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Abstract

We use variational methods to study the existence of at least one positive solution of
the following Schrodinger-Poisson system

—Au+u+ 1(xX)pu = k(0> 2+ ph(x)|ul?>u inR3,
—A¢ = I(x)u® in R3,

under some suitable conditions on the non-negative functions /, k, k and constant u > 0,
where 2 < g < 2* (critical Sobolev exponent).
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1 Introduction

In this paper, we study the existence of solutions of the system (1.2) involving a critical
growth with the following form

{ —Au+u+Il(x)pu = k(0)ul® 2u +uh(x)|u|q_2u in R3,
(1.1)

—A¢ = I(x)u? in R3,
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where 2 < g < 2*. We use the standard Mountain Pass Theorem to show the existence
of a solution. However, since the nonlinearity involves a critical exponent, the Sobolev
embedding H R3) — LS(R3) (2 < s < 6) is not compact. This will create great difficulies
in the proof of the Palais-Smale condition. We will transform the problem into a nonlocal
elliptic equation in R? and we also consider the limiting case g = 2.

It is known that the Schrédinger-Poisson systems have a strong physical meaning be-
cause they appear in quantum mechanics models (see e.g. [6, 9, 22]) and in semiconductor
theory (see e.g. [4, 5, 23, 24]). In particular, systems like (1.2) have been introduced in
Benci-Fortunato [4, 5] as a model describing solitary waves for the nonlinear stationary
Schrodinger equations in three-dimensional space interacting with the electrostatic field
which is not a priori assigned. Further applications to superconductors are currently under
investigation.

Very recently, Cerami-Vaira [10] studied the existence of positive solutions for the
Schrodinger-Poisson system

—Au+u+1(x)pu = f(x,u) in R3,
(1.2)
—A¢ = I(x)u? in R?,

where they considered f(x,u) = k()|ulP~2u with 4 < p < 6 and assumed that [ € L*(R3) and
k:R3 >R are non-negative functions satisfying limjy—+c0 {(x) = 0, [ £ 0, lim|y— 400 k(x) =
keo > 0 and k(x) — ko, € LS/ C=PI(R3),

After Cerami-Vaira [10] many researchers have looked to problem (1.2), such as D’ Avenia-
Pomponio-Vaira [18], Li-Peng-Wang [21], Sun-Chen-Nieto [27] and Vaira [30], under var-
ious assumptions on the non-constant function /. Similar problems continue to attract atten-
tion as one can see from the latest works of He-Zou [20] and their references.

Before Cerami-Vaira [10] similar problems to (1.2), with constant function /, had also
been widely investigated. We point out the works of Ambrosetti-Ruiz [2], Coclite [12],
D’Avenia [17], D’ Aprile et al. [13, 14, 15, 16], Ruiz [26] and others. Among of these,
Azzollini-Pomponio [3], D’ Aprile-Mugnai [14] and Zhao-Zhao [32] dealt with critical ex-
ponent case.

There are no existence results about system (1.1) with non-constant function /. In Zhao-
Zhao [32], they studied a similar system to (1.1) with function / = 1. They established the
existence of at least one positive solution for 4 < g < 2* and at least one positive radial
solution for 2 < g < 4 with some restrictions on functions &, 47 and u. Moreover, note that
there was no information about the case where g = 2.

The main result, in this work, generalizes some of above results. We consider the
following hypotheses (H):

(H) e 2R} NL®(R3), [(x) > 0 for any x € R and [ £ 0;

(Hi,) k(x) 2 0 for any x € R3;

(Hk,) There exists xg € R3, 6; > 0 and p1 > 0 such that k(xp) = maxps k(x) and |k(x) —
k(xp)| < 61]x — x0]® for |x— x| < p; with 1 < @ < 3;

(Hp,) h e LY6~D(R3) and h(x) > 0 for any x € R* and h  0;

(Hp,) There are 6, > 0 and pp > 0 such that hA(x) > d|x — xo|™ for |x = xo| < pp and
2-14 <B <3, where xq is given by (Hy,);
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(Hp,) 0 <p <ppwhen2<g<4;u>0when4<g<6, where f1 is defined by

g:=pp=  inf { f (Vul? +u®)dx - f h(x)lulquzl}.
ueH'(R3H\(0} | JR3 R3

Remark 1.1. The hypotheses (Hy,) and (Hy,) mean that k € L®(R).

