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1 Introduction

Suppose that §”~! is the unit sphere of R"(n > 2) equipped with normalized Lebesgue mea-
sure. Let Q2 be a homogeneous function of degree zero and

f Q(xdo(x')=0. (1.1
Snfl
Then the parameterized area integral /1/;2, ¢ and parameterized Littlewood-Paley operator ,uj’p
are defined by
2dydt\2
Yy
dpsr=([[ |5 [ S ),
Q.5 T Jly—zl<t |y Z|n P i+l
) t\1 2dydt\2
it =([[ (s [ 2029 ad By,
R+ I+ |X—)’| ¥ [y—z|<t |y Z| L "

where p >0, 4> 1 and I'(x) = {(t,y) € R’fl dx—yl <t}
We define the Hilbert spaces as follows

0 dydt\?
=l = h(t,y)|? —=— 0o,
{ Wil UJLJaw|t)<}
dt
7@—{hnw% j‘jl W'y) <m}

where A > 1. Then
n X2
ftdjeﬂy@@

%gmm%ﬁi&d
ﬂj’”(f)(x)=( fo ) f n(HIM)M f f”¢($—y)f(z)dz)

where ¢(x) = 55 X ei<1)s Gry(NX) = [9CFE =) f(2)dz.
Forp>0and f €L, (R"), let

2 dydr\:
2;):Wﬁﬂwww

2 dydr\3
J%):Wﬁmmm,

1

My =sup( jﬁwmy

|BI

Mmm4w—fmomw
XEB |B|

where f5 = g7 [, f()dy.
For a general positive function ¢ on R” x R*, the generalized Morrey space L?-¥ with
1 < p < o0 is defined as follows:

L ={f e Ly, R"), lIfllre < +oo},

loc
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where

Ifllrs = sup | o).

xeR™, r>0 ‘P(X’ r) B(x,r)

Inspired by Hérmander’s work [4] on the parameterized Marcinkiewicz integral the
parameterized Littlewood-Paley g, function 7 ) ” and parameterized area integral ,uQ 5 were
discussed by Sakamoto and Yabuta [9] in 1999. In [9], the authors studied the LP(1 < p < 00)
boundedness with the kernel satisfying the Lip, condition. In 2002, Ding, Lu and Yabuta
[2] proved the LP(2 < p < o) boundedness of ,ujl’p and ,ug ¢ Wwith the kernel satisfying a
weaker Llog™L(S™") condition.

Torchinsky and Wang [10] first considered the weighted L” boundedness of ,ufl’p and
,ug’ ¢ Wwith the kernel satistying the Lip, condition. In 1999, Ding, Fan and Pan [1] improved
Torchinsky and Wang’s result in [10] and gave the weighted L” boundedness of ,uj’p and
F‘?z, s where Q e L4(S™! )(g > 1). In 2002, Duoandikoetxea and Seijo [3] studied the weighed
L? boundedness of x; and 1, ¢ with rough kernel. In 2004, Xue [11] proved the weighed
L? boundedness of /Jf{p and 'u[s)z,s with Q satisfying the L>-Dini condition.

On the other hand, Lee and Rim [5], in 2004, established the logarithmic type Lipschitz
condition c

Q0 - Q) € ——. (1.2)
(log 555577
for any y;,y2 € S n=1 where a > 1, and proved the type (L, BMO) and (L?, L?) bounded-
ness of the Marcinkiewicz integral with the kernel satisfying the logarithmic condition. In
2012, Lin, Liu and Gao [6] gave the endpoint estimate and the following L? result of ,u;’p .

Theorem 1.1. ([6]) Let n>2, Q € L*(S™") be a homogeneous function of degree zero
satisfying (1.1) and there exist constants Cy > 0 and a > % such that

Co
1Q(y1) — Qo) € ————— forany y;,y» € S" !,
(log |y1—)2|)

then forp>nj2, 1>2and 1 < p < oo, there is

1" Pllp < ClAlp-

Recently, the authors in [7] discussed the operators llf{p and ,ug ¢ With the kernel satis-
fying (1.2) on the weak Hardy space.

Inspired by the above results, in this paper, we will establish the shap maximal function
esimates for h * and ,ug ¢ with the kernel satisfying the logarithmic type Lipschitz condition
(1.2) and discuss the weighted L” boundedness and Morrey boundedness of these operators.

2 Some Lemmas

First, we give some necessary lemmas as follows.

