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Abstract

Linear and nonlinear degenerate abstract parabolic equations with variable coefficients
are studied. Here the equations and boundary conditions are degenerated on all bound-
ary and contain some parameters. The linear problem is considered on the moving
domain. The separability properties of elliptic and parabolic problems and Strichartz
type estimates in mixed L,, spaces are obtained. Moreover, the existence and unique-
ness of optimal regular solution of mixed problem for nonlinear parabolic equation
is established. Note that, these problems arise in fluid mechanics and environmental
engineering.

AMS Subject Classification: 35xx, 47Fxx, 47Hxx, 35Pxx;

Keywords: differential-operator equations, degenerate PDE, semigroups of operators, non-
linear problems, separabile differential operators, positive operators in Banach spaces.

1 Introduction

In this work, the boundary value problems (BVPs) for parameter dependent degenerate
differential-operator equations (DOEs) are considered. Namely, equations and boundary
conditions contain small parameters. These problems have numerous applications in PDE,
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pseudo DE, mechanics and environmental engineering. The BVP for DOEs have been stud-
ied extensively by many researchers (see e.g. [1-23] and the references therein). A com-
prehensive introduction to the DOEs and historical references may be found in [1-6]. The
maximal regularity properties for DOEs have been studied e.g. in [2, 8-9,16-22, 25]. DOEs
in Banach space valued function class are investigated e.g. in [2, 4, 9,15, 20-23, 24, 29].
Nonlinear DOEs studied e.g. in [1,16, 20, 21]. The Fredholm property of BVP for elliptic
equations are studied e.g. in [1, 10, 24 ].

The main objective of the present paper is to discuses the initial and BVP for the fol-
lowing nonlinear degenerate parabolic equation

(;—+Zak(xk)%+B((tqu[l] ))u—F(tqu[l] ) (0.1)

where a; are complex valued functions, B and F are nonlinear operators in a Banach space
E and

oWy o'y llly
(e

, , X=(x1,X%2,..., X)) €G = 0,b1),
ox;  0xp 0xy, X = (X120 Xn) € l_l( )

k=1

oy
i
k

First, we consider the BVP for the degenerate elliptic DOE with small parameters

a l
Dm“ = ”g) = [lek (b — x1)™* —] u(x), 0 <ap,an <1
Oxy,

n 21y oy
Zskak(xk)—+A(x)u+/lu+Z Ak(x)——f( ), 0.2)
k=1 Xk k=1

where gy are complex-valued functions, g are small parameters, A (x) and A (x) are linear

operators, A is a complex parameter.

< ¢, 0 < ¢ < & and sufficiently large

, proolem . as a unique solution u € ) , and the following coercive
1], problem (0.2) h ique soluti W (G5 E(A),E) and the following i
uniform estimate holds

ZZ”'I_E%

k=1 i=0

+lAull,G:e) < ClifllL,G:6) -

0x; Ly(G:E)

Especially, it is shown that the corresponding differential operator is positive and also is a
generator of an analytic semigroup. Then by using this result, we prove the well-posedeness
of initial and BVP and uniform Lp—Strichartz type estimate for the following degenerate
abstract parabolic equation with parameters

ou < ol2!
T4 e () S + AW = f(01), 1€ (0.T), x€G. (0.3)
or Ax;

Finally, via maximal regularity properties of (0.3) and contraction mapping argument we
derive the existence and uniqueness of solution of the problem (0.1).

Note that, the equation and boundary conditions are degenerated on all edges of bound-
ary G. Moreover, it happened with the different rate at different boundary edges, in general.
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In application, the system of degenerate nonlinear parabolic equations is presented.
Particularly, we consider the system that serves as a model of systems used to describe
photochemical generation and atmospheric dispersion of ozone and other pollutants. The
model of the process is given by initial and BVP for the atmospheric reaction-advection-
diffusion system having the form

3
Z akl<xk> +bkl(x> (u o) deuk+f<u>+g,, (0.4)
k=

=1

where
x€ Gz ={x=(x1,x2,x3), 0 <xp <by,},

ui=ui(x,0), i, k=1,2,3, u=u(x,t) = (ur,uz,u3), t€ (0,7)

and the state variables u; represent concentration densities of the chemical species involved
in the photochemical reaction. The relevant chemistry of the chemical species involved in
the photochemical reaction and appears in the nonlinear functions f; (x), with the terms g;,
representing elevated point sources, ay; (x),by; (x) are real-valued functions. The advection
terms w = w(x) = (w1 (x), w2 (x),ws (x)), describe transport from the velocity vector field
of atmospheric currents or wind. In this direction the work [25] and references there can be
mentioned. The existence and uniqueness of solution of the problem (0.4) is established by
the theoretic-operator method, i.e., this problem reduced to degenerate differential-operator
equation.

