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Abstract

In this paper we obtain an algorithm for the truncated matrix Hausdorff moment
problem with an odd number of given moments. The coefficients of the correspond-
ing linear fractional matrix transformation can be calculated using the prescribed mo-
ments. No conditions besides solvability are assumed for the moment problem. The
question of the determinateness of the moment problem is answered by (a part of) the
algorithm as well. Several examples are provided.
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1 Introduction
In this paper we consider the truncated matrix Hausdorff moment problem: find a non-

decreasing matrix-valued function M(x) = (my, j(x))kN]TZIO on [a,b], which is left-continuous
in (a,b), M(a) = 0, and such that

b
f X"dM(x)=S,, n=0,1,....¢, (1.1)

where {Sn}flzo is a prescribed sequence of Hermitian (N X N) complex matrices N € N, £ €
Zy. Here a,b € R: a < b. If this problem has a unique solution, it is said to be determinate.
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In the opposite case, it is said to be indeterminate. A historical review on the results about
this problem can be found in [5].

In this paper we shall analyze the case of an odd number of prescribed moments: € =
2d, with d e N. Our main aim is to derive an algorithm which allows us to explicitly
solve the moment problem. The coefficients of the corresponding linear fractional matrix
transformation can be calculated using the prescribed moments for an arbitrary solvable
moment problem (1.1).

Lately, a Nevanlinna-type formula for solutions of the moment problem (1.1) was ob-
tained in [5]. In order to state this result we need some definitions and constructions

from [5].
Set
So S1 ... Sk
k Sl S2 e Sk+1
rk:(siﬂ')i’j:(): : . : , keZ,: 2k<¢; (1.2)
Sk Ske1r oo Su
T = (-abSij+(@+b)Sij1—Sij)i Ly keN: 2k<e. (1.3)

In the case of an odd number of prescribed moments ¢ = 2d, the result of Choque Rivero,
Dyukarev, Fritzsche and Kirstein states that conditions

I;>0,T;>0, (1.4)

are necessary and sufficient for the solvability of the matrix moment problem (1.1), see [1,
Theorem 1.3, p. 106].

Consider the matrix moment problem (1.1) with £ = 2d, d € N. Suppose that condi-
tions (1.3) are satisfied. LetI'y = (yd;n’m);‘f;i)oN_l, Yanm € C. Notice that

Yd;rN+jtN+n =Sifp 0<jn<N-1;, 0<rt<d, (1.5

where
k,{\N—1
Sn=(s, )k’gz()y neEzZy

are the given moments. By Theorem 2.1 in [5] a finite-dimensional Hilbert space H and a
(d+1)N-1 . .
sequence {x,,}n:O in H exist such that

(Xns Xm) = Yd;n,m» nm=0,1,.,d+1)N-1, (1.6)
and span{x,,}nd:JBI)N_l = Lin{xn};iBI)N_l =H. SetH, = Lin{xn}ifo‘ I Consider the following
operators:

dN-1 dN-1
Ax = Z Xkt N> xeEH, x= Z agxy, af € C. (1.7)
k=0 k=0
2 a+b
B= A— Ey, 1.8
b-a bh—a 1 (1.8)

with D(A) = D(B) = H,. The operators A and B are Hermitian, and B is a contraction in H
(i.e. [|B]l < 1), see Proposition 2.1 in [5].
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Let B be an arbitrary self-adjoint extension of B in a Hilbert space HDH. LetR (B)
be the resolvent of B and {E U1er be an orthogonal resolution of unity of B. Recall that the
operator-valued function R;: R, = PHR (B)h, h € H is said to be a generalized resolvent
of B, ze€ C\R. The function E,: E s = PZI/Z\Ah, AeR, heH is said to be a spectral function
of the symmetric operator B.

In the case when Bisa self-adjoint contraction, the corresponding generalized resolvent R;:
R.h= PZRZ(E)h, h e H, is said to be a generalized sc-resolvent of B. The sets of generalized
sc-resolvents and sc-spectral functions are nonempty.

Denote D = D(B), R=HoD. A set of all self-adjoint contractive extensions of B inside
H, we denote by By(B). There are the "minimal” element B* and the “maximal” element
BM in this set, such that B8y (B) coincides with the operator segment

B*<B<BY, (1.9)

In the case B = BM the set By(B) consists of a unique element. This case is said to be
determinate, whereas the case B* # BM is called indeterminate. The case B‘x # BMx,
x € R\{0} is said to be completely indeterminate. The indeterminate case can always be
reduced to the completely indeterminate. If Rg = {x e R: B‘x= BMx}, we may extend B to
a linear operator B, such that

B.x=Bx, x€®D; B.x=B"x, x€Ry. (1.10)
The sets of generalized sc-resolvents for B and for B, coincide. Set

C=B"-B, (1.11)

0,(2) = (C%RQC%+EH)‘R, zeC\[-1,1], (1.12)

where RY = (B* —zEy)~!. An operator-valued function k(z) with values in [R] belongs to
the class Rg[—1, 1] if

1) k(z) is analytic in z € C\[-1,1] and

Imk(z)
Imz

<0, z€C: Imz+#0;

2) For z e R\[-1,1], k(z) is a self-adjoint non-negative contraction.

Set Ly = L1n{xk} . Define a linear transformation G from CV onto Ly by the following
relation:
Gé, = xi, k=0,1,.,N—1, (1.13)

where & = (60k,01k----0N-1k). The following result from [5, Theorem 2.4] will be our
starting point to construct an algorithm.

