′ with ‖g‖(p/2)′ = 1 such that

∥

∥

∥

∥
η

( j,s)

Ω,p,∞( f )
∥

∥

∥

∥

2

p

=

∫

Rn

∞
∫

0

∣

∣

∣

∣

∣

∣

0
∑

k=−∞
wk(ρ)

(

Ψ j+k ∗τs,ρ ∗ f (x)
)

∣

∣

∣

∣

∣

∣

2
dρ

ρ
|g(x)|dx

≤
∫

Rn

∞
∫

0

0
∑

k=−∞
wk(ρ)

∣

∣

∣Ψ j+k ∗τs,ρ ∗ f (x)
∣

∣

∣

2 dρ

ρ
|g(x)|dx

≤
(

Cq(Ω)
)

∫

Rn

∞
∫

0

0
∑

k=−∞
wk(ρ)

∣

∣

∣Ψ j+k ∗ f
∣

∣

∣

2 ∗
∣

∣

∣τs,ρ

∣

∣

∣

dρ

ρ
|g(x)|dx

≤
(

Cq(Ω)
)

∫

Rn

(

0
∑

k=−∞

∣

∣

∣Ψ j+k ∗ f
∣

∣

∣

2
)

τ∗s,q(g)̃(−x)dx

≤
(

Cq(Ω)
)

∥

∥

∥

∥

∥

∥

0
∑

k=−∞

∣

∣

∣Ψ j+k ∗ f
∣

∣

∣

2

∥

∥

∥

∥

∥

∥

p/2

∥

∥

∥τ∗s,q(g)̃
∥

∥

∥

(p/2)′

≤
(

Cq(Ω)
)2 ‖ f ‖2p .

Thus,
∥

∥

∥

∥

η
( j,s)

Ω,p,∞( f )
∥

∥

∥

∥

p
≤Cp

(

Cq(Ω)
)

‖ f ‖p , (3.10)

where the last inequality follows by (3.9) and Littlewood-Paley theory. By interpolation

between (3.8) and (3.10), we get
∥

∥

∥

∥

η
( j,s)

Ω,p,∞( f )
∥

∥

∥

∥

p
≤C

(

Cq(Ω)
)

2−θp | j| ‖ f ‖p . (3.11)

Now, we estimate
∥

∥

∥

∥
η

(d−1)

Ω,p,∞( f )
∥

∥

∥

∥

p
. Notice that

η
(d−1)

Ω,p,∞( f )(x) =





















∞
∫

0

∣

∣

∣

∣
η∞(ρ)

(

σd−1,ρ ∗ϕd−1 ∗ f (x)
)

∣

∣

∣

∣

2 dρ

ρ





















1
2

≤
0
∑

k=−∞
η

(d−1)

Ω,p,∞,k( f )(x) (3.12)
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where

η
(d−1)

Ω,p,∞,k( f )(x) =

































1
aq,k−1
∫

1
aq,k+1

∣

∣

∣σd−1,ρ ∗ϕd−1 ∗ f (x)
∣

∣

∣

2 dρ

ρ

































1/2

.

By Plancherel’s theorem, we get

∥

∥

∥

∥
η

(d−1)

Ω,p,∞,k( f )
∥

∥

∥

∥

2

2
≤

∫

Rn

∣

∣

∣ f̂ (ξ)
∣

∣

∣

2

































1
aq,k−1
∫

1
aq,k+1

∣

∣

∣σ̂d−1,ρ(ξ)
∣

∣

∣

2 dρ

ρ

































dξ

≤ Cq(Ω)2εk ‖ f ‖22 .

Thus
∥

∥

∥

∥
η

(d−1)

Ω,p,∞,k( f )
∥

∥

∥

∥

2
≤

√

Cq(Ω)2
ε
2 k ‖ f ‖2 . (3.13)

Finally, for p > 2, choose g ∈ L(p/2)′ with ‖g‖(p/2)′ = 1 such that

∥

∥

∥

∥
η

(d−1)

Ω,p,∞,k( f )
∥

∥

∥

∥

2

p

=

∫

Rn

1
aq,k−1
∫

1
aq,k+1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

Sn−1

eiP(Dr .y
′)ϕd−1 ∗ f (x−Γd−1,ρ(y′))Ω

(

y′
)

J(y′)dσ(y′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

dr

r
|g(x)|dx

≤ C ‖Ω‖1
∫

Rn

1
aq,k−1
∫

1
aq,k+1

∫

Sn−1

∣

∣

∣ϕd−1 ∗ f (z)
∣

∣

∣

2 ∣

∣

∣Ω
(

y′
)

∣

∣

∣dσ(y′)
dρ

ρ

∣

∣

∣g(z+Γd−1,ρ(y
′))

∣

∣

∣dz

≤ C

∫

Rn

∣

∣

∣ϕd−1 ∗ f (z)
∣

∣

∣

2
σ∗s,q(g)(z+Γd−1,ρ(y

′))dz

≤ CCq(Ω)
∥

∥

∥ϕd−1 ∗ f
∥

∥

∥

2

p

∥

∥

∥σ∗s,q(g)
∥

∥

∥

(p/2)′
≤CCq(Ω)2 ‖ f ‖2p

Thus,
∥

∥

∥

∥

η
(d−1)