Lemma 2.1. Let Q € L>(S™ 1) be a homogeneous function of degree zero satisfying (1.1)
and (1.2) with « > . Then for p > n/2 and 1 < p < oo, there is

lIkdgy s (Dllp < ClLl-
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Proof.

n ] Qy-2) Zdydt\:
s = ([ | ) ) [ e )

: %) f+|x vl t+|x vl # Jly—gj<t ly—2"* t
< 2V (N
By Theorem 1.1, we have
lIktgy s (DIl < 2 )l < ClIf -
O

Lemma 2.2. As for |y —z| = 4r, there is

o (] 1\242¢ 1 y=zl\12+2¢
f (log ) 4 <C[Og( —)]

- PP T (y =2

wherer>0,0<e<p-5andp>73
The proof of this lemma is similar to that of Lemma 2.1.2 in [11], so we omit the details.
Lemma 2.3. There exists a constant C > 0 such that for any z € (8 B*), |y —z| > 6r,

Q-2 Qw-x+ty-2)|__CA+QG-2)D
—z|"P - —zlnP| - =zl\e’
|y Z| lw — x0 +y Z| |y —z|" P(]og )’_rZ)a

where Q satisfies the same conditions as in Theorem1.1; B is a ball with center at X and
radius ro; B* is a ball with center at x and radius r = 2r¢ and xo, w € B.

The proof of this lemma is similar to that of Lemma 2.2 in [6], so we omit the details.

Lemma 2.4. ([8]) Let ¢ be a positive function on R" XR* and suppose there exists 0 < Cy <
2" such that

o(x,2r) < Cop(x,r) forall xeR", r> 0. 2.1)
If1 < p<oo, then
IMfllpe <Cllfllre  and M fllne < CllfHllire,
where C is independent of f.

Remark 2.5. As a matter of fact, the conditions of ¢ are stronger in [8] than here. However,
just for the result of Lemma 2.4, the hypothesis here is sufficient.
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3 Main Results

Now, we state our main results as follows.

Theorem 3.1. Let Q € L*(S""!) be a homogeneous function of degree zero satisfying (1.1)
and (1.2) with a > % Then for p>n/2, A >2and f € LP(R*)(1 < p < o0),

MA(L, o )(x) < CMf(x),  forall xeR",

Mﬁ(u;’pf)(x) <CM,f(x), forallxeR",

where C is a constant independent of f.

Applying the sharp maximal function estimates of yg ¢ and u;’p , we can get the weighted
L?-boundedness and Morrey boundedness of these operators as follows.

Theorem 3.2. Suppose that Q satisfies the same conditions as in Theorem 3.1 and w € A,
then for p>n/2, A>2and 1 < p < oo, there is

kg5 Dllpw < Clifllpws I Plipw < Cllflpo-

Theorem 3.3. Suppose that Q satisfies the same conditions as in Theorem 3.1. Let ¢ be
a positive function on R" X R* and suppose there exists 0 < Cy < 2" such that (2.1) holds.
Then for p>n/2, A>2and 1 < p < oo, there is

Ikgy.s (Dllere < Cllflleres M (Plizre < Cllfllpe.

4 Proof of Theorems

First, we give the proof of Theorem 3.1.

Proof. (1) First we give the estimate of Mﬁ(yp Qs Hx).
Given x € R”, let B = B(x,rg) be a ball centered at ¥ and radius ro with x € B. Denote
B* a ball with center at x and radius r = 2ry. Set

f=rxsp+ f(1—xsp) = f1+ fa.

Then by Lemma 2.1,

1 1

1 P
= f s 00 < (o f s i) < € fR Afitpdu) < CMyf)
“4.1)
Since f € L?, and '“f),s is L? bounded, then

fl#gs(fz)(u)ldu<lB|1’ (flﬂp (fz)(u)lpdu) <C|B|” (f If(u)l”du) :

This shows that ,ug ¢ (2)(u) < o0 a.e. on B, so except a subset E with measure zero, for all
ueB\E, yg s (f2)(u) < co. Hence we can take a point xo € B\ E, such '[hat,uf2 S (2)(xp) < 0.
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For any w € B\ E, we consider I = Wgz,s (2)(x0) _'“g,s (f2)(w)|. We have

iy ()0, = ey (F2) (@), |
ll¢2,y(f2)(x0) = 1y (f2) (W)l

Lo o of 7 s

P X Z
f j|;|<1f y|<1 ¢( . )fz( )dz
Y1
n.fW—Z
+f0 fy|<1 ﬁxo,z—ylzlt ¢(T—Y)f2(2)dz
[ —yl<1
f ~f;|<1

2
—n X0—2 N w—2Z _
f I (e o el | IS
—-yl<1
Using the transform y

]
U S
U Lo

= L+bL+15.