Modern analysis methods, particularly abstract harmonic analysis, the operator the-
ory, interpolation of Banach Spaces, semigroups of linear operators, microlocal analysis,
embedding and trace theorems in vector-valued Sobolev-Lions spaces are the main tools
implemented to carry out the analysis.

2 Notations, definitions and background

Let vy = y(x) be a positive measurable function on 2 ¢ R" and E be a Banach space. Let
L,, (£; E) denote the space of strongly measurable E-valued functions defined on Q with
the norm

11z, = AL, o = ( f IF QoL y(x)dx) I<p<c.

Letp =(p1,p2,..,Pn)- Lpy (G E), G = H (0, by) will denote the space of all E-valued p-

k=
summable functions with mixed norm, i.e., the space of all measurable functions f defined
on G equipped with norm
_pn_ P

)3 i Pn-1
by by by r1

”f”Lp(G;E) = f . f f”f(X)le dxi| dxp| .. v(x)dx,
0
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For y(x) = 1 we will denote these spaces by L, (Q; E) and Ly (G; E), respectively ( see
e.g. [26] for E=C).
The Banach space E is called an UM D-space if the Hilbert operator
(Hf)(x) =lim mdy
e—0 xX=y

lx=yl>¢

isboundedin L, (R,E), p € (1,00) (see. e.g. [27] ). UMD spaces include e.g. L, [, spaces
and Lorentz spaces Ly, p, g € (1,00).
Let C be the set of the complex numbers and

S¢:{/l; A1€C, |arg/l|s<,0}u{0}, O0<p<m.

A linear operator A is said to be p-positive in a Banach space E with bound M > 0 if
D(A) is dense on E and ||(A +AD™! ||B(E) <M +|A)" for any 1€ 8,0 < ¢ <m, where /
is the identity operator in E, B(E) is the space of bounded linear operators in E. Sometimes
A + Al will be written as A + A and denoted by A,. It is known [28, §1.15.1] that the positive
operator A has well-defined fractional powers A°. Let E (Ae) denote the space D(Ae) with
norm

llullgasy = (llull’7 + HA”qu)% 1< p<oo, 0<6< 0.

Let £ and E; be two Banach spaces continuously embedding in a locally convex space.
By (E1,E2)g,, 0 <6< 1,1 < p < oo we will denote the interpolation spaces obtained from
{E|,E,} by the K-method [28, §1.3.2].

Weight function y satisfies A, condition (i.e. y € Ap, 1 < p < o0) if there is a constant C

such that
p-1

1 1 1
— x| = [ y = wax| <c
0l f”x) “Nlia fy ] =
0 o

for all cubes Q C R".

Let S (R"; E) denote the Schwartz class, i.e., the space of all E-valued rapidly de-
creasing smooth functions on R". Let F denote the Fourier transformation. A function
¥ e C(R"; B(E)) is called Fourier multiplier in L, , (R"; E) if the map

u— Ou=F'"WE&)Fu, ueS (R:E)

is well defined and extends to a bounded linear operator in L, ,, (R"; E). The set of all mul-
tipliers in L, (R"; E)) will denoted by M), ,, (E).

Let W, = {‘I’h €EM,,(E), he QC (C} be a collection of multipliers in M), , (E). We say
Wy, is a uniform collection of multipliers if there exists a positive constant M independent
of h such that

”F_I\PhF“”LM(R";E) < Mlullz, ,rr:)

forallhe Qandu e S (R E).
Let N denote the set of natural numbers and {r j} is an arbitrary sequence of indepen-
dent symmetric {—1,1}-valued random variables on [0,1]. A set K C B(E,E») is called
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R-bounded ( see e.g. [10] ) if there is a positive constant C such that for all 71,75, ...,T,, € K
and uy up,....,um € E1,meN
1
dy < f
0

1
0
The smallest C for which the above estimate holds is called a R-bound of the collection K
and denoted by R(K).

A set W, c L(E1,E») is called uniform R-bounded with respect to 4 € Q if there is a
constant C independent of 4 such that for all Ty (h),T> (h),...,T,, (h) € Wy and u; u, ..., u,, €

E,meN
1 1
I we [
0 0

Definition 1. A Banach space E is said to be a space satisfying multiplier condition, if
forany ¥ € C () (R; L(E)) the R-boundedness of the set

rj T ju; dy.

j=1

ri(yu;

]_

E> E;

dy.

E,

rinTj(h)u;

j=1

rj(y)uj

Ey

{ev9 (@) : £er\(0}, j=0,1f

implies ¥ € M, , (E).