Ω,p,∞,k( f )
∥

∥

∥

∥

p
≤Cq(Ω)‖ f ‖p . (3.14)

By interpolation between (3.13) and (3.14), we obtain

∥

∥

∥

∥

η
(d−1)

Ω,p,∞,k( f )
∥

∥

∥

∥

p
≤Cq(Ω)2

∈p

2 k ‖ f ‖p (3.15)

for p ≥ 2. Hence, by (3.6), (3.11), (3.12), and (3.15), the proof is complete.
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4 Lp estimates of the classical operator

This section is devoted to the proof of Theorem 1.1. The proof is very involved and contains

various estimates. The details are as follows:

Proof (of Theorem 1.1). We start by making a suitable decomposition of the operator

MΩ,ϕ. In order to do so, we choose a collection of C∞ functions {wk}, k ∈ Z on (0,∞) with

the properties

supp(wk) ⊆ [
1

aq,k+1

,
1

aq,k−1

],0 6 wk 6 1,

∑

k∈Z
wk = 1,

∣

∣

∣

∣

∣

dswk(u)

dus

∣

∣

∣

∣

∣

6Csu
−s, (4.1)

where supp(wk) is the support of the function wk and Cs is independent of Cq(Ω) . For

k ∈ Z, let Gk be the operator defined by

(Gk( f ))̂(ξ) = wk(|ξ|) f (̂ξ). (4.2)

Then

MΩ,ϕ( f )(x) ≤

























∞
∫

0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

Sn−1

f (x−Dϕ(ρ)(y
′))J(y′)Ω(y′)dσ(y′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ

























1/2

. (4.3)

For ρ ∈ (0,∞), define the measure σρ by

∫

f dσρ =

∫

Sn−1

f (Dϕ(ρ)(y
′))J(y′)Ω(y′)dσ(y′).

Thus

µΩ,0,ϕ( f )(x) =





















∞
∫

0

∣

∣

∣σρ ∗ f (x)
∣

∣

∣

2 dρ

ρ





















1/2

.

By making use of Fourier transform and the observation

σ̂ρ(ξ) =

∫

Sn−1

e−iξ.(Dϕ(ρ)(y
′))J(y′)Ω(y′)dσ(y′), (4.4)

one can show that
∫

Sn−1

f (x−Dϕ(ρ)(y
′))J(y′)Ω(y′)dσ(y′) = σρ ∗ f (x). (4.5)

Now, we write

σρ ∗ f (x) =
∑

j∈Z

∑

k∈Z
(Ψk+ j ∗σρ ∗ f (x))χ[aq,k ,aq,k+1 ](ρ)

=
∑

j∈Z
F j( f ,ρ)
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where

F j( f ,ρ) =
∑

k∈Z
(Ψk+ j ∗σρ ∗ f (x))χ[aq,k ,aq,k+1 ](ρ). (4.6)

Thus

µΩ,0,ϕ( f )(x) ≤





















∞
∫

0

∣

∣

∣

∣

∣

∣

∣

∣

∑

j∈Z
F j( f ,ρ)

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ





















1/2

≤
∑

j∈Z

























∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∫

0

F j( f ,ρ)

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ

























1/2

=
∑

j∈Z
E j( f )(x)

where

E j( f )(x) =





















∞
∫

0

∣

∣

∣

∣

∣

∣

∣

∑

k∈Z
(Ψk+ j ∗σρ ∗ f (x))χ[aq,k ,aq,k+1 ](ρ)

∣

∣

∣

∣

∣

∣

∣

2
dρ

ρ





















1/2

. (4.7)

Using the observation

∣

∣

∣

∣

∣

∣

∣

∑

k∈Z
(Ψk+ j ∗σρ ∗ f (x))χ[aq,k ,aq,k+1](ρ)

∣

∣

∣

∣

∣

∣

∣

2

=
∑

k∈Z

∣

∣

∣(Ψk+ j ∗σρ ∗ f (x))
∣

∣

∣

2
χ[aq,k ,aq,k+1 ](ρ),

it follows that

E j( f )(x) =























∑

k∈Z

aq,k+1
∫

aq,k

∣

∣

∣(Ψk+ j ∗σρ ∗ f (x)
∣

∣

∣

2 dρ

ρ























1/2

.

Now, we estimate
∥

∥

∥E j( f )
∥

∥

∥

p
for 2 < p <∞. For p > 2, choose g ∈ L with ‖g‖(p/2)′ = 1

such that

∥

∥

∥E j( f )
∥

∥

∥

2

p

=

∫

Rn

∑

k∈Z

aq,k+1
∫

aq,k

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

Sn−1

ΩJGk+ j( f )(x−Dϕ(ρaq,k)(y
′))dσ

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ
|g(x)|dx (4.8)

Using the estimates ‖Ω‖1 ≤ 1 and |J(y′)| ≤C, we can see that

∥

∥

∥ΩJ2
∥

∥

∥

L1(Sn−1)
=

∫

Sn−1

∣

∣

∣Ω
(

y′
)

∣

∣

∣

∣

∣

∣J(y′)
∣

∣

∣

2
dσ(y′) ≤C.
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By last inequality and an application of Cauchy -Schwartz inequality, we get