Remark 1.2. The function k, which satisfies a Holder condition of order a with 1 < @ < 3
on H'(R3) and achieves its maximum, is a special case of (Hy,).

Remark 1.3. In Lemma 2.3, we show that jz is achieved.

By a solution (u,¢) in H'(R?) x D'"2(R?) of problem (1.1), we mean that for any v €
H'(R?) it holds

fR3 (VuVv+uv + l(x)puv)dx = fﬂ{} (k(x)|u|2*‘2uv +,uh(x)|u|q_2uv) dx,
[s VoVvdx = [, l(xpuPvdsx.

We say the solution is positive if u(x) > 0 and ¢(x) > 0 for all x € R3.
We shall prove the following theorem.

Theorem 1.4. Assume the hypotheses (H) hold and 2 < g <2*. Then problem (1.1) has at
least one positive solution (u,¢,) in H'(R*) x DV2(R3).

To prove the result above, we use a combination of techniques, e.g. techniques mo-
tivated by Willem [31], to overcome the lack of compactness of the Sobolev embedding,
and methods used by Chen-Li-Li [11] and Zhao-Zhao [32], to estimate carefully the energy
level.

Notations. Throughout this paper, L = LP(R?) (1 < p < +00) is the usual Lebesgue space
with the norm ||u||§ = j;{g [ulPdx; L® = L*(R3) is the space of all essentially bounded func-
tions with the norm ||u||cc = esssup|u|; H I'= H'(R3) denotes the usual Sobolev space with
the norm |jul* = ﬁw (qu|2+|u|2)dx; H~! is the dual space of H' and (-,-) = (oY H-1xH!
is dual bracket; D' = D'?(R%) is the completion of C8°(R3) with respect to the norm
||u||%) = &3 |Vul|?dx; B,(x) and B, denote a ball with radius p centred at x and 0, respec-
tively in a related space. Let u* = max{u,0} and = = max{—u,0}. We denote strong (weak)
convergence for a sequence (u,),en and u in a Banach space by u, — u (4, — u), respec-
tively. NV is used to denote the dimension, so N = 3 if there is no special explanation. The
so-called critical Sobolev exponent is denoted by 2* = ]% The symbol C denotes different
positive constants and the value of C is allowed to change from line to line and in the same
formula.

2 Preliminaries

In this section, we are going to give some preliminary lemmas. Since our methods are
variational, first of all, it is necessary to transform the problem (1.1) into a Schrodinger
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equation with a nonlocal term. In fact, for any u € H I denote L,(v) the linear functional in

D' by
L,(v)= f l(x)uzvdx.
R3

It follows from the hypothesis (H;), Holder and Sobolev inequalities that

Ly )] < o lldllF s1Vlls < Clllleollud3y, M-

2.1

Hence, the Lax-Milgram theorem implies that there exists, for each u in H', a unique ¢, €

D! such that

f Ve, Vv = f I(x)u*vdx forany ve D',
R3 R3

i.e., ¢, is the weak solution of —A¢ = I(x)u?. It holds

1 I(y)u?
bulr) = f u(y) dy,
4 Jrs |x =)l

In particular, we have

g7, = f Vo [Pdx = f I(xX) i dx.
R3 R3

Using (2.1) and (2.2), we obtain
Iulls < Cligullp < Cllull7, 5 < Cllul

and

f 1006 (NP (0dx < Clll.
R3

Thus F : H' — R is well defined with

Flu) = f 106 (NP ().
]R3

2.2)

(2.3)

(2.4)

To give the smoothness of the functional F (about the smoothness, we can find the
statement in previous works, but we didn’t find complete details), first, it is necessary to

introduce the following lemma.

