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Abstract

Let X be a real locally uniformly convex reflexive Banach space with locally uni-
formly convex dual space X*. Let T : X — X* be demicontinuous, quasimonotone and
a-expansive, and C : X — X* be compact such that either (i) (Tx + Cx, x) > —d||x|| for
all x € X or (ii) (Tx + Cx,x) > —d||x||* for all x € X and some suitable positive con-
stants @ and d. New surjectivity results are given for the operator 7 + C. The results
are new even for C = {0}, which gives a partial positive answer for Nirenberg’s prob-
lem for demicontinuous, quasimonotone and a-expansive mapping. Existence result
on the surjectivity of quasimonotone perturbations of multivalued maximal monotone
operator is included. The theory is applied to prove existence of generalized solution
in Hé (Q)) of nonlinear elliptic equation of the type

- IZV: ﬁ%ai(x, u(x), Vu(x))) + Ga(x,u(x)) = f(x) inQ
u(x)=0 x €09,

where f € L2(Q), Q is a nonempty, bounded and open subset of RY with smooth
boundary, A > 0, G(x,u) = =div(B(Vu(x))) + Au(x) + ap(x, u(x), Vu(x)) + g(x,u(x)), 8 :
RN S RN, g;: OxRxRY 5 R (i=0,1,2,..,N)and g : QxR xR" — R satisfy certain
conditions.
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1 Introduction

In what follows, X denotes a real locally uniformly convex Banach space with locally uni-
formly convex dual space X*. If X is a real Hilbert space, it is denoted by H. A mapping
T : X — X” is called a-expansive if there exists a > 0 such that

| Tx—Ty|| = a|lx—y| forall xe X and y € X.

It is called expansive if @ = 1. An operator C : X — X" is called compact if it is continuous
and maps every bounded subset B of X into relatively compact subset of X*. Nirenberg
[34] stated a problem as to whether a continuous expansive mapping from a real Hilbert
space H into itself whose range contains an open set is surjective or not. It is not hard to
observe that every continuous expansive mapping is injective and R(T) is a closed subset
of H. The problem can be solved positively if one can show that R(T’) is an open subset of
H. Moreover, it is well-known that R(T") is open if H is finite dimensional space as a result
of invariance of domain theorem. For the solvability of the problem for 7 = I — B with B
compact or contraction or k-set contraction, the reader is referred to Nussbaum [35]. The
reader is referred to the results of Browder [13] and Minty [31] for a positive answer if T is
strongly monotone, i.e., there exists ¢ > 0 such that

(Tx-Ty,x—yy>c|lx—y|* forall xe Hand y e H .

Chang and Li [19] gave a positive answer for the problem if H is replaced by a Banach
space X with an additional assumption that 7" is Fréchet differentiable at each x € X, i.e., for
each x € X, the Frechet derivative of T at x, T’ (x) exists and

limsup |7’ (x) = T’ (xo)ll < 1.

X—XQ
A counterexample was given by Morel and Steinlein [32] demonstrating that the prob-
lem is not solvable if T : £'(N) — £'(N) is continuous expansive. Even in a Hilbert space
H = (*(N), Szczepanski [36, 37] gave a partial negative answer for the problem. Further-

more, Kartsatos [25] proved that any continuous expansive mapping 7 : H — H is surjective
provided that, there exists a € (0, 1) such that

(T)C—Ty,)c—y)z—cyllx—yll2 forallxe Handye H (1.1)

instead of using the condition R(T) # 0. Recently, Xiang [38] gave surjectivity result for an
h— expansive mapping with 4 > 0 and such that there exists ¢ € (0, ﬁh) satisfying

(Tx-Ty,x—yy>—c|lx—y|* forall xe Hand y € H (1.2)

instead of using the condition R(T) # 0. It is worth mentioning that the result of Karstatos
[25] is more general than that of Xiang [38] if 2 = 1. The author believes that the result
of Kartsatos [25] should have been cited by Xiang [38]. Existence results for single con-
tinuous quasimonotone expansive operator defined from a real separable Hilbert space into
itself can be found in the paper by Berkovits [7]. For results on Nirenberg-type problems in
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Banach lattices, the reader is referred to the paper by A. Duma and I. Duma [20].

In this paper, we give surjectivity results for the operator 7+ C, where T : X — X* is
demicontinuous, quasimonotone and a-expansive and C : X — X* is a compact operator
provided that T + C is weakly coercive satisfying one of the following conditions.

(1) a > 0 and there exists d > 0 such that
(Tx+Cx,x) > —d||x|| for all x € X;

It is not difficult to see that any monotone operator A : X 2 D(A) — X* with 0 € D(A)
satisfies (i). Indeed, we see that

(Ax, x) = (Ax = A(0), x) +(A(0), x) = —[|A(O)]]|| x|

for all x € D(A). Furthermore, Browder and Hess [14] used (i) as a sufficient con-
dition for regularity and surjectivity of maximal monotone perturbations of regular
generalized pseudomonotone operators. For definitions, properties and existence re-
sults involving pseudomonotone, generalized pseudomonotone and regular general-
ized pseudomonotone operators, the reader is referred to the paper of Browder and
Hess [14]. One can observe that (i) implies

(Tx+Cx,x) > —d||x]| > _d(w + l)
a B 2 2

> —d||x||>—d forall x€ X,

which implies that (i) is some what stronger than condition (ii) below. However, (ii)
does not give an ontoness result if @ > 0 and d > 0 are arbitrary as in (i). The shift
operator S : £>(N) — £*(N) given by

S(x1,x2,...,) = (0,x1,x2,...)

fails to be surjective eventhough it is continuous @—expansive mapping with o = 1
and satisfies
(Sx,x) > —||x|[* for all x = (x;) € (*(N).