∥

∥

∥E j( f )
∥

∥

∥

2

p

≤
∥

∥

∥ΩJ2
∥

∥

∥

L1

∫

Rn

∑

k∈Z

22Cq (Ω)
∫

1

∫

Sn−1

|Ω|
∣

∣

∣Gk+ j( f )(z)
∣

∣

∣

2 ∣
∣

∣g(z+Dϕ(ρaq,k)(y
′))

∣

∣

∣dσ
dρ

ρ
dz

≤ C

∫

Rn

∑

k∈Z

aq,k+1
∫

aq,k

∣

∣

∣Gk+ j( f )(z)
∣

∣

∣

2
∫

Sn−1

|Ω|
∣

∣

∣g(z+Dϕ(ρaq,k)(y
′))

∣

∣

∣dσ
dρ

ρ
dz

≤ C

∫

Rn

∑

k∈Z

∫

Sn−1

∣

∣

∣Gk+ j( f )(z)
∣

∣

∣

2 ∣

∣

∣Ω(y′)
∣

∣

∣

22Cq (Ω)
∫

1

∣

∣

∣g(z+Dϕ(ρaq,k+1)(y
′))

∣

∣

∣

dρ

ρ
dσdz.

By noticing that

22Cq (Ω)
∫

1

∣

∣

∣g(z+Dϕ(ρaq,k+1)(y
′))

∣

∣

∣

dρ

ρ

=

2 ln2Cq(Ω)
∫

0

∣

∣

∣g(z+Dϕ(eraq,k+1)(y
′))

∣

∣

∣dr

≤ 2ln2Cq(Ω)My′,ϕ(g̃)(−z)

where My′,ϕ(g̃)(−z) is as in Proposition 2.9, it follows that

∥

∥

∥E j( f )
∥

∥

∥

2

p

≤ CCq(Ω)

∫

Rn

∑

k∈Z

∫

Sn−1

∣

∣

∣Gk+ j( f )(z)
∣

∣

∣

2 ∣

∣

∣Ω
(

y′
)

∣

∣

∣ My′,ϕ(g̃)(−z)dσdz

≤ CCq(Ω)‖Ω‖L1(Sn−1 )

∫

Rn

∑

k∈Z

∣

∣

∣Gk+ j( f )(z)
∣

∣

∣

2
My′,ϕ(g̃)(−z)dz.

By Hőlder’s inequality and Littlewood-Paley theory, we get

∥

∥

∥E j( f )
∥

∥

∥

2

p
≤ CCq (Ω)

∥

∥

∥

∥

∥

∥

∥

∑

k∈Z

∣

∣

∣Gk+ j( f )
∣

∣

∣

2

∥

∥

∥

∥

∥

∥

∥

p/2

∥

∥

∥My′,ϕ(g̃)
∥

∥

∥

(p/2)′

≤ CCq (Ω)‖ f ‖2p
∥

∥

∥My′,ϕ(g̃)
∥

∥

∥

(p/2)′
. (4.9)

On the other hand, by Proposition 2.9, we have

∥

∥

∥My′,ϕ(g̃)
∥

∥

∥

(p/2)′
≤C ‖g‖(p/2)′ ≤C. (4.10)

Therefore,
∥

∥

∥E j( f )
∥

∥

∥

p
≤C

√

Cq(Ω) ‖ f ‖p . (4.11)
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Now, we claim that
∥

∥

∥E j( f )
∥

∥

∥

2
≤C2−α| j|/q

′
√

Cq(Ω)‖ f ‖2 (4.12)

where

(E j( f ))2 =
∑

k∈Z

∥

∥

∥

∥

∥

∥

∥

∥

∥

∫

Sn−1

ΩJGk+ j( f )(x−Dϕ(ρaq,k)(y
′))dσ(y′)

∥

∥

∥

∥

∥

∥

∥

∥

∥

2

L2([1,aq,1],
dρ
ρ )

. (4.13)

Let dϕ and bi j be as in the proof of Proposition 2.5. For 1 ≤ s ≤ dϕ, let ϕs be given by (2.19).

For given 1 ≤ s ≤ dϕ and 1 ≤ l ≤ n, define ϕs,l(ρ) by

~ϕs,l(ρ) =

s
∑

j=1

a j,lρ
j (4.14)

and

D̃ϕs(ρ)(x
′) = (~ϕs,1(ρ)x′1, ..., (~ϕs,n(ρ)x′n). (4.15)

Then

D̃ϕM(ρ)(x
′) = D~ϕ(ρ)(x

′). (4.16)

Let {σs, j : 1 ≤ s ≤ dϕ} be a family of measures defined by

(σs, j ∗ f )(x) (4.17)

=

∫

Sn−1

Ω
(

y′
)

J(y′)G j( f )(x− D̃~ϕs(ρaq,k)(y
′))dσ.