Lemma 2.1. /25 p.31] Let 0 <B < N and f € LYRY), g € L'(RY) with é +14

1<gq, r<oo.Then

f VENED 5 s < g BNl gl
RNXRN |x_y|ﬁ

where C(q,r,B,N) is a positive constant depending on q,r,[3 and N.

Lemma 2.2. If the hypothesis (H)) holds, then F € C'(H',R).

B —2and
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Proof. From Lemma 2.1 and hypothesis (H;) we obtain

dxdy

f () (1))l
RIXR3 lx =yl
< C||M||12/5||MV||6/5 < C||M||12/5||M||12/5||V||12/5

for any u,v € H'. Then we may use the Lebesgue Theorem and Fubini Theorem and get

Flu+t)—F(u)

iy
= lim f fx )(( +1v) (¢u+2z f —l(y)u(y)v(y)dy+t2¢v)—¢uu2)dx
t—0 R3 lx =yl 5
=2 f l(x)(u2(x) f WOV 4 4 vty [ 2L )dy)dx
R3 RS lx—yl R x—l

= 4f I(x)p, uvdx.
R3

Hence the Gateaux derivative of F on H! exists and (%F "(u),v) = ﬁw (x)p uvdx. Let u,, — u

in H' and v € H', then by (H;) we obtain

IF () = F' ()llg-1 = ”S|l|1P1|<F'(un) —F'(u),v)]

=4sup f 1)@y, un — Gy, U+ @y, u— dyu)vdx
R3

[vlI=1

< 4|l|loo sup (”¢un||6”un —ull12/5lvIh2ys + fz ¢, —¢MIIMVIdX)-
R,

lIvil=1

(2.5)

It follows from Lemma 2.1 that

f |¢u,, ¢u”uvld~x

f () v(x)luz(y) — uz(y)l
R3RS lx =yl .
< Clluy, —ulleyslluvlless < Clluy, —u ||6/5||M||12/5||V||12/5-

From (2.3), (2.5), (2.6) and the fact that u,, — u in H', we obtain
IF’ (un) — F'(Wllg-1 — 0.
Thus F has a continuous Gateaux derivative on H'. Therefore F € C'(H',R). o

Let’s introduce the Euler functional of the problem (1.1) as I : H' — R defined by
1 2 1 1 w20 M +
I(w) = Z|lull” + - F(u)— — k()" +=h(x)|u"|?|dx. (2.6)
2 4 R3 \ 2* q

By Lemma 2.2 we know that the functional I is of class C' and its critical points are weak
solutions of (1.1).
To prove Theorem 1.4, we still need some other preliminary lemmas.
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Lemma 2.3. Assume that the hypothesis (H;) holds. Then F is a weakly continuous func-
tional.

. 1 . . 2 . .
Proof. Suppose u, — uin H'. Since u, — u in L, , going if necessary to a subsequence,
we can assume that

u, = u ae. in R® and ¢, — ¢, ae. inR>.

In fact, the last statement is true since, by (H;) and Holder inequality, we have

b0, (-] < f IOI20) —u (y)l—| y
1 1/2
SCIIu —u || 2 (f —dy)
AN TG
., 1 1/4 2.7)
+C|lus — u”||y43 e (f —dy)
n LA3(Bg(x)) yoR |X—y|4

< Ol = 2y + CR™ et = 1Pl
= Uy — Wl L2(Br(x)) Up,—u L4/3(B§(X))
-0,

asn — oo and R — oo. Then ¢,, u,21 — ¢uu2 a.e. on R3. Moreover, the sequence (¢, uﬁ)neN
is bounded in L2, since

1/3 2/3
f b)) ( f ¢undx) ( fR quﬁdx) = 16, G llanllg < Cllee®.