Theorem 1.1. Let the matrix moment problem (1.1) with € = 2d, d € N be given and con-
ditions (1.4) hold. Let the operator B be defined by (1.8). The following statements are
true:
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1) If B* = BM, then the moment problem (1.1) has a unique solution. This solution is
given by

M(x) = (m x))yrjzlo, mj(x) = (E’;

b-a b-a

) _mxj,xn) ,0<jn<N—-1, (1.14)
X H

where {E? } is the left-continuous in [—1,1), right-continuous at the point 1, constant
outside [—1, 1], orthogonal resolution of unity of the operator B".

2) If B* + B, define the extended operator B, by (1.10); R, = HS D(B,) and Ql’l(z) =
(C%R’;C% + EH)|R , € C\[-1,1]. An arbitrary solution M(-) of the moment problem

can be found by the Stieltjes-Perron inversion formula from the following relation

1 —
f | idMT (W) = A(2) - Ck()(Ex, + DK@ B(), (1.15)

where k(z) € Rg,[—1,1], and on the left-hand side one means the matrix of the cor-
responding operator in CN. Here A(z), B(z),C(z), D(z) are analytic operator-valued
functions given by

A2) =GP} RP] G: CN -V, (1.16)
B()=C:RPEG: CV S R,, (1.17)
C() =G*P{ RiC?: R, —»CV, (1.18)
D) =0, (2)—Er, : Re = Re. (1.19)

Moreover, the correspondence between all solutions of the moment problem and
k(z) € Rg,[-1,1] is one-to-one.

Our algorithm allows the explicit construction of the matrix functions A(z), B(z), C(2),
D(z). The algorithm will be illustrated by several examples.

Formulas for the extremal extensions B* and BM were proposed by Krein in [2]. Some

other formulas were obtained by Shtraus, see [3], [4] and references therein. We shall
present other formulas, under some additional assumptions, which are convenient for a
calculation in our algorithm.
Notations. As usual, we denote by R,C,N,Z,Z, the sets of real numbers, complex num-
bers, positive integers, integers and non-negative integers, respectively; R, = C\R. By C,x;,
we denote the set of all complex (n X m) matrices, n,m € N. For a complex (finite or semi-
infinite) matrix M, by M’ we mean its transposed matrix, and by M* we denote the complex
conjugate matrix. By Is we denote the identity matrix of order (6 X9), 6 € N.

For a separable Hilbert space H we denote by (:,-)y and ||- ||y the scalar product and the
norm in H, respectively. The indices may be omitted in obvious cases.

For a linear operator A in H we denote by D(A) its domain, by R(A) its range, and by A*
we denote its adjoint if it exists. If A is bounded, then ||A]| stands for its operator norm. By
Ker A we mean the set {x € H: Ax = 0} (the kernel of A). For a set of elements {x,},cp In
H, we denote by Lin{x,},cp and span{x,},cp the linear span and the closed linear span (in
the norm of H), respectively. Here B is an arbitrary set of indices. For a set M C H we
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denote by M the closure of M in the norm of H. By Ey we denote the identity operator in
H,ie. Egx=x,x€ H. If H, is a subspace of H, by Py, = Pgl we denote the operator of
the orthogonal projection on H; in H. A set of all linear bounded operators which map H
into H is denoted by [H]. All operators in this paper are assumed to be linear.

2 Formulas for extremal extensions of a symmetric contraction
We shall use the following result, which in the case of matrices is known as a lemma on the
block matrix.

Theorem 2.1. Let T be a bounded self-adjoint operator in a Hilbert space H, D(T) = H.
Suppose that

H=H oH,, 2.1
where Hi, Hy are some subspaces of H, and T has the following block representation:
A B
T—( B C ) (2.2

where A = P TPl © Hi v Hy, B=PJ TPl : Hy+ Hy, C=Py TPy : Hyr Hy.
Assume that R(A) is closed. The operator T is non-negative (T > 0) if and only if the
following conditions hold:

1) A>0;
2) There exists a bounded operator X, which maps H, into Hy, such that B= AX;
3) For an operator X, which satisfies 2), we have the inequality
C-X"AX>0. 2.3)
If conditions 1)-3) are satisfied, then the operator X*AX does not depend on the choice
of an operator X, which satisfies 2).

Proof. The proof follows the lines of the proof for the matrix case, see, e.g., [6], with
slight necessary modifications.

Necessity. Let h = ( jzl ), ALueC, hy € Hy, hy € Hy. Then
2

(Th, by = AP (At h), +pA(Bha, h)a, + AA(B* hy, ho)m, + P (Cha,ho)m,. (2.4)
Using conditions for the quadratic form with respect to 4 and u to be non-negative, we get
(Ahy,h))p, 20, (Chy,hy)p, 20, hy € Hy, hy € Hy; (2.5)

|(Bha, hi), I* < (Ahy, 1), (Cho, ho)w,, hy € Hy, hy € H,. (2.6)

In particular, condition 1) of the theorem holds. By (2.6), if 1 € KerA then (Bhy,h)n, =0,
Yhy € Hy; therefore BH, 1 KerA. Then

BH, CR(A) = R(A). 2.7



An Algorithm for the Truncated Matrix Hausdorff Moment Problem 113

Set A = Alrca)- The operator A is a bounded self-adjoint invertible operator on the Hilbert
space R(A). Moreover, R(A) = R(A). Therefore the inverse operator A~! is bounded. Ac-
cording to (2.7), we may introduce the following operator:

X:=A"'B, (2.8)

which is bounded and maps H» into H;. Since AX = AA"IB = B, then condition 2) holds
for X. _ _
Consider inequality (2.6) with h; = Xh, = A~'Bhy. Then Bh, = Ah; = Ah;, and

ARy, h) g IF < (Al k)i (Cha by, ho € Ha, hy = Xh.
If (Ahy,h1)H, # 0, we get
(Ah1,h)E, = (X*AXhy,h)g, < (Chy,ho)w,, hy € Hy, hy = Xhy. (2.9)

In the case (Ahy,h1)n, =0, by (2.5) we conclude that relation (2.9) holds as well. Thus,
condition 3) is proved.