Thus,

(σs, j+k ∗ f )ˆ(ξ)

=

∫

Rn

e−ix.ξ

∫

Sn−1

Ω
(

y′
)

J(y′)Gk+ j( f )(x− D̃~ϕs(ρaq,k)(y
′))dσdx (4.18)

and

σ̂s, j(ξ) = w j(|ξ|)
∫

Sn−1

Ω
(

y′
)

J(y′) e
−iD̃~ϕs(ρaq,k )(y

′).ξ
dσ. (4.19)

Now, we claim that σs, j(ξ) satisfies the following properties

∥

∥

∥σs, j

∥

∥

∥

1
6C. (4.20)

aq,k+1
∫

aq,k

∣

∣

∣σ̂s, j(ξ)
∣

∣

∣

2 dρ

ρ
6CCq (Ω)

∣

∣

∣2kCq(Ω)ls Ls(ξ)
∣

∣

∣

−εs,1/Cq(Ω)
(4.21)

and
aq,k+1
∫

aq,k

∣

∣

∣σ̂s, j(ξ)− σ̂s−1, j(ξ)
∣

∣

∣

2 dρ

ρ
6CCq (Ω)

∣

∣

∣2kCq(Ω)ls Ls(ξ)
∣

∣

∣

εs,2/Cq(Ω)
(4.22)
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for ξ ∈ Rn and 1 ≤ s ≤ M.

To see (4.20), notice that

∥

∥

∥σs, j

∥

∥

∥

1
=

∥

∥

∥

∥

∥

∥

∥

∥

∥

w j(|ξ|)
∫

Sn−1

Ω
(

y′
)

J(y′) e
−iD̃

~ϕs(ρaq,k+1 )
( y′).ξ

dσ(y′)

∥

∥

∥

∥

∥

∥

∥

∥

∥

∞
6 C.

To see (4.21), notice that

aq,k+1
∫

aq,k

∣

∣

∣σ̂s, j(ξ)
∣

∣

∣

2 dρ

ρ

=

aq,k+1
∫

aq,k

∣

∣

∣

∣

∣

∣

∣

∣

∣

w j(|ξ|)
∫

Sn−1

Ω
(

y′
)

J(y′) e
−iD̃

~ϕs(ρaq,k+1 )
(y′).ξ

dσ(y′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ
.

Let

Vk,q,s(ξ,y
′,z′) = e

i

{

D̃
~ϕs(ρaq,k )

(z′).ξ−D̃
~ϕs−1(ρaq,k )

(y′).ξ

}

.

Then

aq,k+1
∫

aq,k

∣

∣

∣σ̂s, j(ξ)
∣

∣

∣

2 dρ

ρ

≤
aq,k+1
∫

aq,k

"

Sn−1

Ω
(

y′
)

J(y′) Ω (z′)J(z′) Vk,q,s(ξ,y
′,z′) dσ(y′,z′)

dρ

ρ

=

"

Sn−1

Ω
(

y′
)

J(y′) Ω (z′)J(z′)























aq,k+1
∫

aq,k

Vk,q,s(ξ,y
′,z′)

dρ

ρ























dσ(y′,z′)

≤























"

Sn−1

∣

∣

∣

∣
Ω

(

y′
)

J(y′) Ω (z′)J(z′)
∣

∣

∣

∣

q
dσ(y′,z′)























1
q

×

























"

Sn−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

aq,k+1
∫

aq,k

Vk,q,s(ξ,y
′,z′)

dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

q′

dσ(y′,z′)

























1
q′

≤ C ‖Ω‖2q

























"

Sn−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

aq,k+1
∫

aq,k

Vk,q,s(ξ,y
′,z′)

dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

q′






















1
q′

dσ(y′,z′).
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Let I be the integral inside the double integral over Sn−1, i.e.,

I =

∣

∣

∣

∣

∣

∣

∣

∣

∣

aq,k+1
∫

aq,k

Vk,q,s(ξ,y
′,z′)

dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

Then it is clear that

I ≤CCq(Ω) (4.23)

On the other hand, notice that

D̃~ϕs(ρaq,k)(z
′).ξ− D̃~ϕs(ρaq,k)(y

′).ξ

=
{

D̃~ϕs(ρaq,k)(z
′)− D̃~ϕs(ρaq,k)(y

′)
}

.ξ = D̃~ϕs(ρaq,k)(z
′− y′).ξ

=

n
∑

i=1

s
∑

j=1

b j,i(ρaq,k) j((z′i − y′i ).ξi)

= aq,k

n
∑

i=1

s
∑

j=1

b j,iρ
j(aq,k) j−1((z′i − y′i ).ξi)

= aq,kωk,s,n(ρ).

Since

∣

∣

∣

∣

∣

ds

dρs
(ωk,s,n)(ρ)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

ω
(s)

k,s,n
(ρ)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

s!2(s−1) log(e+‖Ω‖q)(k)
n

∑

i=1

bs,i((z
′
i − y′i ).ξi)

∣

∣

∣

∣

∣

∣

∣

≥
∣

∣

∣2(s−1)(k) log(e+‖Ω‖q)(Ls(ξ).(z′− y′)
∣

∣

∣ ,

it follows by Lemma 2.1 that

I ≤ Cs

∣

∣

∣

∣

∣

aq,k

(

aq,k

)s−1
(Ls(ξ).(z

′− y′)

∣

∣

∣

∣

∣

−1/s

= Cs

∣

∣

∣

∣

(

aq,k

)s
(Ls(ξ).(z

′ − y′)
∣

∣

∣

∣

−1/s
. (4.24)

By interpolation between (4.23) and (4.24), we get

I ≤Cs

∣

∣

∣

∣

(

aq,k

)s
(Ls(ξ).(z

′− y′)
∣

∣

∣

∣

−1/4q′s
(Cq(Ω))

1− 1
4q′ .