The advantage of condition (i) is that, it provides surjectivity result for compact per-
turbations of any demicontinuous, quasimonotone and a-expansive mapping without
any restriction on the positive constant «. In addition, there are a number differential
operators which satisfies condition (ii) below (cf. Theorem 3.1 of this paper). There-
fore, the paper addresses, all relevant cases (i), (ii) and (iii).

(i) a > 1 and there exists d € (0, 1) such that

(Tx+ Cx,x) > —d||x|)? for all x € X;

(iii) a > 0 and there exists d € (0, @) such that

(Tx+Cx,x)> —d||x||2 for all x € X.
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We observe that (i) is stronger than (ii) provided that @ > 1 and d € (0, 1), and (1) is stronger
than (iii) if @ > 0 and d € (0, ). In a real Hilbert space H, for C = {0}, it can be easily seen
that condition (ii) is weaker than condition (1.1), which was used by Kartsatos [25], and
(iii) is weaker than (1.2), used by Xiang [38]. We like to mention here that the restrictions
on the expansive constant & and d > 0 in conditions (i), (ii) and (iii) are essential.

In Theorem 2.1, we have used condition (i) to give surjectivity result for the operator
T +C, where T : X — X* is demicontinuous, quasimonotone and a-expansive with @ > 0
arbitrary, and C : X — X™ is compact such that T + C is weakly coercive, i.e., ||T x+ Cx|| — oo
as ||x|| = co. It is not hard to see that weak coercivity condition is satisfied if C = {0}
and 7 is a-expansive. In particular, it is shown that the above inner product condition is
sufficient for surjectivity of a demicontinuous, quasimonotone and a-expansive mapping
with arbitrary @ > 0. To the best of the author’s knowledge, this result is new even for
C ={0}. Theorem 2.3 provides surjectivity result for weakly coercive operator T + C along
with conditions (i1) and (iii). Theorem 2.1 and Theorem 2.3 provide new surjectivity results
for compact perturbations of expansive mapping with suitable positive constants a and d.
Finally, a surjectivity result is given for operators of the type A/ + N+ A+C, where N: H —
H is Lipschitz quasimonotone, A : H 2 D(A) — 2 is maximal monotone and C : H — H
is compact under suitable inner product and norm conditions. In particular, existence of
solution u#, in D(A) of an eigenvalue problem of the type

Au+Nu+Au+Cu>0,ue D(A),

is given with positive constant A satisfying suitable condition. As a result, Theorem 2.5 is
applied to prove existence of generalized solution for nonlinear elliptic differential equation
in appropriate real Hilbert spaces.

In what follows, the following definitions are useful.

Definition 1.1. An operator T : X D D(T) — 2X" is said to be
(1) “monotone” if

W —=v*',x=y) >0 forevery (x,y) € D(T)XD(T), u* € Tx and v* € Ty.

(i1) “maximal monotone” if R(T + AJ) = X* for every A > 0, where J : X — 2X" is the
normalized duality mapping given by

Jx={x" e X* (", x) = |Ix|P = |11

This is equivalent to saying that 7" is maximal monotone if and only if 7' is monotone
and (u* —ug, x — xo) > 0 for every (x,u”) € G(T) imply xo € D(T) and u € T xo.

(iii) “coercive” if either D(T') is bounded or there exists a function i : [0, 00) — (—00, 00)
such that (1) — oo as t — oo and

", x) = Y(||IxIDllx|| for all x € D(T) and y* € T x.
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(iv) “ weakly coercive” if either D(T') is bounded or |Tx| — oo as ||x|| — oo, where

|T x| = inf{|v*|| : x € D(T),v" € Tx}.

Browder and Hess [14] introduced the following definitions of multivalued pseudomono-
tone and generalized pseudomonotone operators. The original definition of single valued
pseudomonotone operators is due to Brézis [10].

Definition 1.2. An operator 7 : X > D(T) — 2% is said to be
(a) “pseudomonotone” if the following conditions are satisfied.

(1) Forevery x € D(T), Tx is nonempty, closed, convex and bounded subset of X*.
(i1) T is finitely continuous, i.e., T is “weakly upper semicontinuous” on each finite-
dimensional subspace F of X, i.e., for every xo € D(T)N F and every weak
neighborhood V of Txy in X*, there exists a neighborhood U of xy in F such
that TU c V.
(iii) For every sequence {x,} € D(T) and every sequence {y,} with y; € Tx, such that
X, — x9 € D(T) and
limsup (y;,, x, — xp) <0,

n—oo

we have that for every x € D(T'), there exists y*(x) € T xg such that
& (x), x0 — x) < liminf(y,, x, — x).
n—oo

In particular, replacing x¢ in place of x in the above inequality, pseudomono-
tonicity of 7 implies
liminf(y;, x, — xo) > 0.
n—oo

(b) “generalized pseudomonotone” if for every sequence {x,} C D(T') and every sequence
{y,} with y;; € Tx,, such that x, — xo € D(T), y,, — y; in X* and

limsup (y;,, x, — x0) < 0,

n—o00
we have y; € T'xp and (y;,, x,) — (¥, X0) as n — oo.