Sufficiency. By conditions 1),3) it follows that relation (2.5) holds. Inequality (2.6) must be
checked to verify that the quadratic form in (2.4) is non-negative and complete the proof of
the sufficiency. For arbitrary h; € Hy, hy € Hy, we may write

(1, Bho) g, I* =I(h1, AX o) p, |* = [(Ahy, Xho) g, I*
<(Ahy,h1)H,(AXhy, Xho)H, < (Ahy,h1)E,(Chy,ho)p, .

Here we used the property |(A#h, g)|2 < (Ah,h)(Ag,g), h,g € H.
Let us check the last statement of the theorem. Let X, X, be bounded operators, which
map H, into Hi, and satisfy the following relation:

B=AX,, B=AX,.
Then B* = X7A = XJA, and we get
X{AX| = X{B = X{AX, = X;AX.
O

Theorem 2.2. Let B be a symmetric contraction in a Hilbert space H, defined on a subspace
D, and R := HoD. Suppose that sets R (P%B + Ez)) are closed. The extremal self-adjoint

contractive extensions B*,BM have the following block representations with respect to the
decomposition H = D®R:

B, B: B, B
B = 2 |, BM-= 2 ) 2.10
( By Dy ) ( B, Dum ( )

where By = PUB: D D, B, =PEB: D R,
D,=X'BiX+X'X—Eg, Dy=XBX-XX+Eg, (2.11)
Here, the operators X, X are arbitrary bounded operators which map R into D, such that
B; =B X+X, B;=BX-X. (2.12)

The operators D,,, Dy do not depend on the choice of bounded operators X, X which map
R into D and satisfy (2.12).
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Proof. Consider an arbitrary self-adjoint contraction B D Bin the Hilbert space H. The
block representation of B with respect to the decomposition H = D @R has the following

form:

= _( B1 B

B—( B, D ), (2.13)
where D is a bounded self-adjoint operator in R, D(D) = R. We shall use the following

elementary lemma.

Lemma 2.1. Let A be a bounded self-adjoint operator in a Hilbert space H, D(A) = H. The
operator A is a contraction (||A|| < 1) if and only if the following relation holds:

—-Ey <A<Egy. (2.14)

Proof of the lemma. Necessity. Let A = f_l : AdE,, be the spectral representation of A,
where {E,} is an orthogonal resolution of the identity of A. Then

1
(Eg—A)h,h)y =f (1-Dd(Erh,h)g >0, heH,
-1

and the second inequality in (2.14) is proved. The first inequality in (2.14) can be similarly
derived.
Sufficiency. We have

Ax,x)n < (x, X))y, (Ax,x)g > —(x,%)H, Vx€eH,

and therefore
[(Ax, X)g| < (x, x)g,¥x € H.

Then [|All = sup,ep. jxy=1 [(Ax, 0)| < 1. O (End of the proof of the lemma).
By applying Lemma 2.1 to the contraction B we obtain that the following relation holds:

Bi+Ep B; Ep— By —B;
( 5 D+Eﬂ)zo, ( S L 2.15)

By employing Theorem 2.1 we obtain that the operator D satisfies the following relation:
X'BiX+X'X-Eg<D, D<X‘BiX-X'X+Eg, (2.16)

where operators X, X are arbitrary bounded operators which map R into D, and satisfy
relation (2.12).

On the other hand, for an arbitrary bounded self-adjoint operator D in R, D(D) = R,
which satisfies (2.16), there corresponds a self-adjoint operator of the form (2.13). By The-
orem 2.1 relation (2.15) holds, and therefore this operator is a contraction. Consequently,
there exists a one-to-one correspondence between contractive self-adjoint extensions of B
in H and the operator segment

D, <D <Dy, (2.17)

where D, and Dy, are defined by (2.11).



An Algorithm for the Truncated Matrix Hausdorff Moment Problem 115

Let us check the first equality in (2.10). Denote the operator in the right-hand side of this
equality by B, . Since the extremal extension B is a contractive self-adjoint extension of
B, it has a representation of the form (2.13) with some D = D; from the segment (2.17).
Therefore

Dy 2 D,.