~
IA

4.2)

2 dydt)é

IA

2 dydt)

2 dydt)é

dydz)é

2 dydt \2
tn+2p+l)

Q(y—2)
fly_zlq S s

w—xo+y—z|>t

Qlw— _
ﬁ;_zpt (w—xp+y Z)f()

= lw—x0+y—z"*
lw=x0+y—zl<t

Qy-20 QUw-xo+y—2z)
ﬁ - ( - )fz(Z) z

—zZ"P |lw—xg+y—2z|"F
e el ly—z| | 0o+y—1

+2p+1

2 dydt )i

2 dydt \z
+2p+1 )

Take O < e < mm{ o= 5,0/ — %, Mn} (we always restrict € satisfies this in the whole

proof). As for I, by the Minkowski inequality we get

1
IQ(y—-2)* dydt 12
I Sf |f(Z)| 2B* +ﬂ QB ) ] <L+,
(8B*)° iye ZJ<t e ly _Z|2n—2p 1+2p+1

[y—zl<t
[xo—yl<t [xo—yl<t
|w—xo+y—z|>t |w—xo+y—z|>t

where

IQy—2)? dydt \
Iy = f e e O o) e
(8B*)¢

y—dl<t |y _Z|2n—2p tn+2p+l

[xo—yl<t
|w—x0+y—z|>t

~ Q-2 dydt \>
L= LB o |f(Z)| ye(2B*)° |y_Z|2n—2p r+20+1 )

[y—zl<z
[xo—yl<t
|w—x0+y—z|>¢

For I, 1, since y € 2B*, z€ 8B*)", ly—zl ~ |xo— 2zl ~ lw—x0 +y—12|, |z2—x0| ~ |z— x|, we
have

1

Q(y-2) dt 3
nos [ el PEEE o) ds
(8B*)¢ ye2B* |y_Z| "o |y—zl<t<|w—xo+y—2z| P
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= f |f(Z)|(f 1Q(y—2)I? 1 B 1 dy)édz
(8B*) e [y =P l|w —xo +y— 2"t [y -zt
Qv — 2 1
< Cf |f<z>|(f ) d:
(8B°) yeap: [y —2Z|*17% [y —z|"+er
1Q(y—2)? r 3
< C Z ( f d ) dz
f(‘83*)€ |f( )| Ve2B |y_Z|2n—2p |y_Z|2p—n+l—28 IZ—xo|2”+28 y
< C |f(2)] Q> —2)P 4 %d i
- |z — xo|te Ll B (4.3)
8B*) 1K= X0 y-z>6r [y —2l
_ |f(Z)| NV} ’ 0 r n—1 %
= of gl ], ek [ eas) a:
< Craf |f(Z)| dz (44)
8B [2— xo["*®
<oy f @,
= Jokreip-s<otety 2= X[
ST
< o f [f(@)ldz
kzz;‘ @kryte Jzi<ainy
00 1
1 1 »
< O ) i (— f If(z)l”dz)
; (2"}")‘9 (2k+1,.)n =<2k
< CM,f(x).
Now we give the estimate of /7 ».
Q-2 dydt |3
ne < [ v [fearr i )
(8B Teyoi<t, 2zl [y — 212172 112041
lw=2x0+y—z|>t
IQy—2) dydt \2
+ If(z)l( f B, ] ) dz
LB*)C |)xeg—y|<t, 2?;—Zz|<<t|z—x0| |y_Z|2n—2p tn+2‘0+l
lw—xo+y—z|=t
= Ly +1 .
First we give the estimate of /; .
1Q(y - 2)? dt 3
Ly = f lf(z)l(fe(zza*)f Wf mdy) dz
(857 gly—zlzlz—xol by =27 Jy-d<rslo-xo+y—2 17
1Q(y-2) r 3
< C f ri f . @) a:
(SB*)( zﬁ,(_zgz)lz_x()l |y — Z|2n—2p |y _ Z|n+2p+l
1Q(y—2)? r 1 3
<
< C LB*)U |f(Z)|(ﬁe(23*)c |y _ Z|2n—2,o |y _ Z|2p—n+1—28 |Z _ X()|2"+25 dy) dz

2ly—z|=|z—xol

ccf A 6 -9
B ®B%) |z = xol™** 2y—zl2lz-xol>6r [Y = 128

3
dy) dz
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< cj‘ _JﬁQL{j‘ ﬂEQ;9E¢Oa&
B (8B*)¢ |Z - X()|"+‘9 y—zl>3r |y _ Z|n+1_2‘9

Similarly to the estimate of (4.3), we have I, » < CM, f(x).
Then we give the estimate of 7, 5.