(c) “quasimonotone” if (i) and (ii) of (a) hold and for any sequence {x,} in D(T) such
that x,, — xp in X as n — oo and every sequence {w}} with w}, € S x,,, we have

limsup{w;,, x, — xp) > 0.

n—oo

(d) “of type (S+)” if (i) and (ii) of (a) hold and for any sequence {x,} in D(T") such that
X, = xo in X as n — oo and every w; € S x,, with

limsup{w;, x, — xp) <0,

n—oo

we have x, — xo € D(T') and there exists a subsequence denoted again by {w;} such
that wy, — w; € Txp as n — oo.
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Since X and X* are locally uniformly convex, it is well-known that J is single valued,
bounded, bicontinuous, coercive, maximal monotone and of type (S ;). Furthermore, it is
well-known that the class of quasimonotone operators includes the class of pseudomono-
tone operators. For basic and further properties of monotone, pseudomonotone and gener-
alized pseudomonotone operators, the reader is referred to the books due to Barbu [4, 5],
Zeidler [39] and the references therein.

The following basic Lemma is due to Browder and Hess [14, Proposition 15, p. 289].

Lemma 1.3. Let K be a compact convex subset of X and T : K — 2X" an operator such that
for every x € K, Tx is a nonempty, closed, convex and bounded subset of X*. Assume that
T is upper semicontinuous with X* being given its weak topology. Let f* € X*. Then there
exist elements xo € K and y,, € T xo such that

<)’8—f*,x—xo> <Oforall xe K.

For every f* € X*, —T is upper semicontinuous. Thus, Lemma 1.3 implies that there
exist x;, € K and vy € —T'xg (i.e., v = —w,, for some w; € T'xp) such that

(=wy=(=f"),x=x0) <Oforall xe K,

ie., (wy—f",x—x0) >0 forall xe K.

The following lemma can be found in Browder [12, Proposition 7.2, p. 81].

Lemma 1.4. Let X be a reflexive Banach space, A be a nonempty bounded subset of X and
Xo € AV, where AV is the weak closure of A in X. Then there exists a sequence {x,} in A such
that x, — xo in X as n — 0.

Brézis, Crandall and Pazy [9] gave the following important result for maximal mono-
tone operators from a reflexive Banach space X into its dual space X*.

Lemma 1.5. Let B be a maximal monotone set in X* X X. If (u,,,u,) € B for all positive
integer n such that u, — u and u;, — u* as n — oo and either

limsup {u; — ), up — ) <0
n,m—>00

or
limsup (u,, —u*,u, —u) <0,

n—oo

then (u*,u) € B and (u),u,) — (u*,u) as n — co.

2 Main Results

This section addresses the main contributions of the work. Theorem 2.1 gives a new surjec-
tivity result for compact perturbations of demicontinuous, quasimonotone and a-expansive
mappings. For C = {0}, this result provides a partial positive answer for Nirenberg’s prob-
lem [34]. The importance of Theorem 2.1 over the results of Kartsatos [25] and Xiang [38]
is that, it gives an ontoness result for any demicontinuous, quasimonotone and a-expansive
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mapping with arbitrary @ > 0 while the result of Kartsatos is for @ = 1 and d € (0, 1) satisfy-
ing (1.1) and result of Xiang [38] is for @ > 0 and ¢ € (0, %ia) satisfying (1.2). Furthermore,
the results due to Kartsatos [25] and Xiang [38] are for single continuous expansive map-
ping defined from a real Hilbert space H into itself. However, the results in this paper are
for compact perturbations of demicontinuous, quasimonotone and a-expansive mapping
defined from a real reflexive Banach space into its dual space X*.

Theorem 2.1. Let T : X — X* be a demicontinuous, quasimonotone and a-expansive map-
ping with a > 0 and C : X — X* be a compact operator. Assume, further, that T + C is
weakly coercive and there exists d > 0 such that

(Tx+Cx,x) > —d||x|| for all x € X.

Then T + C is surjective.

Proof. Let € >0 and A be the collection of all finite dimensional subspaces of X. For each
F €A, let jr: F — X be the inclusion mapping and j}, : X* — F be the dual projection onto
F. For each fixed £ > 0 and each y* € X*, we see that

el
[l

for all x € X\{0}. As a result, there exists R, = R(g) > 0 such that

(Tx+Cx+eJx—y",x)> IIX||2(8

(Tx+Cx+eJx—y",x)>0 2.1

for all x € 9Bg,(0). Let K, = ERE (0) and K7, = K. N F. Since K, is bounded, K7 is a compact
subset of F. The continuity of 7" implies that j.(T + C +&l) jp : F — F is continuous. Since
JpYy* € F for any y* € X*, using Lemma 1.3, there exists xr € K7, such that

(Jp(Txp+Cxp+eJxp—y*),x—xp) >0
for all x € K7, which is equivalent to say that
(Txp+Cxp+eJxp—y ,x—xp)=0

for all x € Kj;. Since K is closed, convex and bounded, the family {xf}rep is uniformly
bounded and K is weakly compact subset of X. For each F' € A, we define

Vi = U {xp},
F’eA, FCF’

where xpr € K7, satisfies

(Txp +Cxpr+eJxp —y",x—xp) 2 0forall xe K.

We observe that, for every F, Vi is a weakly closed subset of the weakly compact
subset K and the family {VFW} satisfies the finite intersection property. Therefore, we have

V::ﬂV_pwi(b.