Hence ¢, uﬁ — ¢u* in L. By (H)) we have

F(uy,) = fR 3 [(xX)¢y, u2dx — fR 3 [(xX)pu’dx = F(u).
We have proved that F' is weakly continuous. O
Lemma 2.4. Assume the hypothesis (H)) holds. Let u, — u in H', then
F(u,—u)=F(u,)— F(u)+o(1).

Proof. Since (H;) holds, from the proof of [32, Lemma 2.1], the result follows. O

From a similar proof as in [31, Lemma 2.13], we obtain the next result.

Lemma 2.5. If the hypothesis (Hy,) holds and 2 < q < 6, then the functional
Y H' > R:um f h(x)|ul?dx
R3

is weakly continuous.

Lemma 2.6. Suppose the hypothesis (Hp, ) holds and 2 < q < 4. Then the following infimum

fA:=pu,= inf { (Vul? +uP)dx - f h(x)lul"dle} (2.8)
R3 R3

ueH"\{0}

is achieved.
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Proof. Let (up)neny C H I'be a minimizing sequence such that
f h(x)|u,|?dx=1 and f (IVu,* + u,zl)dx — up, asn— oo,
R3 R3

S0 (up)ner is bounded in H'. Then there exists a subsequence satisfying u, — u in H I
Since h € L%©¢~9 by Lemma 2.5, we have

fh(x)lunlqu%f h(x)|u|dx. Hencef h(0)|u|9dx = 1.
R3 R3 R3

Then, by the weakly lower semi-continuous property of the norm, we get

wy, = lim inf f (Vi) + u2)dx > f (Vul® + u®)dx > .
Thus the infimum gy, is achieved. O

Lemma 2.7. Suppose the hypotheses (H)), (Hy,), (Hp,) and (Hp,) hold. Then 1(0) = 0 and
(1) there are constants p,a > 0 such that |5, > a; and
(L) there is i € H'\ B, such that 1(it) < 0.

Proof. 1t is clear from the definition of [ that 1(0) = 0. To prove (/) and (1), we consider
2<g<4and4< g <6 respectively. First, for 2 < g <4, we have 0 <p < by (Hp,). It
follows from (Hy, ), Lemma 2.6 and Sobolev inequality that

1 1 1 .
Iw) = E||u||2 + ZF(u)— > f 3 k(Olut)> dx — ’5‘ f 3 h(x)lu"9dx
R R
1 X 1 .
> ~ |l = Cllul? = = {jul? = ||u||2(— £ 2).
2 qii 2 gp

Set p = ||u||, small enough such that sz*—z < %(% - :—ﬁ). Hence we have

L1,

Take a = %(% - %)pz. Then we get the result (/;). By (2.3) and the fact that ph(x) > 0, for

fixed ug with |lug|| = 1 and supp(ug) C supp(k), we have

1 C C «
I(tug) < * (?uuon2 + E||M0||4 -5 f % k() g | dx).
R,

Let ¢ be large enough such that t > p and

5 ol + 7 luoll —;jﬂ;k(@luol dx <0.

Take it = tug. Then (1) follows.
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Next, we consider 4 < g <6, so u > 0 by (Hh#). Since (Hy,) and (H},) hold, the Holder
inequality and Sobolev inequality implies that

1 1 1 x
1w = |l + 5 F- = f kol P dx - f h(Olu*dx
2 4 2* Jr3 q Jr3

1L 2» M q
Zillull = Cllul| —allhll qIIMII(,

6
6—

1 . _
> ||u||2(§—cnu||2 2~ Clfull 2)

for each y > 0 fixed. Hence (/1) follows from the similar estimate with (2.9). The proof of
(1) is the same to the case 2 < g < 4. O

3  The proof of Theorem 1.4

To prove Theorem 1.4, we will apply the Mountain Pass Theorem to find a solution of
problem (1.1) and then prove that it is a positive solution. Let us first recall (one of the
versions of) the Mountain Pass Theorem.