A p-positive operator A is said to be R-positive in a Banach space E if the set Ly =
{f A+eD7 ' ces S[,} ,0 < ¢ < mis R-bounded. Note that, in Hilbert spaces all norm bounded
sets are R-bounded. Therefore, all positive operators in Hilbert spaces are R-positive. If A
is a generator of contraction semigroup on Ly,1 < g < oo, or A has a bounded imaginary
powers with”Ai’”B(E) <Ce, v <Zin E € UMD, then A is R-positive ( e.g. see [10] ).

An operator A (?) is said to be umformly @-positive if D(A(¢)) is independent of ¢ and
dense in £ and ||(A O+~ H < = 1+|AI forall 1€ S (¢), 0 < ¢ <m, where M is independent of
t.

0 (E) will denote the space of all compact operators in E.

Let Ey and E be two Banach spaces and Ej is continuously and densely embeds into E.
Let us consider the Sobolev-Lions type space W), (a,b; Eo, E), consisting of all functions
u€ Ly, (a,b;Ep) that have generalized derivatives u™ e Ly, (a,b; E) with the norm

_ — (m)
il = Wl s, = Wl yair * 0 ey < -
Let ¥ = y(x) be a positive measurable function on (0, 1) and

whn = whno,1; EO,E)—{u ueL,0,1;Ep),

u™ € Ly (0. 1:E). Nl = Wl 0,150 * 1™, 1. < oo},
where

ull = (y(x) —) u(x).
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Now, let we define E-valued Sobolev-Lions type spaces with mixed Lp and Ly, norms. Let
ap (x) = X" (b — )", @ = (@1, @2, ..., @) .

Consider E-valued weighted space defined by

oml
WY (GLE(4).E) = fuu € Ly (G: Eo) , St € Ly(GiE),

X

k

n
o™y
el = el i+ > . m}‘
p.a P = 6)621 Lp(G;E)

Let & be small parameters and € = (& &2, ...,&,). We denote by ngy (Q; Ep, E) the space
of all functions u € Ly, , (€2; Ep) possessing generalized derivatives % € Ly, (Q; E) with the
k
parameterized norm

< 0"u
Nullw, ,:E0.8) = lullr, (k) + Z &k || 5 m < ©o.
k=1 k WLy, (Q;E)

In a similar way as in [18, Theorems 2.3, 2.4] we have the following result:
Theorem A;. Assume the following conditions be satisfied:
(1) ¥ = y(x) is a weight function defined on domain  C R" satisfying A, condition;
(2) E is a Banach space satisfying the multiplier condition with respectto p =(p1, p2, ..., Pn)
and y;
(3) A is a R-positive operator in E and 0 < g, < T < 0o, pi € (1,00); 8= (81,52, ----5n);
(4) there exists a bounded linear extension operator from ngy (Q;E(A),E)to WKY (R";E(A),E).
Then, the embedding

DPWg, (@ E(4), E) C Ly, (@:E(4157+))

is continuous and for0 < u < 1- %, 0 <h < hg <co the following uniform estimate holds

ne B
l_[sk’” |‘D(ZM'|LW(Q;E(A1+#)) < Pl (©E4).E) +h~ Nl o)
k=1
foru e Wy, (Q;E(A), E).
By reasoning as in [18, Theorems 2.3] and [15, Theorem 3.7] we obtain
Theorem A;. Let all conditions of Theorem A; hold, Q be a bounded domain and
A™! € 0o (E). Then, for 0 <y < 1 - < the embedding

DIWy! (QE(A),E) C Ly, (Q;E(Al_g_ﬂ))

is compact.
Consider the BVP for the degenerate ordinary DOE with parameter

Lu=ea(x)u®' (x)+ (Ax)+Du(x) = f, (1.1)
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m ny
L=y e76u(0) =0, Lu= Y e"Bul? (1) =0, xe (0. 1), (12)
i=0 i=0

where ull = [x” (1-x)r %]l ux),0<y<1,0;= %+ m yo =min{yy, y2}, my €{0, 1},
0;, Bi are complex numbers; A (x) is a linear operator in a Banach space E for x € (0,1), g1is
a small positive and A is a complex parameter.

We suppose 6,,, # 0, B, # 0 and

X

fz_yl (1-2)"dz < oo.

0

Consider the operator B, generated by problem (1.1) —(1.2) for 1 =0, i.e.,

D(Be) = WL (0, 1,E(A)E, Ly) =

{u: ue WS (0.1:E(4).E), Lu=0,k=1,.2},

Bou = —¢ga(x) ul? + A (X)) u.

Condition 1.1. Assume the following conditions are satisfied:

(1) E is a Banach space satisfying the multiplier condition with respect to p and the
weight function y(x) = 2 (1-x)",0< vy <1 - %,l <p<oo,aeC(0,1]) and a(x) <0
forx€(0,1);

(2) A is a R positive operator in E and A (x) A~! (xo) € C([0,1]; B(E)) for x, xo € (0, 1).