FeA
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Let xg € V C K, and x € K. Choose a finite dimensional subspace F containing x and xg.
By using Lemma 1.4, we choose a sequence {x;;} in Vg, such that x; — x{ as n — co. By
the definition of V,, for each n, we choose F, such that Fy C F,, and x;, € K;ﬂ for all n.
Moreover, using the definition of x?, we have

(Tx; +Cx;+edx,,y—x,)y >y, y—x5) 2.2)
forall y e Kﬁo and n. Since x{j € Kls%’ it follows that
(Tx; +Cx; +eJxp, x5 — X)) = V", x5 — X5,)
for all n. Since C is compact (i.e., quasimonotone) and 7 is quasimonotone, it follows that
li}{lj{gf(Txﬁ,xﬁ —-xg)=0and ligr_l}iorolf(Cxﬁ,xz —-x5) = 0.

Consequently, we obtain that

glimsup(Jx;, x; — x5) < lim sup( —(TxZ+Cx;—y",x, — xg))

n—oo n—oo
— s s & E * & &
= —hglolgﬂTxn +Cx, =y, x, — Xg)
< —liminf(T'x; —y*, x;, — x) — liminf (Cx;,, x;, — x())
n—0oo n—o00
<0

Since J is of type (S ), we conclude that x7 — xg as n — oo, Since J and C are continuous,

and T is demicontinuous, we get Jx; — Jxg, Cx; — Cxg and Tx; — Txj as n — oo. Letting

n — oo in (2.2), we arrive at
(Tx§+Cx§+eJxy,y—x5) > ',y —x5)
for all y € K7, . Since x € K7, , we conclude that
(Txy+Cxg+eJxg, x—x5) =y, x—Xx().
Since x € K, is arbitrary, it follows that
(Txy+Cxg+eJxg, x—x5) =y, x—xp) for all x € K. (2.3)
By definition of the subdifferential dIk, of the indicator function on Ky, it follows that
¥ = (Txg+ Cxgy +eJxp) € 0l (x5)
i.e., there exists u; € dlk,(x{) such that
uy+Tx5+Cxg+elxg=y".

Since 0 € K, using 0 in place of x in (2.3) , the definition of dlk, yields (u, x;) > 0, which
implies that
(Tx§+Cxg+eJxg—y*,x5) <0.
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If x§ € 0K, from (2.1), we obtain that

0 >(Txj+Cx; +£ng—y*,xg) >0,

i.e., 0 <0. However, this is absurd. Therefore, we conclude that xj € Io( & Since 0lk, (x) = {0}
for all x € IO( <, we conclude that u(*) = 0. As a result, the equation
T xg+Cxj+eJxg=y" holds.
Thus, for each sequence {g,} such that &, | 0" as n — oo, setting y, := x5, we see that
Ty, +Cy,+enJy, =y* forall n. 2.4)

Next we show that {y,} is bounded. Suppose not, i.e., there exists a subsequence, denoted
again by {y,}, such that ||y,|| — oo as n — co. The hypothesis of the theorem implies that

Enllyall® = =(Tyn+ Cyn =", yn)
< (d+|ly*IDllyxll for all n,

i.e., dividing this inequality by ||y,|| for all large n, we arrive at &,||y,|| < d+|[y*|| for all large
n. As a result, we obtain

1Ty + Cyall < &nllynll + 11yl
< d+2||y*|| for all large n

Since ||T'y, + Cy,|| — co whenever ||y, || = oo, we arrive at co < d+2||y*||, which is impossible.
Therefore, {y,} is bounded. Using the compactness of C, we assume that Cy, — y, as
n — oo, which implies that Ty, — y* -y as n — oo. For all positive integers n and m, the
a-expansiveness of 7" implies

allyn = Ymll Ty —=Tyml| — 0

asn,m— oo, 1.e., [y, —ymll = 0as n,m — oo, i.e., y, = yg € X as n — co. The demicontinuity
of T and continuity of C imply that Ty, — Tyg and Cy, — Cyg as n — oo. Finally, letting
n — oo in (2.4), we obtain that

Tyo+Cyo=y".

Since y* € X* is arbitrary, the surjectivity of T + C follows. The proof is complete. O
The following corollary is immediate consequence of Theorem 2.1.

Corollary 2.2. Let T : X — X* be a demicontinuous, quasimonotone and a-expansive map-
ping with a > 0. Assume, further, that there exists d > 0 such that

(Tx,x) > —d||x|| for all x € X.

Then T is surjective.

Proof. The proof follows by setting C = {0} in Theorem 2.1 because ||T x|| — oo as ||x|| — oo
as a consequence of expansiveness of 7. O
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The author would like to mention here that Corollary 2.2 gives a partial positive answer
for Nirenberg’s problem for arbitrary demicontinuous, quasimonotone and a-expansive
mapping under the given inner product condition in any reflexive Banach space X.

In Theorem 2.3 below, we give a new result for compact perturbations of demicontin-
uous, quasimonotone and a-expansive mapping 7 : X — X* under a more general inner
product condition, which is weaker than the condition used by Kartsatos [25] and Xiang
[38].

Theorem 2.3. Let T : X — X* be a demicontinuous, quasimonotone and a-expansive map-
ping and C : X — X* be a compact operator. Assume, further, that

(1) (@) a > 1 and there exists d € (0,1) or (b) @ > 0 and there exists d € (0, @) such that

(Tx+Cx,xy>—d||x||* forall x € X; (2.5)

(ii) there exists u > 0 such that ||Tx + Cx|| > a||x|| — u for all x € X.
Then T + C is surjective.