1
f |f(z)| Q(y—2)> dydt )idz
ye(2B*), |y—zl<t _
(8B*) Ixo—yl<t, 2ly—zl<lz—xo| ly — 2212 r+2p+l
|w—x0+y—2z|>t, [y—z|<2r

2 1
Q(y—2)|° dydt \2
v f I [ frar e 2 ) a:
(8B°) i<t 2y—cl<lo—o] [y = 22" 20+l
lw—xo+y—z|>t, [y—z|>2r

IA

11.2//

Ligyr+1 5.

|z=xo| x0|

For I, , ,», since [y—z| < le=xol xOl , then |y — xg| > |z — xo| — [y — 2| > , we have

m@—@ﬁjm dt 3
Iy < z([ , ay) dz
v LB*)C Ve 'i_Z'<2| o =P T
1 Q-2  \:
< cf ol 20 )
(8B y—zl<2r [y = Xo[" 7P |y — z|===F
Q-2 |\
cof MO euorl,
@B |7 = x0|2 P \Jy—z<2r [y — 2"~
1
= Cf ﬂ(f |Q(Z )lzdo_(z)f 2 5 n_lds)zdz
®B) |z = xp|2 P \Jgn-1 n=2p
< [f ()l

8By |z — x0|2P

Similarly to the estimate of (4.4), we have I, , ;» < CM,f(x).

|z=xo| x()|

For I, 5 5, since t > [y —xo| > |z— x| — [y —z| > ,and [y—z| ~ |w—x +y—z|, we have

1

QG -2)P d
I, < f If(z)l( ﬁe(ZB*)‘ v — 2n-2p dy)
- 8B) Ay al<le—xol [V = 2P Jy-drciomsory—z 1
ly—zl=2r
1
f o f L le0-op f ) e
im0l e\ E@BY” N 2n-20 Do-n+tl-2¢
(8B*)° (LZ 2x0|)n+s 2y—z|<lz—ol ly —z[2n=2p ly—zl<t<lw—x0+y—z| {2p-n+1-2¢
ly—zl=2r

/@) Q0 -2)P r :
Cf . — ynlnte ( — ~2n-2p |\ — ~|2p0—n—2e+1 dy) dz
8B 12— ol y—zz2r 1y =2l ly—2zl

If )l Gy -2 | \2
Cf e |z — |n+£( _ n+1—28dy) dz.
@B 12— X0 y—zz2r [y =2l

Similarly to the estimate of (4.3), we have I, , ,» < CM,, f(x).
Combining the estimates of 111, I; »', I, , ;» and I , ,», we obtain I < CM,, f(x). Sim-
ilarly as we deal with /1, we can obtain I < CM, f(x).
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So we only need to give the estimate of /3. Apply the Minkowski inequality to /3 and
divide the region by [y —z| > 6r, [y —z| < 6r. When |y —z] < 6r, we have y € (2B*)¢, so

Qw-xo+y-2) > dydt \?
(8B ly—zl<t |y Z| r |a)—xo+y—z| Pl ghrep
[xo—yl<t
[y—zl<6r
|w—xo+y—z|<t
|
+f el f 26 ~) _ Qo-xnty=o) dydi i
>
(8B*)C g, §|<tr |y Z|" -p |w—XO+y—z|”‘P f1+2p+1

|x0_y|<t
|lw—xp+y—z|<t
= L+

It is easy to see that when z € (8B*)¢ and |y — z| < 6r, there are |y — xp| ~ |z — xo| and
lw—x0+y—2z| <|w—x0|+|y—2z| < 8r. Then

Q-2  1Qw-xo+y-2)
Ly =< Cf |f(z)|(fe(23*)f y—2/<6 ( m2p t 2n-2 )
(8B") ! > al<br y=z=%  |w—xo+y—z~=

|xo=yI<t, lw—x0+y—z|<8r

® dt J %d
X y=xol tn+2p+1 y) z
c f _f@l ( f (IQ(y—Z)|2+|Q(w—XO+y—z)|2) dy)% i
@8 le=xoPPANSAS0r Ay =2 w—xo +y =2
Q-2  \2
of, Mo(f mocar,),
8By |z = x0|2 P \Jjy—zi<6r [y — 27"~
Qw-x0+y-2) | \2
B
(8B*)° |Z_XO|7+p |w—x0+y—2]<8r |w—xo+y—2z|“"4P

< Cr‘"'if VL}I,,(ZZ
8By |z—x0lP*2

Similarly to the estimate of (4.4), we have I3 | < CM,f(x).
Finally, we give the estimate of /3. Note that |z — xg| < |xo—y|+|y—2z| < 2t,s0 ¢ > l2 2"”'

