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Abstract

In this article, we study the existence of mild solutions for the nonlocal Cauchy pro-
blem for a class of abstract fractional neutral integro-differential equations with infinite
delay. The results are obtained by using the theory of resolvent operators. Finally, an
application is given to illustrate the theory.
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1 Introduction

In this article, we study the existence of mild solutions for the nonlocal Cauchy problem
for a class of abstract fractional neutral integro-differential equations with infinite delay
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modeled in the form

D?(x(t) + f(t,x1)) Ax(t)+ f B(t—s)x(s)ds+g(t,x;), te€l0,b] (1.1)
0
Xo = @+qxy, XXy x,) €8, xX'(0) = x, (1.2)

where a € (1,2); A, (B(t))r>0 are closed linear operators defined on a common domain which
is dense in a Banach space X, D{h(t) represent the Caputo derivative of order @ > 0 of A
defined by

! dn
D?h(t) = f gn—a(t - s)—h(s)ds,
0 ds"

where 7 is the smallest integer greater than or equal to @ and gg(7) := %, t>0,8>0. The
history x; : (—o0,0] — X given by x,(6) = x(¢ + 8) belongs to some abstract phase space B
defined axiomatically, 0 <t <th <t3<:--<t, <b,q: B" > Band f,g:[0,b] X B — X are
appropriate functions.

There exist an extensive literature of differential equations with nonlocal conditions.
Motivated by physical applications, Byszewski studied in [6] the existence of mild, strong
and classical solutions for the nonlocal problem for a semi-linear evolution equation. The
nonlocal Cauchy problem for functional differential equations with delay is also studied by
Byszewski, in the paper [7], Byszewski discuss the existence, uniqueness and continuous
dependence on initial data of solutions for this type of Cauchy problem. On the other hand,
Hernandez [20], study the existence of mild, strong and classical solutions for the nonlocal
neutral partial functional differential equation with unbounded delay.

We observe that the fractional order can be complex from the viewpoint of pure mathe-
matics and there is much interest in developing the theoretical analysis and numerical meth-
ods of fractional equations, because they have recently proved to be valuable in various
fields of sciences and engineering [8, 18]. For details, including some applications and re-
cent results, see the monographs of Ahn and MacVinisch [4], Gorenglo and Mainardi [19],
Hilfer [22], Miller and Ross [25], and the papers of Agarwal et al. [1, 2], Cuevas et al.
[11, 12, 13, 14, 17], Lakshmikantham [24] (see also [5, 9, 10] and references therein), Zhou
et al. [27] and Dos Santos et. al [3, 15, 16, 17]. Our purpose in this paper is to establish the
existence of mild solutions for a nonlocal fractional neutral integro-differential equations
with unbounded delay.

2 Preliminaries

In what follows we recall some definitions, notations and results that we need in the
sequel. Throughout this paper, (X,]||-||) is a Banach space and A, B(¢), for ¢ > 0, are closed
linear operators defined on a common domain D = D(A) which is dense in X. The notation
[D(A)] represents the domain of A endowed with the graph norm. Let (Z,]|-|[z) and (W,]|-
llw) be Banach spaces. In this paper, the notation £(Z, W) stands for the Banach space of
bounded linear operators from Z into W endowed with the uniform operator topology and
we abbreviate this notation to £(Z) when Z = W. Furthermore, for appropriate functions
K : [0,00) — Z the notation K denotes the Laplace transform of K. The notation, B,[x,Z]
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stands for the closed ball with center at x and radius r > 0 in Z. On the other hand, for a
bounded function x : [0,a] — Z and b € [0, a], the notation ||x||z is defined by

llxllz, = sup{llx(s)llz : s € [0,D]},

and we simplify this notation to ||x||, when no confusion about the space Z arises.
To obtain our results, we assume that the abstract fractional integro-differential problem

D¢ x(t) = Ax(t) + fot B(t— s)x(s)ds, 2.1)
x(0)=zeX, x'(0)=0, 2.2)

has an associated a-resolvent operator of bounded linear operators (R, (#));>0 on X.