Proof. Suppose (i) (a) (i.e., @ > 1 and d € (0,1)) and (ii) hold. Let & > 0 and Jx = ||x||Jx,
x € X, where J : X — X* is the normalized duality mapping. Then J is continuous from X
into X*. Indeed, if for any sequence {x,} in X such that x,, — xp as n — oo, it follows that
[Ix,]l = [lxol| as n — oo. By the continuity of J, we obtain that

19 = T xoll = Mllxalld % = l1xoll xoll
= (11l = llxolD T xp + |l x0l| (T x = S x0)I

< llxalllllxall = llxolll + llxolll[J 2, — J X0l| = O as n — co.

Thus, the operator T + C + &J is demicontinuous from X into X*. Furthermore, using J and
(2.5), we see that

(Tx+Cx+eJx,x) = (Tx+Cx +&l|x]|J x, x)

3 2
2> &l|x][” —d]|x||

d
= ||x||3(8 - H) for all x € X\{0}.

Thus, there exists R, = R(e) > 0 such that

(Tx+Cx+eJx,x)>0

for all x € 0Bg,_(0). For each y* € X*, using the finite dimensional argument used in the
proof of Theorem 2.1, we conclude that there exists a sequence {x7} in X such that x; — xg
as n — oo and

(T, + Oy 2l xG = ) 2 0, 5 = 27) for all n. (2:0)
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Since T and C are quasimonotone and x;; — x; as n — oo, we see that

liminf(T'x, + Cx;, x;, — x5) > liminf (T x;,, x;; — x5) + liminf (Cx;,, x;, — X())
n—00 n—00

n—oo

>0
As a result, using this inequality along with (2.6), we obtain that

limsup||x;[[{J x5, x5 — x() < 0.

n—oo

If x§ = 0, then we have

limsup ||x¢[(J x5, x5y = limsup ||x5|* <0,

n—oo n—oo

x; — 0 as n — co. Assume xgo # 0, i.e., there exists a subsequence, denoted again by {x_},
such that |[x?|| > Q for all n and some Q > 0. Assume without loss of generality that ||x7|| —
ag >0 as n — co. This implies that

1
limsup (Jx;, x;, — x() = limsup ——

XN x50, X0 — Xo)

1
= — limsup (x|, 5 - x5)

E n—-oo

<0

Since J is of type (S+), we conclude that x;; — x{j as n — 0. Since T is demicontinuous
and, J and C are continuous, it follows that T'x;; — Txj, Jx; — Jx and Cx;; — Cx{ as
n — oo, respectively. In addition, we get (T'x;, x;) — (T'xg, x3), (Jxp, x5y — (Jxg, x;) and
(Cxp, x5,) — (Cx, x() as n — o0, i.e., it follows that

(Tx5+ Cx5+ Tx8,x5) = (TxG + Cx§+ Jx§, x5) as n — oo.

Following the arguments used in the proof of Theorem 2.1, using K, = B,(0), for each
y* € X* and € > 0, we arrive at

Tx5+Cxs+eJxG =y
Then for each g, | 0% as n — oo, there exists y, := xg” in X such that

Tyn+Cyn+&ullyally, = y* for all n, where y, := x{". 2.7)

Next we show that {y,} is bounded. To this end, we assume, there exists a subsequence,
denoted again by {y,}, such that ||y,|| = oo as n — co. Thus, using the inner product condition
in the hypothesis of the theorem together with (2.7), we arrive at

Enlynll? = =(Typ + Cynya) + (& v
< d|lyall? + Iy lly.ll for all a.
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Dividing both sides of this inequality by ||y,|| for all large n yields

Iyl
lyall”

Enllynll < d +

i.e., limsup,,_, €nllyall < d < 1. Furthermore, condition (ii) together with (2.7) imply

—p+ allyall < ITyp + Cynll

< &nllyall® + lly*|| for all n.

Dividing this inequality by ||y,|| for all large n, we arrive at

1 < o < limsup (&,llyall + M) <d<1,

n—co l[ynll

which is impossible. Therefore, the sequence {y,} is bounded. Since C is compact, there
exists a subsequence, denoted again by {y,}, such that Cy, — hj as n — co. As aresult from
(2.7), we obtain that

Ty, —y" —hyasn— co.

Since T is a-expansive, it follows that
allyn = ymll <WTyn = Tymll — 0 as n,m — oo,

i.e., {y,} is a Cauchy sequence in X. This gives y, — yg in X as n — oo. Since T is demi-
continuous and C is continuous, we conclude that 7'y, — Tyy and Cy, — Cyg as n — oo,
Finally, letting n — oo in (2.7), we arrive at

Tyo+Cyo=y".

Since y* € X* is arbitrary, we conclude that 7 + C is surjective. The proof of the theorem
using conditions (i) (b) and (ii) follows a similar argument. The details are omitted here. O

The following corollary is a consequence of Theorem 2.3.

Corollary 24. Let T : X — X* be a demicontinuous, quasimonotone and a-expansive
mapping such that (i) of Theorem 2.3 holds with positive constants « and d satisfying
(Tx,x) > —d||x||* forall x € X. Then T is surjective.