On the other hand, since B* is the extremal extension, we have

0 0
_ RM —
OSBM,O B ( 0 D,u—Dl ),

and therefore Dy < D,,. Thus, we get Dy = Dy, and the first equality in (2.10) is proved. The
second equality in (2.10) can be derived in a similar manner. O

3 An algorithm

Consider a matrix moment problem (1.1) with £ = 2d, d € N, and some set of prescribed
moments {S n}i‘io. Suppose that conditions of solvability (1.4) are satisfied for the mo-
ment problem. Repeating our constructions in the Introduction, below (1.4), we come to
the formula (1.15) which describes all solutions of the moment problem. Our aim here
is to calculate the matrices of operator-valued functions A(z), B(z), C(z), D(z), using the
prescribed moments.
Observe that
”xn”%-] = (Xns Xn)H = Ydinno 0<n<N-1

Taking into account relation (1.5) we conclude that the norms of elements x;, can be explic-
itly calculated. If
[1xullg =0, Vn: 0<n<N-1, (3.1

then S ¢ = 0, and the moment problem (1.1) has a unique solution M(x) =0, a < x < b. Thus,
in the case of (3.1) we stop the algorithm. Notice that by Theorem 2.5 in [5], B* = BM.

Suppose that there exists a non-zero element in a sequence xo, x1,...,Xy—1. Let us apply
the Gram-Schmidt orthogonalization procedure to a sequence

X05 X155 XdN+N—-1> (32)

with the removal of linearly dependent elements. We shall obtain an orthonormal basis A =
{ fj}ll?:‘ol in H, where 1 < R <dN + N. Elements xg, x1,...,xy—1 during the above procedure

will form a subset Ay = { fj}?;é, where 1 < p < R. Notice that 2 is an orthonormal basis
in Ly. Moreover, elements xg, x1,...,Xsy-1 during the above procedure will form a subset
Wy = { fj}‘J‘.’z’ol, where 1 < w < R. Observe that 2; is an orthonormal basis in D(B) = H,,.
We emphasize that elements f; are linear combinations of elements x; with coefficients
expressed in terms of moments using relations (1.6) and (1.5).

Denote by G the matrix of the operator G with respect to the bases U, := {&;}
g)I():

N-1

o and

G = ((Gex, f))H)o<j<p-1, 0<k<N-1 = ((Xk, [ H)0< j<p-1, 0<k<N-1-

Notice that the matrix G can be explicitly calculated by the given moments.
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Case (A): w = R. In this case D(B) = H, and therefore B* = BM = B. By Theorem 1.1 we
conclude that the moment problem is determinate. By Remark 2.2 in [5] formula (1.15)
holds in this case with k(z) = 0. Thus, it remains to calculate A(z) using (1.16). Let M, ,
be the matrix of the operator B* — zEy = B—zEy, z € R, with respect to the basis U:

Mz = (B=zEn) fo [l

Since f; are linear combinations of elements x; with known coefficients, then all elements
((B=zEn) fi, fj)n are expressed in terms of known Y., ,». Then the inverse matrix /\/(1_1Z will
be the matrix of the operator (B* —zE w7 = R’Z’ , z € R, with respect to the basis U. Denote
the matrix standing in the first p rows and the first p columns of Mfi by M, ;. The matrix
M, is the matrix of the operator P{INRQ‘ PZV, z € R, with respect to the basis . Finally,
the matrix of A(z), z € R, with respect to the basis U, is equal to G*M; .G. The unique
solution is given by formula (1.15), and we stop the algorithm.

Case (B): w < R. In this case D(B) # H. Let us calculate the extremal extensions B* and
BM . By Theorem 2.2 these extensions have the form (2.10). Set 23 := { fj}‘;:‘ | Notice that
A3 is an orthonormal basis in R = Ho D. Denote by B, B, the matrices of the operators
B, B, with respect to the bases 2y, and 2y, Az, respectively. Observe that the matrices B,
B, can be calculated explicitly. Denote by X, X the matrices of the operators X, X with
respect to the bases Az and A;. By (2.12) we obtain that the following relation holds:

B =B X+X, Bi=8X-X. (3.3)

Relations (3.3) are equivalent to a linear system of simultaneous equations with respect to
the unknown elements of the matrices X and X. We can choose an arbitrary solutions of
these systems.

Let D, Dy, be the matrices of the operators D,,, Dy with respect to the basis 3. By (2.11)
we conclude that

Dy=XBX+X'X~Ig-tyy Du=XBX-X'X+Ig_p. (3.4)

Denote by B#, B the matrices of the operators B¥, BM with respect to the basis .
By (2.10) we obtain that

[ B B v_[ B B
po(B5) p(B B 5

If B* = BV then by Theorem 1.1 the moment problem is determinate. In this case we denote
by M3, the matrix of the operator B —zEy, z € R, with respect to the basis U. By (3.5) we
see that

M3,z =8 —zlg.

The matrix of the operator (B* —zE )= Ré’ , 2 € R, with respect to the basis U is equal
to (B* —zIg)~'. Denote the matrix standing in the first p rows and the first p columns of
(B —zIg)"! by M, .. The matrix My, is the matrix of the operator PZ,R? PZV, zZ€R,,
with respect to the basis . Finally, the matrix of A(z), z € R, with respect to the basis
Aj is equal to G* M, ;G. The unique solution, according to Remark 2.2 in [5], is given by

formula (1.15), and we stop the algorithm.
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We assume that B* # BM.
Case (i): det(Dy — D,) # 0. Here we have the completely indeterminate case and B, = B,
R, = R. The matrix of A(z), z € R,, with respect to the basis 2, is constructed in the same
way as (3.5).
Denote the matrix standing in the first p rows (the first p columns) of (8* —zIg)~! by Ms_,
(respectively by Mg ;), z € R,. The matrix Ms_ (M) is the matrix of the operator PZVR’;

(respectively of R PIZN), z € R, with respect to the bases 2, 2.
1
The matrix of the operator C > with respect to the basis U is equal to (BM —B“)z. Denote

1
matrix standing in the last R — w rows (the last R — w columns) of (BM —8”)2 by Mj (re-
spectively by Mg). The matrix My (Meg) is the matrix of the operator P;I c? (respectively

of C %Pg ) with respect to the bases 23, 2. Then the matrices of B(z) and C(z), z € R, with
respect to the bases U,, A3 are equal to

MiMe .G, (3.6)

and

G'Ms Mg, (3.7)

respectively. Finally, the matrix of D(z), z € R, with respect to the basis U3 is equal to
My(B' —zIg) " Ms. (3.8)

Solutions can be found by relation (1.15) and we stop the algorithm.