Mountain Pass Theorem [1]. Let E be a real Banach space and I € C'(E,R). Suppose
1(0) =0 and

(I1) there are constants p, @ > 0 such that / |33p > a; and

(I>) there is it € E'\ B, such that I(ir) < 0. If I satisfies the (PS).-condition, where c is
defined as

¢ = inf max I(u) withT = {g € C([0,1],E) : g(0) = 0,g(1) = ). 3.1)
g€l'uegl0,1]

Then I possesses a critical value ¢ > a.

Since Lemma 2.7 shows that the functional / has the Mountain Pass geometry, to apply
this theorem to the functional 7 with E = H', it is enough to prove that the Palais-Smale con-
dition holds at the level ¢ (the (PS).-condition for short), which means that every sequence
(Up)nen € H' such that I(u,) — ¢ and I’(u,) — 0 in H~' implies that (u,),en possesses a
convergent subsequence in H'.

Lemma 3.1. Assume (H)), (Hy,), (Hp,) and (Hp,) hold. Then the functional I satisfies

_N=2
the (PS). -condition for c € (0, %S%Hkllm 2 ) where S denotes the best Sobolev constant
defined by

S int Joa IVuldx
= 1

_— 3.2
MeDl\{o}(ﬁR3 |u|2*dx)2/2* ( )

_N22
Proof. Let (u,)nen be a (PS), -sequence of [ at the level ¢ € (O, #Sg [lklloo 2 ), ie.,

I(uy) = c and I'(u,) — 0 in H™". (3.3)
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Step 1. We consider 2 < g <4, so we get 0 < < i by (Hj,). Then by the Sobolev inequality,
Lemma 2.6 and k(x) > O for any x € R?, for large n we have

1
c+ L+ lugll = I(un) — =1 (), un)

Lo (o1 +
= 4||u,1|| (4 2*)f k(x)lu | dx+(4 q)LSh(x)lun|qu

1 1 i (3.4)
||un||2+(———) f Kokl P dx+( ; —)ﬁuunw
R3 q/ M

which implies (u,,),en is bounded in H 1 since 0 < u < jand 2 < g < 4. Passing if necessary
to a subsequence, we can assume that

Uy, — U inHl, U, > U a.e. in R,

Vu, = Vu inL? and u,—u inL>.

Let us define w,, = k() [V*2/N=2 and w = k(x)|u*[V**/N=2, Since (u,)nen is bounded in L*
and k € L™, then w,, is bounded in L*¥/N*2 and so w,, — w in L*¥/N*2_ Note that for any
ve H', we have ve L2N/N=2 Yy e [? and v € L2. Hence

f wyvdx — wvdx, i.e., f k()| 1> ~vdx — f k(Olut)? ~vdx, (3.5)
R3 R3 R3 R3
and
f Vu,Vv+u,v)dx — f (VuVv+uv)dx. (3.6)
R3 R3
From the proof of Lemma 2.3 and Lemma 2.5 we also have
f h(x)lut 9 vdx — f h(x)lut|9 vz, (3.7)
R3 R3
and
f (x)py, uvdx — f [(x)p, uvdx. (3.8)
R3 R3

Combining (3.5)—(3.8), for u, — u in H!, we obtain

(I (uy),v) f (Vuan+unv)dx+f I(x)py, unvdx

= T KON v o [ Gl o v (3.9)
— f_(Vqu+uv)dx+£%_ (X)) uvdx — fR3 kCo)lut > " vdx
— [ BOOW1 vdx = (1 (1), v,

On the other hand, by the fact I’(x,) — 0 in H', we get that (I’(u,),v) — 0 for any v € H'.
So {I'(u),vy =0 forany ve H', i.e.

—Au+u+ 1(X)Puu = k(O P " + ph(0)lu 97 (3.10)



38 L. Huang, and Eugénio M. Rocha

In particular, (I’(u),u) = 0 and then from Lemma 2.6 and k(x) > O we obtain

4 2¢

>(§+(5-5)5) P = 0.