Proof. We notice that condition (ii) of Theorem 2.3 is not required because of the expan-
siveness of 7. Indeed, for some fixed uy € X, by the hypothesis that T is @-expansive, we
see that
ITx| = IT'x = Tuo + Tuol|

> ||ITx = Tugll =T uol|

> allx = uol| = [ Tuol| (2.8)

> allxl| = (alluoll + [ Tuoll)

= al|x|| — i, where u = allug|| + || T uo|| for all x € X,

i.e., condition (ii) of Theorem 2.3 is satisfied. Thus, the proof follows by setting C = 0 in
Theorem 2.3. O
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Corollary 2.4 gives a positive answer for Nirenberg’s problem under the given inner
product condition. The stronger inner product conditions used by Kartsatos [25] and Xiang
[38] are weakened for demicontinuous, quasimonotone and a-expansive mappings defined
from a reflexive Banach space X into its dual space X*.

If X = H, a real Hilbert space, the following theorem gives surjectivity result for op-
erators of the type A+ N +A +C, where N : H — H is Lipschitz quasimonotone, A : H 2
D(H) — 2" is maximal monotone and C : H — H is compact, possibly multivalued and
A >0 is a positive constant. For f = 0, Theorem 2.5 gives solvability of an eigenvalue
problem

Au+ Nu+Au+Cu>0in D(A)

for an appropriate eigenvalue A > 0.

Theorem 2.5. Let A : H D D(A) — 2% be maximal monotone with 0 € A(0), N : H — H be
Lipschitiz quasimonotone with Lipschitz constant € > 0. Let C : H — H be compact such
that there exists k > 0 satisfying ||Cx|| < k||x|| for all x € H. Assume, further, that there exists
d > 0 such that

(Nx+Cx,x)> —J||x||2for all xe H. (2.9)
If0 < 7 <d, where T* = max{{ +k, ‘ZT”J}, then for any A € (*,d), the operator AI+ N +A+C
is surjective.

Proof. For each € > 0, let A; be the Yosida approximant of A. It is well-known that A, :
H — H is bounded, continuous and monotone. Since 0 € A(0), it follows that A;(0) = O for
all & > 0. For each A € (7*,d), the monotonicity of A, implies that

(Ax=y) + Agx = Agy,x—y) = Allx = yI
for all x, yin H, i.e.,
I(Ax +Agx) = (Ay + Ayl > Allx -y

forall xe Handy € H, i.e., Al + A; is continuous, monotone and A-expansive. On the other
hand,

[[(Ax+Acx+Nx)— (Ay+ Ay + Ny)|| = [|(Ax+Acx) — (Ay +Ay)||
—[[Nx— Nyl
Z (A=0)llx—yll
for all x e H and y € H. Since A > { +k, it follows that, for each & > 0, the operator A/ +

N + A, is continuous, quasimonotone and @-expansive with @ = A —¢€ > 0. The inner product
condition on N + C implies

(Ax+ Nx+Agx+Cx,x) > A|x||> = dl|x||?
= —(d - A)||x||* for all x € H.

We observe that d — 1 > 0 because A < d. Furthermore, we have
[[Ax+ Nx+Agx+ Cx|| = ||[Ax+ Agx+ Nx|| - ||Cx]|
> (A=0)llxll = ICx|
> (A—(C+k))||x|| for all x € H.
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Since A > ‘ZT”), ie,0<d—A<A-¢ using AI+ N +A, in place of T, 1 — ¢ in place of a and
d-2in place of d and using conditions (i) (b) and (ii) of Theorem 2.3, we conclude that,
for each A as in the hypothesis and & > 0, the operator A/ + A. + N + C is surjective, i.e., for

each f € H and g, | 0%, there exists x,, € H such that
AxXp+ Nxp+ A, x, +Cx, = f (2.10)
for all n. Using (2.10), we get that
(A= (C+R)Ixnll < 1A% + Noxy + Ag, X0 + Cxll < Il
for all n, which implies the boundedness of {x,}. Since N is Lipschitz mapping, we see that
INx,|| < [N, — NOI[ +[INOJ| < £l x|l + [INOJ]

for all n, which implies the boundedness of {Nx,}. Since C is compact, there exists a
subsequence, denoted again by {x,}, such that Cx, — yg as n — co. Thus the sequence
{Ag,x,} is bounded. Let v, = A, x, for all n. Assume by passing into subsequences that
Xp — xo and v, — v; as n — co. Let J;, be the Yosida resolvent of A. Using the properties
of the Yosida approximant and resolvent of A, it is well-known that J,, x, € D(A), A, x, €
A(Jg,x,) and Jg, x, = X, — €4Ag, X for all n. By (2.10), we have

limsup(Ag, Xu, X, — Xo) < lim sup( —{Axy, +Nx, + Cxppy X — xo>)

n—oo n—oo

= —liminf {Ax, + Nx, + Cx,, x, — Xo)

n—oo

< —liminf {(Ax,, x,, — xg) — liminf (N x;,, x,, — x¢)
n—00

n—o00
—liminf {Cx,, x,, — xo).

n—oo

Since N is quasimonotone and C is compact, we have
liminf(Nx,, x, — x9) > 0 andliminf (Cx,, x, — x¢) > 0.
n—oo n—oo

As aresult, we get
lim sup <Ag,lxn, Xn — x0> <0.

n—oo

Moreover, it follows that

limsup(Ag, xn, Je, Xn — X0) = Hmsup(Ag, x, (Jg, Xn — X)) + (X5 — X0))

n—-o0o n—o00

< limsup(—¢&yllAs, xn||2) +limsup{Ag, Xn, Xn — X0)

n—oo n—oo

<0.