By reasoning as in [18, Theorem 5.1] and by using the method used in [17, Theorem 1 ]
we get the following:

Theorem Aj. Let the Condition 1.1 hold. Then, problem (1.1) has a unique solution u €
WI[,Z] (0,1;E(A),E) for f € L,(0,1;E) and |arg/l| < ¢ with sufficiently large |1|. Moreover,

Y
the following uniform coercive estimate holds

2
e o+ Ml 01 < CUF L 0.1 -
i=0
In a similar way as in [21, Theorem 3.1 ] we obtain
Theorem A4. Suppose the Condition 1.1 is satisfied. Then, the operator B, is uniformly
R-positive in L, (0, 1;E).

2. Degenerate elliptic equations with parameters
Consider the BVP for the following degenerate partial DOE with parameters

n 2] noo (1]
Zskak(xk)a—;+A(x)u+/lu+Zs,§Ak(x)8—u = f (), @1
Oox = Xk

k=1 k g

ng mg2

Liu= Z 7% 8ul) (Gro) = 0, Lyou = Z 7 Buy (Gip) = 0,
i=0 i=0
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for xX®) € Gy, where A (x) and Ay (x) are linear operators, u = u(x), & are small parameters,
Oki» Bri are complex numbers, A is a complex parameter, my; € {0, 1} and

alil o
o | (b= 2™ —— | u(0), 0 S gy @3 < 1,
ax}( Oxy
AFpu— infar1p. )
Oik =z + 77—, Qox = M1k, A%y
T2 2pr(1-an)

ay are complex-valued functions and
n
x=(x1,X2,....,%) €EG = H(O,bk),
k=1
GkO = (xlexz’ ~--7xk—170’xk+l’ ceesy xn) s Pk € (15 OO) 5

Gip = (X1, X2, eoes Xk—1, Dks Xk 15 203 Xn) 5

2 = (01, X2,y X1, X150 ) € G = | [ (0,8).
J#k
Let

a=ax)= 1_[ X (b = x)
k=1

Remark 2.0. Under the substitutions
X

T, = fx]:”" (br—x3) % dxy, k=1,2,..,n
0

the spaces L, (G;E) and W[[,i]x (G;E(A), E) are mapped isomorphically onto the weighted
spaces L, 5 (G; E) and Wzi & (G; E(A), E), respectively, where

n by
G= I—I (O’E")’ b = fxl:alk (b= x) " dxy, @(1) = a(x1(11),x2(12) .0, Xu (Tn)) .
k=1 J

Consider the principal part of (2.1), i.e., consider the problem

- oy
D s () — +A@u+du= £ (x), 22)
l=1 02,
M| . mi2 .
Z 7% 8iulll (Gro) = 0, Z 7" Bruy (Gyp) = 0.
i=0 i=0

Condition 2.1 Assume;
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(1) E is the Banach space satisfying the multiplier condition with respect to p and the
n
weight function y (x) = ] xg“' (b — xz)™*, where 0 < g, agp < 1 — pik, pr € (1,00), 6y, %0,
k=1

ﬁkmkz * 0,

(2) A(x) is a uniformly R-positive operator in E, A (x)A~! (¥) e C (G; L(E)), x€Gq;

(3) ay (xk) S C(m) ([O,bk]) and ay (xk) < 0 for Xk € [0, bk] .

First, we prove the separability properties of the problem (2.2):

Theorem 2.1. Let the Conditions 2.1 hold. Then, problem (2.2) has a unique solu-
tion u € W;[)%cjy (G;E(A),E) for f € Ly (G; E), |arg/l| < ¢ with sufficiently large |1| and the
following coercive uniform estimate holds

n 2
DX e | — +lAullz,6:£) < CllfllL, 6 - 2.3)
k=1 i=0 k ILp(G;E)
Proof. Consider the BVP
(L+Du=a) (x1) e Du(x) + A+ Dulx) = f(x), (2.4)

Llju = 0, .]: 1a2a X1 € (O7b1)7
where L, ; are boundary conditions of type (2.2) on (0,b1). By virtue of Theorem A3, prob-
lem (2.4) has a unique solution u € W[[,zl,]a1 (0,b1;E(A),E) for fe L, (0,b1;E), |arg/l| <o
with sufficiently large |4| and the coercive uniform estimate holds

2 o

1-4 .2
2 e
J=0

Now, let us consider the following BVP

u[j]|

+||Au g <C .
Ly, (0b1:E) WAulle,, 001 < CMlz,, @b1:e)

2

D s () D (1, 20) + A (1, x0) u (01, x0) + A (xy, 30) = fx,x0), (2.5)
k=1

Lklu = 0, Lkzu = 0, k= 1,2, X1,X2 € G2 = (O,bl)X(O,bz).