A

IA

IA

Qy-2)0 Qw-xo+y—2)
Iy < f e 3 -
(8B |[>>|Zxof62y ly— b;|>Z|6<rt ly—zI"* |lw-xo+y—z["?
lw—xo+y—zl<t
(logty****dydt )5
X z
2o+l 242
tp n+ t n(lOg;) +2&
|/ (@) f Qy—2z)
< Cf >lz—x0l/2, ly—zl<t| T "=
(8B Iz—xol"(IOg—'Z}fO')“‘E p-sol<t, b-z6r 1Y = 2"
|w—x0+y—z|<t
Qw—-xo+y—2) (log§)2+2‘9dydt)§d
- z
lw—xo+y—z"* 2pn+l
- Qy-2 Qw-x+y-2)[

y—=z"* |w-xo+y—2z"*

[ ver__(f
@8y 2= xo"(log 52y 1+e )y 6
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00 (log£)2+28 %
x fb = drdy)’ dz ws)
By Lemma 2.2 and Lemma 2.3, there is
Cf lf (@)l (f (1+ |Q(y_z)|)2 (log =2l )2+28 1
8 y

=0l b 2pn dy) dz
@B |z — xo|"(log 552 ) 1+& \Jy—dlz6r |y — z]21-20 (log =2 )2e - |y = zIP

1+1Q4 - 2)))? 2
_ e f ) ( f (1+120-2) o) o)
88 2= %ol (log 554+ g6 [y - 2t (log Lo)2e-2-2¢

_ ¢ f f @) ([ a+iecirde)
8 Sn—l

(8B*)C |Z_xO|n(log|Z;;f0|)l+.9

IA

I,

1

© D 2

X \f; sn(logf)Zoz—Z—Zs dS) dz
r r

Cf |f (@)l (fw dt )zdz
85 |z~ xo(log 52y 1+e \Jg  t(logt)?@272¢

c f f@r
88 |z = XI"(log =)+

(o)

_ CZ f lf @) d
=3 Y 2kr<le—x<2k+1r |z—§|”(log@)l+5

C d
Z(Zkr)”(logz r)1+sL x|<2A+1r|f(Z)| <

k=3

IA

IA

IA

1

1 1 L
— == P
: C}; k1+€((2k+lr)n fl;—x|<2k+'r|f(z)| dz)
< CMpf(x),

Combining the estimates of /31 and I3 >, we obtain I3 < CM, f(x). Then

1=, (f)(x0) ~ s  (2)(@) < CM, f(x), for all w € B\E.

Therefore

1 1
L f I < ()0~ 1 s (P )@l = f ey () 0) — 1 ()@l < M, f ().
Bl Jg~ ’ Bl Jp\e~ :
4.7
Since Mﬁ(f)(x) =sup — flf(y) feldy = suplnf—flf(y) cldy, we just take ¢ =
xeB IBI xeB |B|
1o, s (£2)(x0). Write
1y (fi + 2)(@) = 1y § (F)x0)| < 1y (F1)(@) + iy () (@) =y 5 (f2)(x0))-

By (4.1) and (4.7), we obtain

1
1B| fB'“g,s (M) =y s () (x0)ldw
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1 1

5 s o [ U 0=ty (@l
1Bl Jp~ ** 1Bl Jp" ’

CM, f(x).

IA

Thus ML, ¢ £)(x) < CM,, f(x), for all x € R".

(2) Below we will give the proof for M*(u}” f).
Given x € R", let B, X, ro, B*, r be the same as before, also set

f=rxsp + (1= fxsp) = fi + fa.
Then by Theorem 1.1, we have

= f uf(fl)(u)du<(|B| f PG adi) < (IBI f ”Ifl(u)l”du) <CM,f(x). (4.8)

By the same reason as we show in the part (1), there exists a measurable set E with
measure zero such that 1;”(f2)(u) < co for any u € B\ E. Now we fixed one point xo € B\ E
and for any w € B\ E, we consider

J o= W00 -1 )]
= |y (D)@, ~ ey (L)XWl
< 161y ()(x0) = By ()W,

(f OofRn(lj |y|)ﬂn f (o2 = 3) 9“3tz
Iy ) t_"(‘ﬁ(xot_ A )| ELOTE
+f0 flym 1+Iyl

f"(¢( R y)- oM )t
= Ji+Jp.

2 dydt)é

IA

2 dydz)é

2 dydt)i
t t

Since (ﬁyl)ﬂ" < 1, by the estimate of (4.2), there is J; < I} + I + Iy < CM,,(f)(x).

f «flyl>1 1+|y| :7__;‘51 ¢(x )f( )dz dy_dt)
+(f0 fwlzl(ﬁ) f:ot‘—y”z]l t‘n¢(W )fz(z)dﬁ@)
R

2 dydr)é

ffM>1 1+l ﬁ ! (¢(x0t_z—y)—fﬁ(?—y))fz(z)dz

[P -yl

L)
0 Jiooylze\E+1x0 =)

2 dydt )7

r+2p+1

Qy—
j;_zlq =27 fz( )dz
[w—xo+y—z|>t
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” 4 o Qw—xo+y—2
+(f f (t+|x - |) j;’—z|>t Iw(—x +0 _y |n_2f2(z)dz
0 [xo—yl=t 0~y Iw—xg+y—z|<t 0t+y—2
foof t An
+( (_ )
0 Jpooyfze X0 =l

(Q(y—z) _Qw-xo+y-2)
ly—zl<t

ly—zl"* [w—xo+y—2z|"*

2 dydt \z
tn+2p+1)

2 dydt \2
+2p+1 )

)fz(z)dz

[w—xo+y—z|<t

= Li+Ly+Ls.