1) :1(1’(u),u>+1||u||2+(1—i) f k(x)|u+|2*dx+(’i—‘i) f h(O)lu*|9dx
4 4 R? 4 q)Jrs

(3.11)
Let v, = u, —u and so v, — 0 in H'. Hence, using the given hypotheses, the Brézis-Lieb
Lemma [7] implies that
et = [1Val> + el + (1),

f k() [* dx = f k()i dx+ f k(o) dx +o(1),
R3 R3 R3

f h(x)u)|9dx = f h(x)lv,fl”’dx+f h(0)|lu*|?dx+o(1),
R3 R3 R3
and hence by Lemma 2.4 we have
1 , 1 1 e 1 N
L(up) = 1) + S vall” + - Fp) = 52 | k(v |7 dx—5 | h(x)lv,[7dx+o(1),
2 4 2* R3 2 RS
and

(I (), ) = (1 (), ) + |[val > + F(v) = f

k()W dx—p f h(x)vidx+o(1).
R3 R3

Therefore it follows from Lemma 2.3, Lemma 2.5 and the hypotheses /(u,,) — ¢ and I’ (u,,) —
0in H~! that

1 1 .
¢ = lim I(u,) = I(u) + lim —||vn||2— lim —f k(x)lvf;l2 dx, (3.12)
n—oo n—oo 2 n—oco 2% R3
and
(I'(u),uy + 1im [Jv,||* - lim f k(Wi dx = 0. (3.13)
n—oo n—oo Jp3

Using (3.10) and (3.13) we obtain

vl — fR 3 k()vi 2 dx — —(I' (u),u) = 0.

Now we may assume that
bl = b and f koW dx — b.
R3

By Sobolev’s inequality we have

2/2"
[vall? zf |Vv,,|2dx28(f IME dx) ,
R3 R3
which means that

* * 2%/2
f k(v dx < Ilkllo f i dx < (Kl (S val?)” 7,
R3 R3
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_N=2 _N=2
ie,b< ||k||oo(8‘1b) .So we get that b =0 or b > S>|lk|l > . Assume b > SZ|kll 2 .
Then combining (3.11) and (3.12), we obtain

1 1 ~ N2
2

1 1
>—b——b=—b>
=277 2"TNT7
_ N2
which contradicts the fact that ¢ < 4 S 2|lkll > . Hence b = 0.
Step 2. For4d<g<6andu> O we obtain that

1
c+ 1+ |luyll > I(u,) — _<I’(Mn)a Up)

Lo (L 1 L2 Hop f +yq Lo
- - S > -
7 llenll +(4 2*)f k() | dx+(4 7 R3h(X)|un| dx 2 7 llunll”,

which implies that (u,),exn 1S bounded in H I To finish this step, we just need to replace
(3.4) in Step 1 by the above inequality. The rest of the proof is similar to Step 1, so we omit
it here. O

_N22
Lemma 3.2. Suppose the hypotheses (H) hold. Then ¢ < %S 5 [1klloo % -

Proof. The idea here is to find a path in I" such that the maximum of the functional I at
. . . N —_(N— A

this path is strictly less than %S 2 ||k||oo(N D2 To construct this path, we need the extremal

function u, , for the embedding D! < [° where

81/4

Ugy=C—srrs.
T e - x)! 2

Here C is a normalizing constant and xo is given in (Hy,). Let ¢ € Cy be such that 0 <
@< 1,<,o|BR2 = 1 and supp ¢ C Bg, for some R, > 0. Set v, = ¢u, ., and then v, € H' with
ve(x) > 0 for each x € R. The following asymptotic estimates hold if & is small enough (see
Brézis-Nirenberg [8]):