Let p2 = (p1,p2) and @(2) = (@1,@2). Since Ly, (0,b2; Ly, (0,b1); E) = Ly, (G; E), the
BVP (2.5) can be expressed as

a6 DM (x2) + (B, (12) + D) (x2) = £ (x2), Loju=0,j=1,2,

for x; € (0,b1), where B, is a differential operator in L, (0,b1; E) for x € (0,b;), generated
by problem (2.4). By virtue of [1, Theorem 4.5.2 ], L), (0,b1;E) € UMD for p; € (1,00).
Hence, by [22, Corollary 4.1], the space L, (0,b1;E) satisfies the multiplier condition.
Moreover, the Theorem A4 implies the uniform R-positivity of operator B,,. Hence, by The-

orem Aj, problem (2.5) has a unique solution u € Wl[)i]a(z) (G2;E(A);E) for f € Ly, (Gy; E),

|arg /l| < ¢ with sufficiently large |4] and (2.3) holds for n = 2. By continuing this we obtain
the assertion.
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Theorem 2.2. Let the Conditions 2.1 hold and let Az (x) A=) (x) € C(G;L(E)) for

O<v< 2 Then, problem (2.1) has a unique solution u € W[ 2 (G E(A),E) for f € L, (G;E),
|arg /l| < ¢ with sufficiently large |4| and the coercive unlform estimate holds

ZZW fof |

k=1 i=0

+lAull,6:6) < CllfllL,G:6) - (2.6)

xk Ly(G;E)

Proof. By assumption and by Theorem A, for all # > 0 we have the following Ehrling-
Nirenberg-Gagliardo type estimate

L1z, iy < 7 ellyios a7 Mty - 2.7)
Let O denote the operator generated by the problem (2.2) and
c 6[1]u

Liu= Z Ak(x)

k=1

By using the estimate (2.7) we obtain that there is a ¢ € (0, 1) such that

IL1 (05 + 1) <4.

s,

Hence, from perturbation theory of linear operators we obtain the assertion.

Theorem 2.2. Let all conditions of Theorem 2.2 hold. Then, problem (2.1) is Fredholm
in Lp (G;E) for 1=0.

Proof. Theorem 2.2 implies that the operator O.+A has a bounded inverse (0+)7!
from L, (G E) to W[z] (G;E(A),FE) for sufficiently large |1|, that is the operator O +A1 is
Fredholm from W[2] (G;E(A),E) into Ly (G; E). Then by Theorem A;, Remark 2.0 and in
view of perturbatlon theory of linear operators we obtain that the operator O is Fredholm
from WL (G; E(A),E) into Ly (G; E).

Example 2.1. Now, let us cons1der a special case of (2.1). Let E=C, G, =(0,1)x(0,1)
and A = a(x,y) > 0, i.e., consider the problem

[2] [2] 1

81alaa 2u+82a268 > +blsf%+bzezg—+au f(x,y),

mi mip

D el 0,)=0, > l'62ud(0,5) =0, xe (0, ), (2.8)
i=0 i=0

myq mpp

ngfm,-uy’] (x,1)=0, ngfnzl-u;” (x,1)=0, ye(0,1),

i=0 i=0

where £ and &; are positive small parameters, dy;, 1x; are complex numbers, a; = a (x) <0,
ay=ay(y) <0, x,y € [0,1], a € C([0,1]), a € C(Ga), by € Lo (G2) and

olil oY 1
J:xal(l—x)az— u(x,y),0<ay, ap<1——,
ox! Ox )4
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(')[l] 1
[YH‘(I -y — }u(x,y),OSﬁl,,Bzd—p—z,
1(. 1
Ti=5\t , myj €{0,1}, p2=(p1,p2).
p

Result 2.1. Theorem 2.2 implies that for each f € Ly, (G») and sufficiently large a,
problem (2.8) has a unique solution u € W[ ](Gz) satisfying the coercive estimate

o2
0y?

oy
Ox2

+ &
Ly, (G2)

+ullz,, ) < ClifllL,, 65 -
Ly, (Ga)

3 Abstract Cauchy problem for degenerate parabolic equation
with parameter

Consider the initial and BVP for degenerate parabolic equation with parameter:

n [2]
a_u +z:£kak(xk)u +AX)u+du=f(x,1,t€0,7),xeq. 3.1
ot =1 6x,f
Mg mpo
Z ’k5kzum (Gko,H) =0, Z lkﬁklu[l] (G, 1) =
i=0
u(x,00=0, 1€(0,7), x* € Gy (3.2)

where u = u(x,t) is a solution, d;, Bx; are complex numbers, & are positive parameters, ay
are complex-valued functions on G, A (x) is a linear operator in a Banach space E, domains
G, Gi. Gio, Gip, it and x® are defined in the section 2 and