As for L;, we claim that y € (2B*), otherwise if y € 2B* then ¢ < |xg — y| < 4r, but
z€(8B*), t > |y—z] > 6r. Thus by the Minkowski inequality, we get

t o \MIQy-2)P dydr \2
Ly Sf |f(Z)|f o—yl21 ) | (yz _)l )2} 1) dz<Lii+Lio,
(8B*)¢ ye(2B*)° t+|Xo—y| [y —z["=2F r+opt
[y—zl<t

w—xo+y—z|=t
Y

where

B ! Q-2 dydt \2
Lii= f el f f — ) )z
(8B°) 0 Joecmy g \t+ o —yl)  ly—zPr2e ni2erd

[w—x0+y—z|>¢

” t \"IQO-2)P dydr \:
2= [ @[ fomin o ) ) d
(8B*)¢ 0 ;E(ZZB*)};, f;?—z}kt 1+ |xO —y| |y _ lel’l—zp tn+2p+1

lw—xo+y—z|2t

As for L 1, since [y—z| < 8r, z€ (8B*)° and y € (2B*)¢, then |y — xg| ~ |z — xp|. So

1 2n+2e t An—-2n-2¢&
s ) )
H fsza*)f d (Z)'f fyzl<8r lxo—yl>t t+1x0— 1+ -yl
Qy—2)P dydt %
y tzmgl (y—2)I" dy dz
|y — Z|2n—2p +2p+1
2n+2e 2 1
) 1Q>y - 2)|
< £Q) f f <8 ddt) dz
LB*)L |XOZ}|>;| X0 — y|2n+2£ 1+2p+1 |y Z|2rz 20
ye(2B*)°
[y—zl<t
1L lQo-2P , Vv
< c f o f [ dya)' d:
(8B 0 |x0—y|>; xo|2n+28 t]+2p 2e—n |y Z|2n 20
ye(2B*)*
[y—zl<t
1 Q> = 2)]? dydt\>
< Cf |f(z)|f f):2|<8’ 2n+2e n-g 1—8) d
(8B Io—yl>t 12— %ol ly—zl"* ¢
ye(2B*)*
[y—zl<t

1

cof e e f"“"y' Latlay) az
B @By 12— x0l"¢/2\J )<y [z = X0lFly — 21"~ \ g 11-¢
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lf (@)l f Q-2  \?
L P, B
@) 2= xol™ 2\ s ly—2I"®

Z
Crs/zf |f () dz
8By 27— xol"+e/

Similarly to the estimate of (4.4), we have Ly | < CM,(f)(x).

1
t \IQy-2)? dydt \2
L < f |f(Z)|ff > ) )dz
(85 it y);%'zg*)c t+lxo=yl/ [y— 2P o]

[y=zl<t, ly—z[=8r
[w—xo+y—z|>t

! WQ(y—2) dydt |
o 1@ f f S ) ) a:
fSB*>‘ |xo—y|§zz y?(w*)f t+lxo=yl/ [y—z>=2 pr2e+l

[y—zl<t, ly—z[=8r
[w—xo+y—z|>t

IA

= L12/ +L1.2//.
As for Ly »,
1
|Q(y - Z)lz dt 2
LI.Z’ < f |f(z)|(f€(23*)" - - v dy) dZ
@B Iyy—z|28r |y_z|2n—2p [y—z|<t<|w—xp+y—2]| 20+
2ly—z|=|z—xol
1
1Q(y —2)? r 3
< C f el f oy o)
(8B*)¢ |yy€—Z|28r |y — Z|2"—2p |y _ Z|n+2p+l
2ly—z|2lz—xo
1
G ( f Qo-2F - :
< C OB dy) dz
LB*)C' IZ - xO|n+8 |yy€—(z|28)r |y _ Z|2n—2p |y _ Z|1+2p—28—n
2[y—z|=|z—xol
1
<

Cf lf @) (f rQ(y - 2) dy)jdz
(8B*)¢ |Z - x0|"+5 y—2/>8r |y _ Z|n+1—2€

< Craf |f(Z)|+ dz
@B [z— xol"*®

By the estimate of (4.4), we have Lj o < CM,(f)(x).
As for Ly o, by |z— x| > 2|y — z|, we know that

ly=xol = lz=xol =y =zl > |lz=x0l/2 and [y—z|~w—xo+y—zl

f t An—2n-2¢ t2n+28
o [ ()
(8B")¢ y—ol2lz-xo1/2 t+]xo —yl g — y[Pr+2e
[y—zl<t, [w—xo+y—z|>t
1
Q(y—2) dydt \2
|y _ Z|2n—2p +2p+1