Therefore,
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aq,k+1
∫

aq,k

∣

∣

∣σ̂s, j(ξ)
∣

∣

∣

2 dρ

ρ
≤C ‖Ω‖2q×























"

Sn−1

Iq′























1
q′

≤ C
(

Cq(Ω)
)1− 1

4q′ ‖Ω‖2q























"

Sn−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

(

aq,k

)s
(Ls(ξ).(z

′− y′)
∣

∣

∣

∣

−1/4s
∣

∣

∣

∣

∣























1
q′

dσ(y′,z′)

≤ C
(

Cq(Ω)
)1− 1

4q′ ‖Ω‖2q
∣

∣

∣

∣

(

aq,k

)s
Ls(ξ)

∣

∣

∣

∣

−1
4sq′ ×























"

Sn−1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(
Ls(ξ)

|Ls(ξ)|
.(z′− y′)

∣

∣

∣

∣

∣

−1/4s
∣

∣

∣

∣

∣

∣























1
q′

dσ(y′,z′);

which when combined with Lemma 2.2 imply that

aq,k+1
∫

aq,k

∣

∣

∣σ̂s, j(ξ)
∣

∣

∣

2 dρ

ρ
≤Cq

(

Cq(Ω)
)1− 1

4q′ ‖Ω‖2q
∣

∣

∣

∣

(

aq,k

)s
Ls(ξ)

∣

∣

∣

∣

−1
4sq′

. (4.25)

Thus, the estimate (4.21) follows by interpolation between (4.25) and the estimate

2log(e+‖Ω‖q )(k+1)
∫

2log(e+‖Ω‖q)k

∣

∣

∣σ̂s, j(ξ)
∣

∣

∣

2
ρ−1dρ 6CCq(Ω).

To see (4.22), we set

Ek,q,s(ξ,y
′) = e

−iD̃
ϕs(ρaq,k )

(y′).ξ − e
−iD̃

ϕs−1(ρaq,k )
(y′).ξ

.

Then

aq,k+1
∫

aq,k

∣

∣

∣σ̂s, j(ξ)− σ̂s−1, j(ξ)
∣

∣

∣

2 dρ

ρ

=

aq,k+1
∫

aq,k

∣

∣

∣

∣

∣

∣

∣

∣

∣

w j(|ξ|)
∫

Sn−1

Ω
(

y′
)

J(y′)Ek,q,s(ξ,y
′)dσ(y′)

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ

≤ C

























∫

Sn−1

∣

∣

∣Ω
(

y′
)

∣

∣

∣























aq,k+1
∫

aq,k

∣

∣

∣Ek,q,s(ξ,y
′)
∣

∣

∣

2 dρ

ρ























1/2

dσ(y′)

























2

.
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Notice that

(D̃~ϕs(ρaq,k)(y
′)− D̃~ϕs−1(ρaq,k)(y

′)).ξ

=

n
∑

i=1

s
∑

j=1

b j,i(ρaq,k) j((y′i ).ξi)−
n

∑

i=1

s−1
∑

j=1

b j,i(ρaq,k) j((y′i ).ξi)

=

n
∑

i=1

bs,i(ρaq,k)s((y′i ).ξi) = (ρaq,k)sLs(ξ).y
′.

Therefore,

aq,k+1
∫

aq,k

∣

∣

∣σ̂s, j(ξ)− σ̂s−1, j(ξ)
∣

∣

∣

2 dρ

ρ
≤CCq(Ω)

∣

∣

∣

∣

(

aq,k

)s
Ls(ξ)

∣

∣

∣

∣

− ε
4q′Cq (Ω)

. (4.26)

By interpolation between (4.26) and the trivial estimate

aq,k+1
∫

aq,k

∣

∣

∣σ̂s, j(ξ)− σ̂s−1, j(ξ)
∣

∣

∣

2 dρ

ρ
≤CCq(Ω),

we obtain (4.22).

Now, by a similar argument as in [10], there exist family of measures {λs, j,o , 1 ≤ s ≤ dϕ}
such that for ξ ∈ Rn and 1 ≤ s ≤ dϕ , we have

sup
∥

∥

∥λs, j,o

∥

∥

∥ ≤C, (4.27)

aq,k+1
∫

aq,k

∣

∣

∣λ̂s, j,o(ξ)
∣

∣

∣

2 dρ

ρ
≤CsCq(Ω)×min{

∣

∣

∣

∣

(

aq,k

)s
(Ls(ξ))

∣

∣

∣

∣

2
Cq (Ω)

,
∣

∣

∣

∣

(

aq,k

)s
(Ls(ξ))

∣

∣

∣

∣

−1
4sCq (Ω)q′ }, (4.28)

and

σs, j =

dϕ
∑

o=1

λs, j,o. (4.29)

Thus by (4.29) and Minkowski’s inequality, we get

E j( f )(x) =























∑

k∈Z

aq,k+1
∫

aq,k

∣

∣

∣(σs, j ∗Ψk+ j ∗ f )(x)
∣

∣

∣

2 dρ

ρ























1/2

=























∑

k∈Z

aq,k+1
∫

aq,k

∣

∣

∣

∣

∣

∣

∣

∣

(

dϕ
∑

o=1

λs, j,o ∗Ψk+ j ∗ f )(x)