G a1

— =[x (b — x)"* — | u(x,1),d > 0.
0xy,

1
ka

For p =(po,p), p =(p1,P2,,..Pn), Gr =(0,T) X G, L, (G7; E) will denote the space of
all E-valued weighted p-summable functions with mixed norm.
Theorem 3.1. Suppose the Condition 2.1 hold for ¢ > 7. Then, for f € L, (GT,E) and

sufficientli large d > O problem (3.1) —(3.2) has a unique solutlon belonging to W_ 21 (Gr;E(A)E)
and the following coercive estimate holds

el

Proof. The problem (3.1) can be expressed as the following abstract Cauchy problem

3[2]
+AullLy Gy < CllflyGrE) -
Ly(Gr3E)

Lp(GT E) k

d_u+(0 +d)u(®)=f(), u(0)=0. (3.3)

From Theorems A4, 2.1 we get that O, is R-positive in X = L, (G; E). By [28, §1.14], O,
is a generator of an analytic semigroup in X. Then by virtue of [22, Theorem 4.2], problem
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(3.3) has a unique solution u € W},O (0,T;D(0;),X) for f € Ly, (0,T;X) and sufficiently
large d > 0. Moreover, the following uniform estimate holds

du
1% 10l 0.7 < CIlfllL, 0723

Ly, (0.T:X)

Since Ly, (Gr;X) = L3 (Gr; E), by Theorem 2.1 we have

«0.1):x) = D(0y).

Hence, the assertion follows from the above estimate.

10 +d)ull,

PO

4 Degenerate parabolic DOE on the moving domain

n
Consider the degenerate problem (3.1) — (3.2) on the moving domain G (s) = [] (0, b (s)):
k=1

ou o

PN ) T L A u+du = fx0), (4.1)
ot 0x?
k=1 k
Mg . 7%} )
Luu= ) &l*ottl) (Gro(5),0) = 0, Liou = Y 7 B (G (5),0) = 0,
i=0 i=0
u(x,0)=0,1r€(0,7), xeG(s), “4.2)

where the end points by (s) depend on a parameter s, x; € (0,bx(s)) and
bi(s) are positive continues function, G (s), Gy (s) are domains defined in the section 2,
replacing (0, by) by (0, b (s)) and

i 1

ik = =+ A1 = i ) )
Tik =5 2 —ao) o, = min{a g, @)
Al PRk
T e (b — )2 2| w(, ).
6x}{ Ox

Let
Gr=Gr(s)=0,T)xG(s).

Theorem 3.1 implies the following:

Proposition 4.1. Assume the Condition 2.1 hold for ¢ > Z 5- Then, problem (4.1) — (4.2)
has a unique solution u € Wf) LI(G(5);E(A),E) for f € L (Gr(s);E) and sufficiently
d > 0. Moreover, the following coercive uniform estimate holds

5[2]

2
LP(GT E) kz

1

+HlAullLy Gy < CllfllgGrE) - (4.3)
Ls(Gr3E)

Proof. Under the substitution 75 = x;bi(s) the problem (4.1) — (4.2) reduced to the
following BVP in fixed domain G:

k

n 2, .
Ou Zb,?(s)ak(rk)u +A@u=ft1),1€(0,T), TeG. (4.4)
k=1 ‘971%
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Mg m2

Z b7 (5)Spiud) (Gro.1) = 0, Z b7 ()il (Grp, 1) = 0,
i=0 i=0

u(x,0)=0,1€(0,7), xeG = (0,0, (4.5)
k=1
where
(1) = ar (x(1)), A1) = A((x(1))), (1) = f((x(1))),
x(7) = (x1 (71), X2 (72) 5 o0 X (Th)) -
The problem (4.4) — (4.5) is a particular case of (3.1)—(3.2). So, by virtue of Theorem 3.1
we obtain the required assertion.

5 Nonlinear degenerate abstract parabolic problem

In this section, we consider initial and BVP for the following nonlinear degenerate parabolic
equation

ou & ol (1 [
E-’_kz_;ak(xk)a_xi-'-B((t’x’u’D u))uzF(t,x,u,D u) (5.1
mg nyo

Z%Id%} (Gro, 1) =0, Zﬁkiu,[f] (G, 1) =0,
i=0 i=0

u(x,0)=0, t€(0,7), xeG, x* € Gy, (5.2)

where u = u(x,t) is a solution, &y, Bx; are complex numbers, a; are complex-valued
functions on [0, b]; domains G, G, G, Gy and o, x'© are defined in the section 2 and
; oy o
D= — =X (b —x)™ — [ u(x,0), 0 < e < 1.
ox; Oxi

Let Gy = (0,7) X G. Moreover, we let
Go=[ |©.bo0), G =] | ©.60), bi € 0,600,
k=1 k=1