Thus

Lo

IA

1

|f(Z)| N Q(y—z)|> 2% p dt)id
(8B*)¢ (lZ x()l)n+£ ERB")", ly—2|=8r |y_Z|2n—2p f1+2p+1 4 2

[y=x0|=lz—x0l/2
[y—zl<t, [w—x0+y—2z|>t
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1

c £ @) ( Q0 -2 ( ol dt) g )f J
(8B |z — xp|"te ye(2B*)°, y—z|>8r |y Z|2n 2p . 12p—n—2e+1 y Z

y—xol2le—0l/2 =2

1

lf ()] QG -2)P r 2
C‘fSB*)( lz— xO|n+s( lye(le*)‘ ly— Z|2n 2p ly— Z|2p n—2¢e+1 dy) dz

LY =
@B 12— X0l \ g8, [y — 21728 :

Similarly to the estimate of (4.3), we have L » < CM,(f)(x).

Combining the estimates of L; 1,L; 2 and Ly »~, we obtain Ly < CM,(f)(x). Similarly
as we deal with L, we can obtain Ly < CM,,(f)(x).

Finally, we deal with the last part L3. By the Minskowski inequality,

IA

IA

Ly < I/ ( )I( ( ! )A" Qy-20 Qw-x+y-2) [
P Jeme T\ ot g g =yt = T =g+ y =2
Iw—xo+y—z|<t
dydt \?
+2p+1 )
< f |f (I f ( )M Qy-z) Qw-x0+y-2) 2
- Jesr boel<er o=yi2r | A7+ IxO o ly—=zrr  w—xo+y—zn°

[y—zl<t, w—xo+y—z|<t

AN
dyd )zdz

X +2p+1

+
| e

ly z|<t Iw x0+y zl<t

Qy-2) Qw-xo+y—2)
y—=z"* [w—xo+y—z"P
= L3.1+L3.2.

2 dydt )7

+2p+1

As for L3 1, since [y —z] < 6r and z € (8B*)°, then [y — x| > |z— X| — |y — z| > 2r, we can
have y e 2B*), lw—xo+y—2z| < [w—xo| +|y—2z| < 8r.

t WOy -2 dydt \>
L3.1 < f |f(z)|(ffe(23*)c |x0— |>t( ) 2n-2p m+2, +1) dz
(8B*)C Y 02\t + |xg =Y/ |y —z|*m

[y=zl<6r, [y-zl<t

+f £ )| t QW —xo+y—2) dydt %d
2 yE2B")", |x y|>t - z
(8B*)° [w—xo+y— z|28r f+[xo =yl lw — xo +y—z|2” 2p n+2p+l

[w—xp+y—z|<t

= L3y +Lzy.
Using the similar method as we deal with L; 1, we easily have
L3y <CMy(f)(x), L31» < CM,(f)(x),

thus L3.1 < CM,(f)(x).
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As for L35,

t /ln
L3, < f |f(Z)|(ff2|y— [>[z—xo ( )
(8B pozor. ooz VX0

ly—zl<t, [w—xo+y—z|<t

dydt \»
th+2p+1) dz

f t An
A ERE ()
(8B*)¢ el 1+ |xo =yl

[y=z|=6r, |xo—yl>t
ly—z|<t, lw—xo+y—z|<t

Qy-20 Qw-xo+y—2) | dydt )5
- Z
y—zl"" |w—xq+y—z|"* +2p+1
= L3'2/ + L3.2/1‘

Qy-20 Qw-x+y-2) 2
ly=zl"* [w=xo+y—z"*

For L3 5, there is

f el f
(8B*)¢ y—zl>6r
. dt
(], )
max{ly—zlJe—xol/2) 1THPF1
cf e[ [food- At :
(8B b—zs6r 1y =2 w—xo+y—z"P
°° logt)***dt :
X(f — ool )dy)zdz
max(ly=zli=xol/2} 1P|z — xo P (log 55722 +28
c f If(2)l ( f
8B |z— xol”(log%)”g [y—z|>6r

0 (log§)2+28dt 3
x( f 7= )dy) dz.