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ























1/2

≤
dϕ
∑

o=1























∑

k∈Z

aq,k+1
∫

aq,k

∣

∣

∣(λs, j,o ∗Ψk+ j ∗ f )(x)
∣

∣

∣

2 dρ

ρ























1/2

.
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By Plancherel’s theorem and Fubini’s theorem, we get

∫

Rn

∑

k∈Z

aq,k+1
∫

aq,k

∣

∣

∣(λs, j,o ∗Ψk+ j ∗ f )(x)
∣

∣

∣

2 dρ

ρ
dx

=

∫

Rn

∑

k∈Z

∣

∣

∣wk+ j(|ξ|) f̂ (ξ)
∣

∣

∣

2

aq,k+1
∫

aq,k

∣

∣

∣λ̂s, j,o(ξ)
∣

∣

∣

2 dρ

ρ
dξ.

Thus,

∥

∥

∥E j( f )(x)
∥

∥

∥

2

2

=

∫

Rn

∣

∣

∣E j( f )(ξ)
∣

∣

∣

2
dξ

≤
∫

Rn

∣

∣

∣

∣

∣

∣

∣

∣

∣

M
∑

o=1























∑

k∈Z

∣

∣

∣wk+ j(|ξ|) f̂ (ξ)
∣

∣

∣

2

aq,k+1
∫

aq,k

∣

∣

∣λ̂s, j,o(ξ)
∣

∣

∣

2 dρ

ρ























1/2∣
∣

∣

∣

∣

∣

∣

∣

∣

2

dξ.

Let

S j,s,o =























∑

k∈Z

∣

∣

∣wk+ j(|ξ|) f̂ (ξ)
∣

∣

∣

2

aq,k+1
∫

aq,k

∣

∣

∣λ̂s, j,o(ξ)
∣

∣

∣

2 dρ

ρ























1
2

. (4.30)

Then

∥

∥

∥E j( f )(x)
∥

∥

∥

2

2

≤
dϕ
∑

o=1

∫

Rn

∣

∣

∣

∣

∣

∣

∣

∣

∣

∑

k∈Z

∣

∣

∣ŵk+ j(|ξ|) f̂ (ξ)
∣

∣

∣

2

aq,k+1
∫

aq,k

∣

∣

∣λ̂s, j,o(ξ)
∣

∣

∣

2 dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

dξ

≤
dϕ
∑

o=1

∥

∥

∥S j,s,o

∥

∥

∥

2

2
.

Now, it is clear that

∥

∥

∥S j,s,o

∥

∥

∥

2

2
≤

∣

∣

∣

∣

∣

∣

∣

∣

∣

∑

k∈Z

∫

Ik+ j

∣

∣

∣ f̂ (ξ)
∣

∣

∣

2

aq,k+1
∫

aq,k

∣

∣

∣λ̂s, j,o(ξ)
∣

∣

∣

2 dρ

ρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

dξ,

where

Ik = {x ∈ Rn :
1

aq,k+1

≤
∣

∣

∣πn
ms

(x)
∣

∣

∣ ≤ 1

aq,k−1

}.

By the estimates (4.27) and (4.28), we get

∥

∥

∥S j,s,o

∥

∥

∥

2
≤Cs

√

Cq(Ω)2−α| j| ‖ f ‖2 . (4.31)
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Therefore,

∥

∥

∥E j( f )
∥

∥

∥

2

2
≤

dϕ
∑

o=1

∥

∥

∥S j,s,o

∥

∥

∥

2

2
≤

dϕ
∑

o=1

CsCq(Ω)2−α2| j| ‖ f ‖22

≤ CsCq(Ω)2−α2| j| ‖ f ‖22 ;

which implies that
∥

∥

∥E j( f )
∥

∥

∥

2
≤Cs

√

Cq(Ω)2−α| j| ‖ f ‖2 . (4.32)

By interpolation between (4.11) and (4.32), we have

∥

∥

∥E j( f )
∥

∥

∥

p
≤Cs

√

Cq(Ω)2−ε | j|/q
′ ‖ f ‖p (4.33)

for some ε > 0 and for all 2 ≤ p <∞, and j ∈ Z with constant C independent of Ω and j.

Now since

µΩ,0,φ( f ) ≤
∑

j∈Z
E j( f )(x)

we have

∥

∥

∥µΩ,0,φ( f )
∥

∥

∥

p
≤

∑

j∈Z

∥

∥

∥E j( f )
∥

∥

∥

p

≤
∑

j∈Z
Cs

√

Cq(Ω)2−ε | j|/q
′ ‖ f ‖p ≤Cs

√

Cq(Ω)‖ f ‖p
∑

j∈Z
2−ε | j|/q

′

≤ Cs

√

Cq(Ω)‖ f ‖p
{

21/q′

21/q′ −1

}

.

This completes the proof.

5 Lp estimates of the general operator

In this section, we present the proof of Theorem 1.2.