Consequently, using the maximal monotonicity of A along with Lemma 1.5, we conclude
that xo € D(A) and vj; € Axp and (Ag, Xy, X;) — (v, Xo) as n — oo. Thus, using the quasi-
monotonicity of N and C, we obtain that

limsup (x,,, x, — x0) <0,

n—oo
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which implies
lim sup [[x,[| < [lxoll.

n—oo

As a result, the uniform convexity of H implies x, — xp as n — oo, which again gives
Nx, = Nxg and Cx, — Cxp as n — oo. Finally, letting n — oo in (2.10), we conclude that

Axp+Nxo+Cxg +V8 = f
Thus, for every f € H, the inclusion problem
Au+Nu+Cu+Au> f, ue D(A)

is solvable, i.e., for each A as in the hypothesis, R(1/+ N+ C+A) = H. The proof is complete.
O

For more references on surjectivity of perturbations of multivalued maximal mono-
tone operators under a certain type of coercivity assumptions, we advise the reader to refer
Browder and Hess [14], Brézis [10], Brézis and Nirenberg [11], Kenmochi [26, 27, 28],
Le [30], Guan, Kartsatos and Skrypnik [22], Guan and Kartsatos [23] and the references
therein. Recent results on topological degree and variational inequality theories for multi-
valued pseudomonotone perturbations of maximal monotone operators can be found in the
papers due to Asfaw and Kartsatos [1, 2, 3] and the references therein. Various examples
of single valued and/or multivalued operators of pseudomonotone type can be found in the
paper by Kenmochi [28], Carl, Le and Motreanu [16], Carl [17] and Carl and Motreanu
[18].

3 Application to elliptic equations
Let Q be a nonempty, bounded and open subset of RV with smooth boundary. Let g :
QxR — R be Caratheodory function, i.e., for each fixed u € R, the function x — g(x,u) is

measurable and for almost every x € Q, the function u — g(x,u) is continuous. Assume,
further, that

(C1) there exists k; > 0 such that

lg(x, )| < kq|s| for all s € R and almost all x € Q;

(C2) there exists 7 > 0 such that

g(x,s)s > —7|s|* for all s € R and almost all x € Q.

(C 3) there exist a continuous monotone function S : RY — R¥ and C; > 0 such that

IB(M| < Ci(1+]r]) for all re RV,
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LetH = H(l)(Q). Define the mapping C : H — H by

(Cu,p) := fg(x, u(x))p(x)dx, ue H,¢ € H. 3.1
o)

Using the compact embedding of H& (Q) into L2(Q), it follows that C is a compact operator.
For examples of single valued as well as multivalued differential operators, the reader is
referred to the paper of Browder [15], Hu and Papageorgiou [24], Berkovits [6], Kobayash
and Otani [29], Fitzpatrick and Petryshyn [21] and the references therein.

Suppose that, for each i = 0,1,2,...,N, the function a; : QX R X RN — R satisfies the
following conditions.

(A1) aj(x, s, &) satisfies the Carathéodory conditions, i.e., for each (x,&) € Rx RY the func-
tion x — a;(x, s,&) is measurable and for almost all x € Q, the function (s,¢) —
a;i(x, s,€) is continuous. Foreachi=0,1,2,..., N, there exist constants ¢; > 0 such that

lai(x,n,8) — ai(x,n’,.E < ci(ln—n' +1€ = €'

a.e. for x € Q, and for all (1,&) and (17’,¢’) in RxRY, where |¢ —&'| denotes the norm
of £-¢ inRV.

(A2) The functions a; (i =0,1,2,3,.,.,.,N) satisfy a monotonicity condition with respect
to £ in the form

N
D (@i, 5,6~ ai(x,5,ENE-¢) > 0
i=1
fora.e. x € Q, and all (s5,&) e RxRV.

(A3) There exist v >0, u > 0 such that

N
D aitx, 5,)& > —v(igl +|sP) and ag(x, 5,£)s > (i + IsP)
i=1

fora.e. x€ Qand all (s5,&) e RxRY.

We consider a second-order elliptic differential operator of the form
N
0
Bu(x) = - Z —a;(x,u, Vu(x)) + ap(x,u(x), Vu(x)), x € Q, u € H,
= i

where Vu = (667”1, wes :TL:\/)‘ The operator B generates an operator N : H — H given by

N
(Nu, ) = f (Z a;(x,u, Vu)é?_go +ap(x, u(x), Vu(x))go(x))dx 3.2)
: Ox;

Q i=1
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for all u € H and ¢ € H. It is well known that under conditions (A1) and (A2) the operator
N is pseudomonotone. For further details and more examples , the reader is referred to
the recent paper by Mustonen [33] and the paper and handbook of Kenmochi [27, 28].
We demonstrate the applicability of the theory for existence of weak solution of an elliptic
differential equation given by

N
ol . _ .
{ - 2 a0, Vu(o) + Galou(0) = f() - in©Q 33)

ux)=0 x € 0Q,

where f € L*(Q), Gi(x,u) = —div(B(Vu(x))) + Au(x) + ao(x, u(x), Vu(x)) + g(x,u(x)) and 8
satisfies condition (C3).

It is well-known that the divergence operator —div(8(Vu(x))) generates a continuous
maximal monotone operator A : H — H given by

(Au,p) = fﬁ(Vu(x))Vgo(x)dx, uecHpeH. (3.4)
Q

For further details and more examples, the reader is referred to Barbu [4, 5], Kenmoch
[27, 28], Browder [13, 12, 15], Zeidler [39] and the references therein. Existence of weak
solution for (3.3) is to mean finding u € H such that

z 0
f (Gaxu(x) = Pp(x)dx+ ) f ai(xu(x), Vu(x) =—p(x)dx =0 (3.5)
Q =1 YQ Xi

forall p € H.