Definition 2.1. A one-parameter family of bounded linear operators (R,(#));>0 on X is
called an a-resolvent operator of (2.1)-(2.2) if the following conditions are verified.

(a) The function R, (+) : [0,00) — L(X) is strongly continuous and R, (0)x = x forall xe X
and a € (1,2).

(b) For x € D(A), Ry(-)x € C([0,0),[D(A)]) (N C'([0,0),X), and
D{Ry(1)x = AR, (D)X + f B(t— )R, (s)xds, 2.3)
0
DYRy(H)x = Ro(H)Ax + f R, (t— s)B(s)xds, 2.4)
0

for every ¢ > 0.

The existence of an a-resolvent operator for problem (2.1)-(2.2) was studied in [16]. In
this work we have considered the same conditions in [15, 16].

(P1) The operator A : D(A) C X — X is a closed linear operator with [D(A)] dense in X. Let
@ € (1,2). For some ¢ € (0, 7], for each ¢ < ¢y there is a positive constant Co = Co(¢)
such that 1 € p(A) for each A € 3y o9 ={1€ C: 1 # 0,|arg(D)| < a?}, where J = ¢+ 5

and [|R(4, A)l| < £ for all A € 3o 4.

(P2) Forall >0, B(t) : D(B(t)) € X — X is a closed linear operator, D(A) € D(B(¢)) and
B()x is strongly measurable on (0, co) for each x € D(A). There exist b(-) € L}OC(RJr)

such that ’b\(ﬂ) exists for Re(1) > 0 and ||I§£t)x|| < b(t)||x||; for all £ > 0 and x € D(A).
Moreover, the operator valued function B : Zo,g — L([D(A)],X) has an analytical

extension (still denoted by B) to ¥, 4 such that [|B(A)x]| < |B()|ll|xll; for all x € D(A),

and || BQ)|| = O(p)» as | — oo.

(P3) There exists a subspace D € D(A) dense in [D(A)] and a positive constant C; such
that A(D) C D(A), B(A)(D) € D(A), and ||AB()x]|| < Cy||x|| for every x € D and all
de 20,19'
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In the sequel, for ¥ >0 and 6 € (5,1), 3,9 = {41 € C: A #0,|A| > r,larg(d)| < 6}, for I'.g,
Fi’g, i=1,2,3, are the paths Fi’e ={te" : t > r},l"ig ={re¥:-0<é< 9},1"3’9 ={te™ 1t >r},

and I'p = ?:1 Fi e oriented counterclockwise. In addition, p,(G,) are the sets

0a(Gy) ={1E C:Go(d) := 1A T=A=B)) ™ € LX)}

We now define the operator family (R, (7))>0 by

1
— f MG, (D)dA, 1> 0,
Ro(t) =1 27 Jr,, (2.5)
1, t=0.

The following result has been established in [3, Theorem 2.1].

Theorem 2.2. Assume that conditions (P1) — (P3) are fulfilled. Then there exists a unique
a-resolvent operator for problem (2.1)-(2.2).

Theorem 2.3. [3, Lemma 2.5] The function R, : [0,00) — L(X) is strongly continuous and
Ry 1 (0,00) = L(X) is uniformly continuous.

In what follows, we always assume that the conditions (P1) — (P3) are verified.
We consider now the non-homogeneous problem

DY x(1) Ax(H) + f B(t—s)x(s)ds+ f(t), te[0,al, (2.6)
0

x(0) xo, x'(0)=0, (2.7

where a € (1,2) and f € L'([0,a],X). In the sequel, R, () is the operator function defined
by (2.5). We begin by introducing the following concept of a classical solution.

Definition 2.4. A function x: [0,a] — X, 0 < a, is called a classical solution of (2.6)-(2.7)
on [0,a] if x € C([0,a],[D(A)) N C([0,al,X), gn-a * x € C'([0,a],X), n = 1,2, the condition
(2.7) holds and Eq. (2.6) is verified on [0, a].