[y-z

Q-2 Qw-x+y-2)[

L3'2, n—, n—,
y=zI"* [w-—xo+y-2z|"*

IA

IA

Qy-z0 Qw-xo+y-2) 2
y—zI"* [w—xo+y—z|"*

IA

By the estimate of (4.5), we get L3 »» < CM,(f)(x).
For L3 5, denote C(g) = ¢>*28)/¢ Since 2ly—z] <|z—xo|, then |xg—y| > |z—x0| — |y — 2] >

lz=xo]
=54, thus
t’ln(log t+ly—xo|+C(e)r )2+28
L3y < f |f(Z)|(fj; 2[267, [xo—y|>t -
. _ - C
(85 I;Co;lyglz wl2 (24 |x0 — YD 2n+2n(logt+|y xor|+ (S)V)2+28
Qy-2)0 Qw-xo+y-2) |* dydt )é
|y — Zln_p |W — X0+ y— Z|n—p tn+2p+l
< Qy-2)

Cf I/ (2)l f o
_ [y=z|=6r, |xo—yI2t|7 _—,
(85 Iz—xol”(log%)“s [xo—y1>lzx0l/2

[y—zl<t
2 t/ln(log t+|y—Xor|+C(6)r )2+28 dydt );
(t + |X0 _ yl)/ln—Zn +2p+1 2

ly—z|**

_Q(w—x0+y—z)

[w—xo0+y—2z|*°
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< Cf |/ (2)] (f Qy-2  Qw-x+y-2) |
a 8B |z — xol"(IOg%)”s y—zl>6r

ly—zl"* [w—xo+y—2z|"*
x( ool 11 (log MESEEET 242 gy )d )éd
=2l (t+|xg—yDtn=2n  pre2p+l y) dz.

Notice that the function G(s) = M is decreasing when s > ¢>*29/¢ and

t+y—xol +C(e)r S ly—zl+C(e)r > Cle) = @29V,
r r

Then

[lOg( + |y—XOr|+C(8)’ )] 24+2¢& lOg( \y—zl-:C(a)r )]2+25

:G(t+Iy—x0|+C(8)r)sc(|y—ZI+C(8)r): [

(t+|y—xo|+C(£)r )g r r

r

(m)s

Since t+ [y — x| ~t+|y— xo|+C(s)rand0<s<rn1n{;,(/122)”,,o—ﬂ 3}, then

fIXO—yI 1 (Jog bl C(e)r _x°r|+c(8)r ¥t gy

=] (l + |x0 _ y|)/ln—2n tn+2p+l
B flxo_yl (log t+|y—X0r|+C(3)")2+28 An—2n-g2n+e dt
~ (t + |X0 _yl)g (t + |x0 _yl)/ln—Zn—s tn+2p+1
ly—zl

foo [log(M)]2+25 dt
-z (y—zl+C(er)® 2o-n+l-e
[log(w)]hzs

ly -zl

Since |y —z| > 6r, there exists a constant / > 1 such that [y —z| + C(&)r < 2! |y —z|. Hence

- —
@87 |z~ xol"(log 2y 1+ \Jyy—zps6r

(logZIy Z|)2+28 !
X—Iy—ZIZP - d ) dz

Qy-2  Qw-x+y-2) |
y=zI"* |w-—xo+y—2z|"*

. f oL f (L4100~
 Jeny e xollog Bt e My-aizor [y — 222 (log e
lo 2y-zd\242¢ L
Uos= 7 2) d )za’z
ly =zl
1
<

1+1Q : 2
Cf I/ (@)l (f (I+1Q0-2)D dy)de.
#8) 2= xol"(log 5y +e My—aiz6r [y — 2l (log M)2-2-2¢

By the estimate of (4.6), we get L3 2» < CM,(f)(x).
Combining the estimates of L3 1 and L3>, we obtain L3 < CM,(f)(x). Then

J<Jy+Li+Ly+ Ly < CM(f)(x), for allw € B\ E.
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Therefore

1 * *
Bl fB Iy () (x0) — 1) () (W)ldw < CM, f (). 4.9)
By (4.8) and (4.9), we have

1 * *
1 f (@) — 1 () o)l
|Bl Jp

1
|B|

1 .
Bl fBﬂjp(fl)(w)dw+
CM, f(x).

fB WP () (o) — P (o) @)ldew

IA

Taking ¢ = 1" (f2)(x0), we can have

* 1 * *
AL 00 < sup o fB 5 (F)w) =13 (F)(xoldy < CM,, f(x), for all x € R,

Then we finish the proof of Theorem 3.1. O

The proof of Theorem 3.2 is conventional, so we omit the details.
Finally, we give the proof of Theorem 3.3.

Proof. Noticing that 1 < p < oo, there exists an s such that 1 < s < p. By Theorem 3.1 and
Lemma 2.4, we have

gy s Pllre < MG, ¢ Pllire < CUMPGE g Pllire
ClIM fllre = CUMAFIN,L, ,
ClIFEN, . = Cllfllse.

IN A

IA

Similarly, we can obtain ||,u;’p (Dllzre < C|IfllLr-e, which complete the proof of Theorem
3.3. O
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