The following theorem demonstrates the applicability of the results to nonlinear elliptic
boundary value problems of the type (3.3).

Theorem 3.1. Let Q be a nonempty, bounded and open subset of RN with smooth bound-
ary. Let g : QXR — R be Carathéodory function satisfying conditions (C1) and (C2). As-
sume, further, that (C3) holds and the functions a; : Q X RxRN - R (i=0,1,2,3,...,N) are
Carathéodory functions satisfying conditions (A1) through (A3). Then for each f € L*(Q),
equation (3.3) admits a weak solution in Hj(€Q).

Proof. We consider the Hilbert space H = Hé(Q), which is a closed subspace of the Sobolev
space H'(Q), where H'(Q) = {u € L*(Q) : 2 € L*(Q) for all i = 1,2,...,N}, 2“ is the distri-
butional derivative of u. The norm of u € H is given by

N
ou
el = Nz + | 2=
10

Let C, N and A be as defined in (3.1), (3.2) and (3.4), respectively. It is well-known that
A : H — H is maximal monotone (cf. Barbu [4, 5]). The operator C : H — H is compact(cf.
Fitzpatrick and Petryshyn [21]). Furthermore, in the recent paper of Mustonnen [33], it is

L2
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shown that N : H — H is bounded, continuous, nonmonotone and pseudomonotone, i.e.,
continuous quasimonotone. For all u € H and ¢ € H, using Hélder’s inequality, we see that

ICull = sup [(Cu,p)|
llgll=1

= sup | fg ey u(x)@(x)dx

llell=1

< sup fg |k1u(x)llp(x)ldx

llell=1

< sup (killull2@llell2 @)
llll=1

< sup kylullllell = killull,
lel=1

i.e., ||Cul| < ki||u|| for all u € H. Next we show that the inner product condition in Theorem
2.5 is satisfied. To this end, by conditions (A3) and (C2), we obtain that

ou(x)
ox i

N
(Nu+Cu,u):Zfai(x,u(x),Vu(x)) dx+fao(x,u(x),Vu(x))u(x)dx
i=1 Vo Q

+ f g(x,u(x))u(x)dx
Q
> —(v+p) f (uf +|VuP)dx—1 f |u|>dx
Q Q

> —(V+T+u) f (Jul® + |Vul?)dx
Q

> —d||u||? for all u € H,

where d = v+u+7, i.e., (Nu+ Cu,uy > —d|\u||* for all u € H. Finally, we show that N is
Lipschitz continuous. To this end, for all u € H, v € H and ¢ € H, we get the estimate

N
V N 0
KNu=Nv,¢)l < f D M, u(x), Vu(x) - ai(x, v<x>,vv<x)>||_§(x) dx
Q5 Xi
+ fg lao(x, u(x), Vu(x)) — ap(x, v(x), Vv(x))llp(x)ld x
< EN: c.f [|M(X) —v(x)|+|Vu(x)— VV(X)|]|M|dx
- i=1 l Q Ox,-
+ fg [ 1) = V(@) + V() = Vo)l |l ()l
N
- Zci(f |u(x) —V(X)I|M’dx+f |Vu(x)—VV(x)||de)
i=1 Q dx; Q 0x;

+ fg () — vl (Oldx + fQ V() - V(e (0.
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Next employing Hélder’s and Minkowski’s inequalities, and the definition of |lu — v|| and
llpll in H, we obtain

o f (Vi) - (Vv)(x)l\ﬂdx ch f ( Dl i ‘)
J

,]:

N N
; a gb—x,—a—x,naxj

]d

op 2 \2
( INE: dx) ]
S Se ol |oe
_;Cl ;L?xj' 6xj| LZ(Q) axi LQ(Q)
N N
ZC’ ||8x, LZ(Q)”ax, L2(Q)

IA
~. I
&Mz -

ﬁ
\_/

T

=

5

forall u € H,v € H and ¢ € H. Similarly, by analogous argument, we obtain

X f () - v<x>||—|dx<( =l
=1

and
fQ (Iu(X) = V()| +[Vu(x) - VV(x)I)IsO(x)Idx < 2w —vllllell

for all u € H, v € H and ¢ € H. Consequently, combining these estimates, we arrive at

N

{KNu—Nv,p)| < 2(1 + Zci)llu—VH”‘PH

i=1
forall u € H,v € H and ¢ in H, which implies
INu—Nv|| = sup [(Nu—Nv,)| < €llu—|

llell=1

N -
for all u € H and v € H, where { = 2(1 + 2 c,-). This shows that N is Lipschiz continuous
i=1

~ N g .
and pseudomonotone. For all such d > 0 and £ > 0 such that } ¢; < d_lz‘_z, d satisfies the
i=1
hypothesis of Theorem 2.5. Thus, for all A € (t*,d), (3.5) is solvable in Hé(Q), where

7" = max{{ +k, %}. The proof is complete. O



New Developments on Nirenberg’s Problem for Compact Perturbations 73

We like to mention here that the conclusions of Theorem 2.1 through Theorem 2.5 hold
if the compact operator C is multivalued. The argument of the proof follows similarly and
the details are omitted. Examples on multivalued compact operators and applications on
elliptic as well as parabolic equations can be found, for example, in the paper by Hu and
Papageorgiou [24], Berkovits and Tienari [8], Mustonen [33], and the references therein.
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