Proof.(of Theorem 1.2). LetΩ ∈ L
q

(S
n−1

),1< q,with ‖Ω‖1 6 1 and satisfying (1.1)-(1.5). Let

MΩ,P,ϕ be given by (1.4). If deg(P) = 0, then by Theorem 1.1, the result holds. Therefore,

assume that deg(P) = d ≥ 1. We shall argue by induction on d. Assume the result holds for

all polynomials of degree less than or equal to d. Let P(x) =
∑

|α|≤d+1

aαxα be a polynomial of

degree d+ 1. We may assume that P does not contain |x|d+1as one of its terms. By dilation

invariance, we may also assume that
∑

|α|=d+1

|aα| = 1. We choose a collection of C∞ functions

{wk}k∈Z defined on (0,∞) that satisfy the following:

supp(wk) ⊆ [
1

aq,k+1

,
1

aq,k−1

],0 ≤ wk ≤ 1,
∑

k∈Z
wk(u) = 1.
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Notice that

MΩ,P,ϕ( f )(x)

= sup
‖h‖

L2(R+ ,r−1dr)
≤1

∣

∣

∣

∣

∣

∣

∣

∣

∫

Rn

eiP(y) f (x−Dϕ(ρ(y))(y
′))
Ω (y)h(ρ(y))dy

ρ(y)α−1

∣

∣

∣

∣

∣

∣

∣

∣

= sup
‖h‖

L2(R+ ,r−1dr)
≤1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∫

0

∫

Sn−1

eiP(Dρ.y
′) f (x−Dϕ(ρ)(y

′))Ωh(ρ)Jdσdρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

= sup
‖h‖

L2(R+ ,r−1dr)
≤1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∫

0

h(ρ)

∫

Sn−1

eiP(Dρ .y
′) f (x−Dϕ(ρ)(y

′))ΩJdσdρ

∣

∣

∣

∣

∣

∣

∣

∣

∣

which is by duality implies that

MΩ,P,ϕ( f )(x) =

























∞
∫

0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

Sn−1

eiP(Dρ.y
′) f (x−Dϕ(ρ)(y

′))ΩJdσ

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ

























1/2

.

Set

η∞(u) =

0
∑

k=−∞
wk(u) ,η0(u) =

∞
∑

k=1

wk(u).

Then

η∞(u)+η0(u) = 1,

supp(η0(u)) ⊆ (0,1], supp(η∞(u)) ⊆ [1,∞).

Define the operators ηΩ,p,0,ηΩ,p,∞ as follows:

ηΩ,p,0( f )(x) =

























∞
∫

0

∣

∣

∣

∣

∣

∣

∣

∣

∣

η0(ρ)

∫

Sn−1

eiP(Dρ.y
′) f (x−Dϕ(ρ)(y

′))Ω
(

y′
)

Jdσ

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ

























1/2

ηΩ,p,∞( f )(x) =

























∞
∫

0

∣

∣

∣

∣

∣

∣

∣

∣

∣

η∞(ρ)

∫

Sn−1

eiP(Dρ.y
′) f (x−Dϕ(ρ)(y

′))ΩJdσ

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ

























1/2

.

By Minkowski’s inequality, it follows that

MΩ,P,ϕ( f )(x) ≤ ηΩ,p,0( f )+ηΩ,p,∞( f ). (5.1)

Now, we estimate
∥

∥

∥ηΩ,p,0( f )
∥

∥

∥

p
. Let Q(x) =

∑

|α|≤d

aαxα. Assume that deg(Q) = l, where

0 ≤ l ≤ d. Define the operators η
(1)

Ω,p,0
and η

(2)

Ω,p,0
by
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η
(1)

Ω,p,0
( f ) =

























1
∫

0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

Sn−1

(

eiP(Dρ.y
′) − eiQ(Dρ.y

′)
)

f (x−Dϕ(ρ)(y
′))ΩJdσ

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ

























1/2

(5.2)

η
(2)

Ω,p,0
( f ) =

























1
∫

0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

Sn−1

eiQ(Dρ.y
′) f (x−Dϕ(ρ)(y

′))ΩJdσ

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ

























1/2

. (5.3)

By induction assumption, it follows that

∥

∥

∥

∥
η

(2)

Ω,p,0
( f )

∥

∥

∥

∥

p
≤Cp

{

21/q′

21/q′ −1

}

log1/2(e+ ‖Ω‖q)‖ f ‖p (5.4)

for all 1 < p <∞.

On the other hand, we notice that

∣

∣

∣eiP(Dρ.y
′)− eiQ(Dρ.y

′)
∣

∣

∣

=
∣

∣

∣eiQ(Dρ.y
′)(eiP(Dρ.y

′)−iQ(Dρ.y
′)−1)

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

e
i

∑

|α|=d+1

aα(Dρ.y
′)α

−1

∣

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

∣

∑

|α|=d+1

aα(Dρ.y
′)α

∣

∣

∣

∣

∣

∣

≤ ρ2(d+1).