Case (ii): det(Dy —D,) = 0. Here we do not have the completely indeterminate case,
and B, # B, R, # R. Of course, the matrix of A(z), z € R, with respect to the basis A; is
constructed in the same way as above in the case (i).

Consider a linear bounded operator 7 in R:

T :=Dy—D,.
Observe that

0 0
— RM _ pr _
C=B B (0 T)'

Therefore H,® KerT C KerC. The converse inclusion is also valid, and we have
KerC =H,®KerT.
Since D(B,) = Ker(BM — B*) = Ker C, then
R, =HoeD(B,)=HoKerC =R(T).

On the other hand we have
. R-1
R(T) = Lm{Tfj}j:w.

Observe that

R-1
gj=Tfi=) ajfio w<j<R-I, (3.9)
k=w
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where
a;r = (Tfj, fu, w< j,k<R-1. (3.10)

Notice that aj are elements of the matrix BM _ g1 standing in the last R — w rows, and in
the last R — w columns.
In a sequence

Sws8w+ls---s8R-15 (311)

there exists a non-zero element. In the opposite case, we would have R(T) = {0}, KerT =R,
T =0, BM = B*, and this contradicts our assumptions.

Let us apply the Gram-Schmidt orthogonalization procedure to the sequence (3.11), by
removing linearly dependent elements. We shall obtain an orthonormal basis Uy = {y j}‘;;é,
1 <6 <R-w,inR,. The elements of the basis 4 are linear combinations of fj, w < j<R-1
with known coeflicients.

2

Recall that the matrix of the operator C > with respect to the basis 2 is equal to (BM - B") .
Thus, we know all the following values:

(C%fj’fk)Hy 0<jk<R-1. (3.12)

Denote by Mg (M) the matrix of the operator P%C > (respectively of C %ch), with re-
spect to the bases Ay, A. Since elements of the basis Ay are linear combinations of f;, then
these matrices are calculated using the values from (3.12).

Denote the matrix, standing in the first p rows (the first p columns) of (B —zIz)~! by Ms_,
(respectively by Me ), z € R,. The matrix Ms_ (Me) is the matrix of the operator PfNR’;
(respectively of R‘Z‘ PZV), z € R, with respect to the bases g, A. Then the matrices of B(z)
and C(z), z € R, with respect to the bases U, Ay are equal to

MoMs .G, (3.13)

and
G*Ms Mo, (3.14)

respectively. Finally, the matrix of 9D(z), z € R, with respect to the basis 2y is equal to
Mo(B* —zIg)™ M. (3.15)

All solutions can be found by relation (1.15), and the algorithm is completed.

Notice that during the algorithm we checked whether B* = BY. By Theorem 2.5 in [5]
this gives an explicit answer to the question of the determinateness of the moment prob-
lem (1.1).

Example 3.1. Consider the moment problem (1.1) with £ =2,d=1;a=0,b=1; S9=1,
S = %,SZ = %; N = 1. In this case we have

_(So St )_
= (5

I1=S0-S,=

D= —t
==

A =



An Algorithm for the Truncated Matrix Hausdorff Moment Problem 119

Thus, I'y >0, F] > 0, and conditions (1.4) are satisfied. Therefore the moment problem has
a solution.

Let {xn};zo be a sequence of elements in a Hilbert space H such that Lin{xn}}l:0 =H,
and

1
(x0,x0)r =1, (x0,x1)m = (x1,X0)5 = 5, (X1, X)) = 3

2
Notice that D =H, = Lin{xn}gfo‘ ' = Lin{xo}. We have

Axg=x1; Bxog=QRA-Eg)xy=2x1— X, D(A) = D(B) = Lin{x}.

Notice that IIxOII%, = (x0,x0)g = 1 # 0. Let us apply the Gram-Schmidt orthogonalization
procedure to a sequence xg, x;. Set

Xo
0= = X0
[0l
Observe that
2 2 1|?
llx1 = Cxt, fo)a folly =llx1 = (x1, x0)axolly = [|x1 — %0
( 1 1 ) 1
=|x1—=x0,x1—=xp| =—.
2 2. T 12
Then

1
f1 = \/ﬁ(xl - 5)60).
Therefore A = {fy, f1}, R = 2. Moreover, Ay = {fo}, p = 1; Ay = Wy, w = 1; Ay = {&y}, and

G = (x0, f0)u = (x0,x0)m = 1.