Definition 2.5. Let « € (1,2); we define the family (S, (¢)):>0 by

Salt)x = f Gai(t = $YRa(s)xds,
0

for each r > 0.
Lemma 2.6. [3, Lemma 2.3] The function R,(-) is exponentially bounded in L(X).

Lemma 2.7. [3, Lemma 3.9] If the function R,(-) is exponentially bounded in L(X), then
So(+) is exponentially bounded in L(X).

Lemma 2.8. [3, Lemma 3.10] If the function R,(-) is exponentially bounded in L(D(A)),
then S, (+) is exponentially bounded in £(D(A)).

We now establish a variation of constants formula for the solutions of (2.6)-(2.7).
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Theorem 2.9. [3, Theorem 3.2] Let z € D(A). Assume that f € C([0,a],X) and x(-) is a
classical solution of (2.6)-(2.7) on [0,a]. Then

!
x(t) = Ra(t)z+f So(t=5)f(s)ds, te]0,al. (2.8)
0
It is clear from the preceding definition that R,(-)z is a solution of problem (2.1)-(2.2)
on (0, 0) for z € D(A).
Definition 2.10. Let f € L'([0,a],X). A function x € C([0,a],X) is called a mild solution
of (2.6)-(2.7) if

x(1) = ﬂa(t)zﬁ-f Sy(t=5)f(s)ds, te][0,al.
0

The following results are proved in [3, 16].

Theorem 2.11. /3, Theorem 3.3] Let z € D(A) and f € C([0,a),X). If f € L'([0,a],[D(A)]),
then the mild solution of (2.6)-(2.7) is a classical solution.

Theorem 2.12. [3, Theorem 3.4] Let z € D(A) and f € C([0,al,X). If f € W"1([0,a],X),
then the mild solution of (2.6)-(2.7) is a classical solution.

In the next result we denote by (-A)? the power of the operator —A, (see [26] for details).
From [26, Lemma 6.3], there exists a constant C such that [|[(~A)?]| < C for0 <9 < 1.

Lemma 2.13. /15, Lemma 3.1] Suppose that the conditions (P1)-(P3) are satisfied. Let
a € (1,2) and ¢ € (0,1) such that ad € (0, 1), then there exists positive number C such that

Cce''t 9, (2.9)
Ce" (=91 (2.10)

I(=A)"Ra (D)
I(=A)? Sa ()]

IA

IA

forallt>0.

Remark 2.14. [15, Remark 3.2] If B(A)(~A)™"y = (=A) " B(2)y for y € [D(A)]. We can see
that for ¢ € (0, 1) and x € [D((—A)?)] that

(A" Ry(t)x = Ro(D(—=A)’x  and  (=A)?So(Hx = So(1)(-A)"x,

if x € [D((-A))].

We will herein define the phase space 8 axiomatically, using ideas and notation de-
veloped in [23]. More precisely, 8 will denote the vector space of functions defined from
(=0,0] into X endowed with a seminorm denoted as || - ||g and such that the following
axioms hold:

(A) If x: (—o0,00+b) > X, b >0, o € Ris continuous on [o,0 + b) and x, € B, then for
every t € [o,0 + b) the following conditions hold:

(i) x;isin B.

(i) |lx@Il < Hllx:lls.
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(@) llxllg < K@t —o)sup{llx(s)l| : o < s <t} + M(t = 0)l|xs 3,
where H > 0 is a constant; K, M : [0,00) — [1,00), K(-) is continuous, M(-) is
locally bounded, and H, K, M are independent of x(-).

(A1) For the function x(+) in (A), the function ¢ — x; is continuous from [, 0" + b) into B.
(B) The space B is complete.

Example 2.15. The Phase Space C, x L?(g,X).