T €(0.70), B = (W (G E(A),B), L7 G B)) .

my; +

1 n 1
o p(l-ay) _ '
mk=—"">H Bo—l—“—[Bla-

k=1 i=0

Remark 5.1. By virtue of [28, § 1.8.] and the Remark 2.0, operators u — % | x,_oare
k
continuous from WI[,z(l (G;E(A), E) onto By; and there are the constants C; and Cy such that

for w € Wyo (GiE(A),E), W = {wii}, wig = 522, i=0,1,k=1,2,...n
k
[

Xk

< Ciiwllye 6.6
By
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IWilo,c0 = Sugz Iwialls,, < Colwllyizs 6. )
YO ki

Condition 5.1. Suppose the following hold:

(1) Eis an UMD space and 0 < @y, ar <1 - %, pe(l,00);

(2) ay are continuous functions on [0, bi], ax (xx) <0, for all x € [0, bi], Simy, # O, Bimy, #
0,k=1,2,...n;

(3) there exist @y; € By; such that the operator B(t, x, ®) for ® = {®y;} € By is R-positive
in E uniformly with respect to x € Gg and ¢ € [0, Tp] ; moreover,

B(t,x,®) B (to,xO,GD) € C(G;L(E)), £ e,7), X eG;

4 A= B(to,xo,(D): Gr X By — L(E(A),E) is continuous. Moreover, for each positive
r there is a positive constant L(r) such that

[[B@x.0)=B(1x.0)]v| <L) |JU-0], 14vile

for 1€ (0,7), x€ G, U,U € Bo, U = {itxi} , ixi € Buis 13, .|| U], < rov € D(A);

(5) the function F: Gy X By — E such that F(.,U) is measurable for each U € B
and F (t,x,.) is continuous for a.a. t € (0,T), x € G. Moreover, HF(t, x,U)— F(t, X, U)HE <
¥, (0[|U-0l|, foraa. t€(0,7), x€G, U,T € By and |Ullg,., |Ol, <75 f()=F(,0)€
Lp (GT;E).

The main result of this section is the following:

Theorem 5.1. Let the Condition 5.1 be satisfied. Then there is 7 € (0,7¢) and by €
(0, bor) such that problem (5.1) —(5.2) has a unique solution belonging to WI],,’E] (Gr;E(A)E).

Proof. Consider the following linear problem

n [2]
(?a_v:+;ak(xk)aax,fvv+d”:f(x’t)’ xe€G,1€(0,7),

Mg mg2

D6 (Gro,0) =0, Bl (G ) =0, (5.3)
i=0 i=0

w(x,0)=0,t€(0,T), xe G, xX e Gy, d> 0.

By Theorem 3.1and in view of Proposition 4.1 there is a unique solution w € W,l,:([,z] (Gr;E(A),E)

of the problem (5.3) for f € L,(Gr;E) and sufficiently large d > 0 and it satisfies the fol-
lowing coercive estimate

”w”Wl],:([,z](GT;E(A),E) < CO ”f”Lp(GT;E) 5

uniformly with respectto b € (0, bol, i.e., the constant Cy does not depends on f € L, (Gt E)
and b € (0 by] where

A(x) =B(x,0), f(x)=F(x,0), xe(0,b).

We want to solve the problem (5.1) — (5.2) locally by means of maximal regularity of the
linear problem (5.3) via the contraction mapping theorem. For this purpose, let w be a
solution of the linear BVP (5.3). Consider a ball

B, ={veY,v—-weYy, lv—w|y <r}.
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For given v € B,, consider the following linearized problem

ou ou

=+ ) () + AW = F (5, V)+ [B(x,0) - B(x, V)],

o 5 ox;
Mg X mg2 X
D 6wl (Gro,0) =0, ) Bwl! (G, ) =0, (54)
i=0 i=0

w(x,0)=0, 1€ (0,T), xeG, x* € Gy.

where V = {v}, uki € By Define a map Q on B, by Qu = u, where u is solution of (5.4).
We want to show that Q(B,) C B, and that Q is a contraction operator provided 7" and by
are sufficiently small, and r is chosen properly. In view of separability properties of the
problem (5.3) we have

1Qu —wlly = llu=wlly < Co{llF (x,V) = F (x,0)|lx +

I[B(0, W) —B(x, ]vllx}.