We have case (B): w < R. Let calculate the extremal extensions B and BM. We set U3 = {f}}.
Then

B1 = (B1fo, fo)u = (Bxo, Xo)n = (2x1 — X0, X0)u = 0,

1 1
BZ = (Bzfo’fl)H = (B-xo, \/E(XI — E)CO)) = %
H

By (3.3) we may write

1 1 o~
— =0+X, —=0-KX,
V3 V3
and therefore X = % X = —\%. By (3.4) we get
2 2
Du=-3. Du=3

By (3.5) we conclude that
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Since det(Dy —D,) = % # 0, we have case (i). Let calculate the matrix of A(z), z € R..
Observe that

L (e ok
B -zh) =——mm , ZER,.
(z+1)(z—%)

Set

1 2
My, = ——— ———z), Z€R,.
N <z+1>(z—§>( 3

The matrix of A(z) is equal to
ol
Z 9 Z e Re-

@+ De-H\ 3~
Set
1 2 1
Moo b ———z,——),
> (z+1>(z—§>( 377 \3
1 _2_
M(),z:—l [ _?)LZ ), z€R,.
(z+1(z-3) 3
Notice that
1 (0 0
(BM‘B”)2=( 0 Z ]
V3
Set

2 0
M7 =(0,—), Mg =( 2 )
V3 V3
The matrices of B(z) and C(z), z € R., with respect to 2y, Ay both are equal to
2
3+ Dby
The matrix of 9D(z) with respect to U4 is equal to
4z
3+ D=y

By (1.15) we may write that all solutions of the moment problem can be found from the
following relation:

ILdMT(H'l):_ z+3
(

1t-z 2 2+ D(z- 1)
-1
4 — Z —~
-— k@)1 - ———— k()| . R,
9(z+1)2(z—%)2 @ 3(z+1)(z—%) © ¢c
(3.16)

where ’k\(z) is the matrix of an arbitrary function k(z) € Rg,[—1,1]. Here the following defi-
nition is useful. _
Let r € N. A C,«,-valued function k(z) belongs to a class R.[—1,1] iff
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1) k(z) is analytic in z € C\[-1,1] and

Im’k\(z)
Imz

<0, z€C: Imz+#0;

2) Forze R\[-1,1], K*(2) = k(z), K (k(z) < I, k(z) > 0.

Proposition 3.1. Let R be a finite-dimensional Hilbert space, r =dimR > 1. Let W = {h j};;(l)
be an orthonormal basis in R. A [R]-valued function k(z), z € C\[-1, 1] belongs to the class
Rgr[-1,1] if and only if the function ’k\(z), z € C\[-1,1], where ’k\(z) is the matrix of the
operator k(z) with respect to A’, belongs to R,[—1,1].

The proof is straightforward.
Let k&(z) = 0. Then

1 2 1 3
1 t+1 z+3 -7 -3
—dMT( ):_ 3 _ 4 41’ ZER,.
11—z 2 (z+1(z—73) z+1 -3
and therefore
. 0, r<-1
MT(—)_ 1o-l<r<d
2 1 >4
3
Letu:%.Then
0, u<0
M(u) = Alf, 0<u$%
1 u>%

Example 3.2. Consider the moment problem (1.1) with =2, d=1;a=-1,b=1;S9=1,
Sy = %,SZ: %;N: 1. In this case we get

(S0 Si\_ (1 %
ne(5 )1
~ 2
1=S0-S2=3.

So,I'1 >0, fl > 0, conditions (1.4) are satisfied, and the moment problem has a solution.
Let {xﬂ}rlpo be a sequence of elements in a Hilbert space H such that Lin{x,,}rllzo =H,
and |
(X(),X())H = 17 (XO,XI)H = (xl,xO)H = 57 (xlaxl)H = §
Observe that D = H, = Lin{x,}" ;! = Lin{xo}. We have
Axo=x1; B=A, D(A) = D(B) = Lin{x}.

The Gram-Schmidt orthogonalization procedure will be the same as in Example 3.2. Thus,
we shall obtain U = {fp, fi}, fo = x0. fi = VI2(x; - }x0), R = 2. The bases %, U, A will
be the same, p =1, w =1, and

G = (x0, fo)u = 1.
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We obtain case (B): w < R. Let find the extremal extensions B* and BM. Set A3 = { fi}-
Then |
Bi = B1fo. folu = 3
B, = (B2fo, f1) 1
2 = (b2jo, J1)H = —=.
2V3
By (3.3) we may write
L olyvexs Lolxx
2v3 2 T 2v3 2 ’
-1 y__1L
and therefore X = IV X= i By (3.4) we get
17 5
D‘u _§7 DM = g
By (3.5) we conclude that
L1 L 1
B”:( ;1 ] BM:( T J
23 18 23 6
Since det(Dy — Dy,) = % # 0, then we have case (i). Let us calculate the matrix of A(z),
z € R,. Notice that
1 PO VAR
(B”—le)_lz—s( 118 12\/§ ] Z€R,
(z+D@E-9\ —333 27¢
Set 7
4= —————, Z€R.,.
@+ D(z- g) ‘
The matrix of A(z) is equal to
17
PN V)
_ TR er,
(z+D(z—3)
Set
1 17 1
5.2 2—5 X, =
(z+D(z-3) 18" 24/3
1 -z— 1
6,22—5( __18 ], ZERE.
(z+1)(z-3) 23
Notice that
3 0 0
M 2 _
(8" -8) _( 0 4 )
Set
4 0
o) (1)
3 3
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The matrices of B(z) and C(z), z € R,, with respect to Uy, Ay both are equal to

2
3V3(+ D(—3)

The matrix of D(z) with respect to 2y is equal to
16(3 —2)
9+ 1)(z-3)

By (1.15) we obtain that all solutions of the moment problem can be found from the fol-
lowing relation:

1 17 1
1 —7— == 4 — 16 5 —Z —
—aM” (1) = s _ Kz 1+(2—)5k(z) , zeR,
1t—z (z+1)(z—- §) 27(z+ 1)2(2— 5)2 9z+1(z— 6)
(3.17)
where k(z) € R,[1,1].
Let k(z) = 0. Then
1 -1 €1 21
——dM(1) = 2 =2 4+ B zeR,
11—z (Z+1)(Z_§) -1-z 52
and therefore
0, t<-1
5
1 > 9
Let k(z) = 1. Then
1 1 1 3
f —dM(t)= -+ 2, zeR,,
-1 t—z 1—Z %_Z
and therefore
0, <1
M@nH =14 32, t<t<l
1 t>1

Example 3.3. Consider the moment problem (1.1) with £ =2,d=1;a=-1,b=1; S =

20 0o 2 2 0
= 3 = 3 = 1
(0 2 ),S1 ( % 0 ),Sz (O % ),N 2. In this case we have

3
= ('Yd;n,m)n’m:()’

Qwiv N O
O Wi O©
W O O Wi

e

I

%)

o

|

%]

[\S]

Il
—_
O Wi
Wk O
~———
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Since I'; >0, Fl > 0, the moment problem has a solution.
Consider a Hilbert space H and a sequence of elements {x,,} 1n H such that L1n{xn} -0

H, and

(X, Xm)H =Ydnm» 0<nm<3.
Observe that D = H, L1n{x,,}dN ' = Lin{xp, x1}. We have
Axy = x,Ax; = x3; B=A.

Notice that ||x0||%1 = (x0,x0) =2 #0. Apply the Gram- Schmidt orthogonalization procedure
to a sequence Xxg,xp,Xp,x3. We get A = fj ] 0 Jo= xo, fi= xl, H= 2(3x2 x1),

/3 = 3333~ x0), R = 4. Moreover, %o = (fj}_g, p = 2; *ul Ao, w = 2, Ay = (&), &1}, and

(x0.f0)r  (x1,fo)m \ _
oo fdr Gt fOH )‘ V2b.

We have case (B): w < R. Let us calculate B* and BM. Set 5 = { fj}izz. Then

B =@ fbo=35( | )

V2
By = (B2 fio [DH)I1=2,3, k=0,1 = le-

By (3.3) we may write

2 1 2 1 - ~
(0 e L (0 g

and therefore
X =

By (3.4) we obtain that

-3 _1 3 _1
D[l:( ‘l‘ 132 )’ DM:( 41 312)
T2 T4 121
By (3.5) we get
05 ¥ 0 0o 4+ % o
1 2 1 B
o9 3 L) 2 o9 3 _1
3 Z 12 3 Z 12
o ¥ _1 3 o X2 _1 3
3 12 1 3 51
Since det(Dy — D,,) # 0, we have case (i). Observe that
_ 1
(B —2ly) ' =—————
2z+1D(z-3)
L1-3z-62%) L(-1- 14 1
T S
6(_1—2Z) 6(1—3Z_6Z ) _675 m R
6V2 6V2 1274 12
l L 112( 1+Z) %4‘%—22

62 6V2
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Set
_; 1-3z-67° —-1-27 .
4,z_6z(z+1)(z—%) “1-27 1-3z-62 | Z€R,.
The matrix of A(z) is equal to
L [1-3z-62  -1-2 .
32z+ Dz-H\ ~1-22 1-3z-62 | Z€R,.
Set
11_.3,_62 1, 1 14z 1
S ] B TP SN
e+ De-Hl 5¢-1-20  §1-32-62°) - <=

l1-3z-62%) i(-1-22)

1 1-1-22)  1(1-3z-62%)
6:= 14z 1 . ZE€R.
2Az+1)(z—3) 6V2 02
N 1782
6V2 6V2
Notice that
00 0 O
oo o o
M 2
(B-2) =100 i o
3
00 0 \/;
Set
0 0
00 2 o 0 0
My = ? . Mg= \/3 0
00 0 3 2
3
0 )

The matrices of B(z) and C(z), z € R., with respect to 2y, Ay both are equal to

\E (1—4z -1 )

62(z+(z-H\ —1  1-4z

The matrix of D(z), z € R, with respect to Ay is equal to

,_
RIS

_2 ?(— +2) )

1
pl+) p+i-2

3 ( 5+
22z+ D(z-3)\

Using (1.15) we may write that all solutions of the moment problem can be found from the
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following relation:

l_ T(f) = ( 1-3z-67 —1—2z2 )
1t-2 32z+ Dz-yp)\ —1-20  1-3z-62
1 1-4z -1 )A

- k(z

24Z2(Z+1)2(Z—%)2( -1 1-4z )

-1
3 S+i-22 L(-1+2) )A (1—4z -1 )

A5 — [ 12 k(z ,

(2 2z(z+1>(z—§>(%(—1+z> Lz JMO -1 -4

(3.18)

where z € R,, k(2) € Ro[-1,1].
Let k(z) = 0. Then

: 2
1 1 1-3z-6 -1-2
v t):—l( -6z zz)
1t-z 3z(z+ D(z—3) —1-2z  1-3z-6z
1 l+ % +li _—2+ _% '|‘1i
=—| © T o e ], Z€R,,
2+ += Z++
Z < 372 z < 272
and therefore
0, r<-1
4
3, —1<t<0
mo,o(l‘)—ml,l(t)_ é’ 0<IS% ’
1
2 l>§
0, r<-1
2
-z, —1<t<0
_ = 2
mo,1 (1) = my o(f) = -5, O<t<!
0 t>3