Thus,

η
(1)

Ω,p,0
( f )

=

























1
∫

0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫

Sn−1

(

eiP(Dρ .y
′) − eiQ(Dρ.y

′)
)

f (x−Dϕ(ρ)(y
′))Ω

(

y′
)

Jdσ

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

dρ

ρ

























1/2

≤ ‖Ω‖
1
2

1























1
∫

0

∫

Sn−1

∣

∣

∣eiP(Dρ.y
′)− eiQ(Dρ.y

′)
∣

∣

∣

2 ∣
∣

∣ f (x−Dϕ(ρ)(y
′))

∣

∣

∣

2 |Ω| |J|2 dσ
dρ

ρ























1/2

≤ C























1
∫

0























∫

Sn−1

ρ2d+1
∣

∣

∣ f (x−Dϕ(ρ)(y
′))

∣

∣

∣

2 ∣

∣

∣Ω
(

y′
)

∣

∣

∣dσ(y′)























dρ























1/2

≤ C























∫

Sn−1

∣

∣

∣Ω
(

y′
)

∣

∣

∣

1
∫

0

ρ2d+1
∣

∣

∣ f (x−Dϕ(ρ)(y
′))

∣

∣

∣

2
dρdσ























1/2

≤ C























∫

Sn−1

∣

∣

∣Ω
(

y′
)

∣

∣

∣

−1
∑

j=−∞

2 j+1
∫

2 j

ρ2d+1
∣

∣

∣ f (x−Dϕ(ρ)(y
′))

∣

∣

∣

2
dρdσ























1/2

≤ C























∫

Sn−1

∣

∣

∣Ω
(

y′
)

∣

∣

∣

−1
∑

j=−∞
2(2d+2) j

2 j+1
∫

2 j

∣

∣

∣ f (x−Dϕ(ρ)(y
′))

∣

∣

∣

2
dρdσ























1/2

.
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Thus,

η
(1)

Ω,p,0
( f ) ≤C ‖Ω‖

1
2

1
(My′,ϕ(| f |2)1/2) (5.5)

where

My′,ϕ(| f |)(x) = sup
j

1

2 j

2 j+1
∫

2 j

∣

∣

∣ f (x−Dϕ(ρ)(y
′))

∣

∣

∣dρ.

By (5.5) and Proposition on page 477 in [15], we get

∥

∥

∥

∥
η

(1)

Ω,p,0
( f )

∥

∥

∥

∥

p
≤Cp ‖ f ‖p (5.6)

for all 1 < p <∞. Therefore by (5.4) and (5.6), we get

∥

∥

∥ηΩ,p,0( f )
∥

∥

∥

p
≤Cp log1/2

(

e+ ‖Ω‖q
)

{ 21/q′

21/q′ −1
} ‖ f ‖p . (5.7)

Finally, by Lemma 3.1, we have

∥

∥

∥ηΩ,p,∞( f )
∥

∥

∥

p
≤Cq log1/2(e+ ‖Ω‖q)‖ f ‖p .

This complete the proof.

6 Proofs of results concerning L(log L)1/2(Sn−1) and B
0,− 1

2
q (Sn−1)

In this section, we present the proofs of Theorem 1.3 and Theorem 1.4.

Proof ( of Theorem 1.3). Given Ω ∈ L(logL)1/2(Sn−1). Then Ω =
∑∞

m=0Ωm where that

∫

Sn−1

Ωm(y′)J(y′)dσ(y′) = 0,

Ω0 ∈ L2(Sn−1),

‖Ωm‖1 ≤C and ‖Ωm‖∞ ≤ 24mC for m = 1,2, ...,

∞
∑

m=1

√
m‖Ωm‖1 ≤ ‖Ω‖L(Log)1/2(Sn−1) C.

Thus, we have the following

MΩ,P,ϕ( f )(x) ≤MΩ0 ,P,ϕ( f )(x)+

∞
∑

m=1

‖Ωm‖1MΩm,P,ϕ( f )(x).

By the observation that

Log1/2(e+ ‖Ωm‖2) ≤
√

m
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and Theorem 1.1 and Theorem 1.2, we get

∥

∥

∥MΩ,P,ϕ( f )
∥

∥

∥

p
≤ {1+

∞
∑

m=1

√
m‖Ωm‖1}Cp ‖ f ‖p

≤ Cp ‖ f ‖p

for all p ≥ 2. This completes the proof.

In order to present a proof of Theorem 1.4, we recall the definition of block spaces

B
0,− 1

2
q

(

Sn−1
)

,q > 1. A function Ω is in B
0,− 1

2
q

(

Sn−1
)

if

Ω =

∞
∑

µ=1

cµbµ ,

where for each µ, c
µ

is a complex number and b
µ

is a function defined on I = B(x′
0
,θ0) =

{x′ ∈ Sn−1 :
∣

∣

∣x′− x′
0

∣

∣

∣ < θ0} and satisfies ‖b‖Lq ≤ |I|−
1
q′ and

Mq

({

c
µ

})

=

∞
∑

µ=1

∣

∣

∣c
µ

∣

∣

∣

(

1+φ
(∣

∣

∣I
µ

∣

∣

∣

))

<∞,

where φ (t) ∼ log−
1
2

(

t−1
)

as t→ 0. Here, x′
0
∈ Sn−1 and 0 < θ0 ≤ 2. It should remarked here

that block spaces are introduced by Jiang and Lu [12] in their study of singular integral

operators.

It is known that

C1(S n−1) ⊂ Lq(Sn−1) ⊂ B
0,− 1

2
q

(

Sn−1
)

.

Proof ( of Theorem 1.4). The proof follows by the decomposition of B
0,− 1

2
q (Sn−1),q > 1 and

similar argument as in the proof of Theorem 1.3. We omit details.
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