By assumption (4) we have

LB Wyv=~B(x.V)lvlx < sup. (0B ©. W)= B, W)l vlly s, )

+ 1B, W) = B, V)l Iy} <
|8B)+ LRIW = Vileo g, | [l = wlly + wlly] <
(6(b)+ LR [Crll=wly + llv = wily]
[l = wlly +Iwlly]} < 5B) + LR [Crr+ 71 [r+Iwlly].
where

6(D) = sup |I[BO,W)—B(x, W)lllpE,.E)-
x€[0,b]

By assumption (5) we get
IF (x,V)—F (x,0,)llg <6(b)+

IF (x, V)= F (x, Wllg +IF (x, W) = F (x,0)l| <

(D) + pr[llv=wlly +wlly]
URC [[lv=wlly +Wlly] < ur [Cir+IWlly],

where R = Cir+ |[w|ly is a fixed number. In view of above estimates, by suitable choice of
Ur, Lg and for sufficiently small 7" € (0, Ty) and by € (0, box] we have

IQu—wlly <,
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i.e.
Q(B;) C B;.

Moreover, in a similar way we obtain
1Qu = Qdlly < Co{urCi + Mo+ LR [llv—wlly + Cir] +

LR)Ci[r+Iwlly]llv—olly} +6(b).

By suitable choice of ug, Lg and for sufficiently small 7' € (0,T() and by € (0, bgx) we
obtain ||Qu—Qvlly < nllv—-1tlly, n < 1, i.e. Q is a contraction operator. Eventually, the
contraction mapping principle implies a unique fixed point of Q in B, which is the unique
strong solution u € W},j}fj (Gr;E(A)E).

6 Cauchy problem for nonlinear system of degenerate parabolic
equations

Consider the initial and BVP for the system of nonlinear parabolic equations of infinite
order

n

Outyy, My, N
_=Zak(x) P + dpmj(X)uj(x,1)
=)

ot

k=1 Mk
n N
ol
#2204 Pyt 6.1)
k=1 j=1 H
J
mg M2

> 01D (Gro,1) = 0,3 BiDy i (G, 1) = 0,
i=0 i=0

un(x,0)=0, xeG,t€(0,T), m=1,2,..,N, NeN, (6.2)

where u = (uy,uz,...,uy), my; € {0,1}, 0k, Br; are complex numbers, a; are complex valued
functions, _
l

Ll
[y = u(x,0),0<a <1,

0
Dy = S8 = | 3% (g — ) ——
e U o [xk (br — xx) e

x = (01, X0, ) €G = [ [ (0,60), mij € (0,11,
k=1

GkO = (-xlaxz""axk—1$0’xk+la---’-xn)’ q € (1’00),

Gip = (X1, X2, eves Xk—1, Dty Xk 15 03 Xn) 5

and

1
Mki t S0 -
O = —LM = s(1=64), 5> 0, By = [

2 q’i:(),la
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Bo = | | B umy # 0By # 0,k =1,2,...m.
ki

Let A be the operator in [, (N) defined by
D(A) = lg(N), A = [dj (0], dnj () = g (1) 2%, m, j = 1.2,....N,
where

1
N

q
ly(N)={ u= {I/lj}, J=12,.N,lull, ) = [Z’ujr]] <o

J=1

1
N q
4 (A) = uezqw),uunzqm)=||Au||lq(N>=[Z|2”u,|"] <oof,
j=1

xeG,1<g<oo, N=1,2,...,00.
Let bkj (x)= Mkj (%) 277 and

B=B(L,(G:l4(N))).

From Theorem 5.1 we obtain the following result
Theorem 6.1. Let the following condition hold:
(1) a are continuous functions on G and a; (x) < 0;

(2) s> 2;‘("[5%_151),0 <0 <8, 50= S(‘Z;l), and

1
O<ar<l-—, p,ge(l,0);
P

(3)g;eC (G) NyjeC (G) ; d;i (x) > 0 and eigenvalues of the matrix [d,,; (x)] are positive
forall xe G, m,i=1,2,...,N ; there is a positive constant C such that

n N N 1 1

Z MZI.(x)SCqu.I(x)<00,x€G,—+—:1;
- / — q9 q

k=1 j=1 j=1

(4) the function F (.,v) = (F{(.,v),...,Fy(.,v)) is measurable for each v € By, and the

function F'(x,.) for a.a. x € G is continuous and f(.) = F(.,0) € L, (G;lq); foreach R >0
there is a function ¥y € L, (G) such that

HF(x, U)—F(x, U)“lq <WYr (X)“U_ Uqu(A)

a.a. x€ G and
U,U € Bop.|IUllg,, < R.\IUllg,, < R.U = {ui;}. 0 = {i;} . us;. e € Bop-

Then there is T € (0,T) and by € (0, bgr) such that problem (6.1) — (6.2) has a unique
solution u = {u,, (x)}’lv that belongs to space W;,’2 (GT,lq (A),lq).

Proof. By virtue of [26], the /,(N) is a UMD space. It is easy to see that the operator
A is R-positive in [, (N). Then by using the conditions (1)-(3) we get that the condition (5)
of Theorem 5.1 is hold. So in view of the Theorem 5.1 we obtain the assertion.
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