Vel = ki +O(e2),  |vell2. = ko +O(&), (3.14)
O(&?) se[2.3),

vell$ =4 O(e[In &) s=3, (3.15)
0(T) s€(3,6),

with ki /k; =S, and 2 < s < 2*. We know the path tv, € I'. For the rest, we will prove
1 ~(N—
max(tv,) < —S2 k| ZN 2/ (3.16)
20 N

for small . Since I(tv;) — —o0 as t — oo, there exists 7, > 0 such that I(t,v.) = max I(tvy).
Also by Lemma 2.7, max I(tve) = @ > 0. Then we have I(t,v,) = a > 0. Thus frorn the

continuity of I, we may assume that there exists some positive #y such that 7, > 19 > 0.
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Moreover from [(tv;) — —oo as t — oo and I(f;v:) > @ > 0, we get that there exists T such
that 7, < Ty. Hence 1y <t, < Ty. Let I(t,v,) = A(e) + B(g) + C(g), where

Ale) = fIVvslzdx——f k(xo)lvel” dx,

t
Be)= = f ko) vel? dx—— kel dx,
R3
and

2 i 2
Cle)== f Ivglde F( Ve) = e f h(x)|vel?dx,
2 R3

since vy = v,. First, we claim that

1 _N=2
Ae) < ngnknmz +Ce'2, (3.17)

Indeed, let g(7) = § Jos 1Vveldx — % o k(xo)lvel* dx. Tt is clear that g(r) achieves its maxi-
mum value at some 7. So

0=g (T,) =T, f |VvelPdx—T* ! f k(xo)vel* dx.
R3 R3

That is,

1
[ s 19vePdx ]
fskolvel>dx)

Therefore, from (3.14), we have

N/2
1 (s IVvePdx) v
20 (for kxo)lvel? )

Then (3.17) follows. Secondly, we claim that B(g) < Ce'/2. In fact, since 19 < 1, < T and
k € L, by the definition of v, (H,) and using a change of variables with 1 < @ < 3, we
have

Be) - f (ko) — k(v dx

3/2 3/2
|x—xo|%& &
< C(S]f —“dx+C —“dx
[x—x0l<p1 (8+|X—X()| ) |x—x0|=p1 (8+|X—XO| )
3 [(Pr e 3 [ 4
SC6182f —23dr+C82f rdr
0 (E,;+l") o1

N 1€ 2 p2+a 3 3/2
S0t e

< Céls% +Ce* < Csl.
So we have proved our claim. Therefore, to finish the proof, it is enough to show

ce)

m
-0+ gl/2

- —co. (3.18)
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Actually, from the definition of v, (Hj,) and for any € such that 0 < & < p%, it follows that

—Bgal4
fh(x)|v8|qu ZC&Z[ %dijf h(x)|vel?dx
= le—xol<p2 (& + |)<?2 - xol?)? lx—x0l=p2

P2
> €5, f — L ar
0o Be+r2)
‘1

Therefore, by the fact that 7o <7, < T and hypothesis (H)), we have

Ce) = f e P+ = F( 5)—— f h(Olvel?dx

<cnvg||2+cnvg||12/5 pCei=4-4
B

<C82+C8 ,uC32 i1,

[

It follows from 2 — % < B8 < 3 that for fixed u we have

C
1(8) <C+Ce? - —-uCe =45 —o00, as g — 0.
gl/2
So we prove the claim (3.18). Therefore (3.16) follows. O

Proof of Theorem 1.4. It follows from Lemma 3.1 and Lemma 3.2 that the functional
I satisfies the (PS). -condition at the level ¢ defined by (3.1). And by Lemma 2.7, the
functional / has the Mountain Pass geometry. Hence the functional / has a critical value
¢ > 0. That is, there exists a nontrivial » € H' such that I’(x) = 0, which means that (u,$,)
is the nontrivial solution of system (1.1).

Since 0 = (I'(u),u”) = |ju”|]> + fR} I(x)¢ulu~|?dx > ||u"||?, then u > 0 in R?. By standard
arguments as in DiBenedetto [19] and Tolksdorf [28], we have that u € L™ and u € cH loc
with 0 <y < 1. Furthermore, by Harnack’s inequality (see Trudinger [29]), u(x) > O for any
x € R3. Thus (u,¢,) is a positive solution of system (1.1). O
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