Example 3.4. Consider the moment problem (1.1) with £ =2,d=1;a=-1,b=1; Sg =
2 2 2
( 0),S1=((2) 3),52:(3 (2)),N:2.Inthiscasewehave

2
0 2 20 0 %

2 00 2
r_sosl_oggo_( 7
1= S, S, =l o % % o |~ Ydnm)y =0

2 2

50053

4
= 10
F1=So—52=(8 i)
15

SinceI'; >0, Fl > 0, the moment problem has a solution.
Let {xn}zzo be a sequence of elements in a Hilbert space H such that Lin{x,,}fl:0 =H,
and

(Xns Xm)H = Yasnms 0<nm<3.
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Observe that D = H, = Lin{xg, x;}. We have

Axg = xp,Ax1 =x3; B=A.

Notice that ||x0||%1 = (x0,x0)g = 2 # 0. Let apply the Gram-Schmidt orthogonalization

: _ 2 _ 1 _ /3
procedure to a sequence xp,X,X2,X3. We obtain A = {fj}j:O’ fo = <50 fi \/;xl,

fHr= 1/%@ — 1x0), R = 3. Moreover, %j = Ui} =23 Wi = Ao, w =25 Ay = {&, 1), and
1 0
V3

We have case (B): w < R. Let us calculate the extremal extensions B* and BM. Set 23 = { Hl
Then

VL1 0

2
By = ((Bafjs fi)mk=2, j=01 = —=(0,1).
J»JkJH J=0.1 15
By (3.3) we may write

1
B1 = (B1 fj o) o = —( 01 )

and therefore

Gl )=l o b 5(0)=6(0 o)

5\ -V3
By (3.4) we obtain that
3
Dy=—2, D —.
W75 TMTS
By (3.5) we get
1 1
FA O IR
SO R e N SN
0 I3 5 0 75 5
Since det(Dy — D,,) # 0, we have case (i). Notice that
2,34 1 V3 2
] TESTI BETS 5
(B'—zh)" = L+ ¥ 243 Lz |, zeR
@rh2+ged| VL, T T, e
35 V15 3
Set
M 1 P+iz-4 L+ 8
Y4

- V3
= Z€R,.
_2.2,,1 1 V3 2.3 ’ €
@E+DE2+52+3) | 52+ 5 7452
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The matrix of A(z), z € R, with respect to U, is equal to

2 Z+iz-F  tz+i R
> 2. .1 1 .1 102, 3., ) € Re.
(z+D(-z"+352+73) 32ts 3(27+52)
Set
2,3, _ 4 V3 2
1 TT+31—13 TZ‘F— v
- 3 5 345
32~ 2 .1 1 V3 2.3 2 ’
+1)(-2+ %7+ -7+ = +z
@+ D=2+ 52435 52+ 5z e
2,3,_4 1., V3
] TH5ITs /It
- 1 V3 2,3
62 = —=i+—% " +zz | z€R,
@+ D(-2+2z+1)| VB, 9 52
35 V15

Notice that

Set

0
6
M=o,o,\ﬁ),M= o1
~[o [f
5

The matrices of B(z) and C(z), z € R., with respect to U,, Ay are equal to

4
5V3(@+1)(-2+ 32+ 1)

(1,2),

4 1 )
5V3(z+1)(-22+2z+ 1) ( z )
respectively. The matrix of D(z), z € R,, with respect to Ay is equal to
6(z> - 1)
S+ D(-2+2+1y

Using (1.15) we may write that all solutions of the moment problem can be found from the
following relation:

1 243,411
LT 2 (z+52 x 3z+ )

- 10,1 1.2
-11-z @+ D(-2+3z+1) 32+5 3@ +32)

16 1\~
- k
75(z+1)2(—z2+§z+§)2( z ) ©

——

S+ D(-2+%+1)

-1
7€<z)] (1,2), (3.19)



An Algorithm for the Truncated Matrix Hausdorff Moment Problem 129

where z € R,, k(z) € R [-1,1].
Let k(z) = 0. Then

1 2,3 4 1,1
1 2 +32—13 32tz
— dMT(t): 5, 2 1 ( 15 115 132 g ’ ZERE'
itz @+D(-2+2+H\ 3245 3E+30)
We may write
8 6 8, V6
Ydmop(t)y 5 9718 T
-1 §+T_Z g_T_Z
and therefore
0, r<—1
2 l<r<lo Y6
moo(t) = 109\/6 1 V6 51 5\/6
TR 3—?“3\??
1 6
2 t>§+?
We may also write
2 1.1 L1
Ldmo () -3 o V6 "9
P __Z_1+ 1 \/5+ ’ N ZERe’
-1 —2tzt—= —Ztz——5
and therefore
0, r<-1
-3, —1<t£%—$
mor =9\ _1_ 1 1_N6_, 1,6
9" Ve 55 =577
1, V6
0 t>§+?
Finally, we have
| 2 2, 1 2_ 1
1 2 3 5 9 " 36 9 3v6
f Edml’l(t)::\j( +1)( 2+2 +l)(Z2+§Z):_19_Z+1 NG +1 \@\f 5 ZERe.
-1 Z Z SZ 3 g"‘T_Z g_T_Z
Therefore
0, r<-1
z, —1<t£%—$
mat)=ya_1_ 1_N6_, 1,6 -
97 3ve 5 5 =357T73
2 1, V6
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