Let >0, 1< p<ooand g:(—oo,—r] — R be a non-negative, measurable function
which satisfies the conditions (g —5) — (g — 6) in the terminology of [23]. Briefly, this means
that g is locally integrable and there exists a non-negative, locally bounded function 7(-) on
(=00,0] such that g(£ +6) <n(£)g(0) for all £ <0 and 6 € (oo, —r) \ Ng, where Ny C (—oc0,—r)
is a set with Lebesgue measure zero. The space C, X L”(g,X) consists of all classes of
functions ¢ : (—oc0,0] — X such that ¢ is continuous on [—7,0] and is Lebesgue measurable,
and g||¢||? is Lebesgue integrable on (—oco,—r). The seminorm in C, X L”(g, X) defined by

r 1/p
ll¢lls := supfllp@)ll : —r <6 < 0]} + (f g(9)ll¢(9)llpd9) :

—00

The space B = C, X L(g,X) satisfies the axioms (A), (A1) and (B). Moreover, when r =0

1/2
and p =2, we can take H =1, K(1) = 1 + ( ¥ g(e)de) and M(t) = n(-1)'/2, for t > 0 (see
[23, Theorem 1.3.8] for details).

For additional details concerning phase space we refer the reader to [23].

3 Existence Results

In this section we study the existence of mild solutions of the abstract fractional integro-
differential equations (1.1)-(1.2). Motivated by Definition (2.10), we consider the following
concept of mild solution.

Definition 3.1. A function u : (—oo,b] — X, is called a mild solution of (1.1)-(1.2) on [0, b],
if ug = ¢; uljo,p) € C([0,b] : X); the function 7 — AS,(t— 1) f(7,u;) and T — fOT B(t—&)S,(t—
7)f(§,ug)dé is integrable on [0,7) for all ¢ € (0,5] and for 7 € [0, b],

u(t) = Ro(0)(@(0) + £(0,) + qus s try gy, -+ 14, )(0)) = f(t,u,) = v[o ASy(t—=5)f(s,us)ds
- f f SB(s—f)Sa(t—s)f(f,ué:)dfds+ f St - 5)g(s,1,)ds.
0 JO 0

In the sequel we introduce the following assumptions.
(Hy) The following conditions are satisfied.

(@) B(-)x e C(1,X) for every x € [D((-A)'")].
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(b) There is function u(:) € L'(I;R"), such that
IB()So Ol gnic-aynx < Mu(s)t™~!, 0<s<t<b.

(Hz) The function g : B" — $B is continuous and exist positive constants L;(g) such that

g, W2, 0.+ ¥ = 41,9203, < O L@l = pills,

i=1
for every ¥;,¢; € B,[0,8].

(H3) The function f(-) is (—A)?-valued, f:IxB— [D((-A)~")], the function g(+) is defined
on g: Ix8B — X, and there exist positive constants Ly and L, such that for all (7;,y;) €
I X B,

(=AY £(t1,41) = (=AY f(t2, 92l < LIty — 2] + g1 = 2llg),
llg(t1, 1) — g(t2,¥2)Il < Lg(It1 — 12| + 1 — ¥2llB)-

Remark 3.2. We can assume there exists M > 0 such that ||R,(®)|| < M and ||S,(?)|| < M for
all ¢ € [0,b]. In the rest of this section, M; and K, are the constants M, = SUP (0] M(s),
Kb = Supse[o,b] K(S), Nq = Sup{”‘]('ﬁl,'ﬁtzalﬁty' o awln)” : lzbl € Br[O,B]} and N(—A)ﬂf’ Nf’ Ng
represent the supreme of the functions (-A)? f, f and g on [0,b] X B,[0, B].

Theorem 3.3. Let conditions (Hy), (Hy) and (H3) be hold. If

p = (Mp+K,MH)| ¢llg +(Mp+KpM)Ng + Ky(M + 1)Ny
bm? b
+KbN(_A)z?fM—ﬁ(1+f /l(é‘:)df)+KbNgMb<r
a 0

and
Li(g)+ K}ﬂ) ,Kp [Mh Z Li(g) + K;,H)} <1,

A= max{Mh (Mh
i=1

i=1

where

n _ Mba/ﬂ Mbm? b
6= (M Li(q)+ Lf(||(—A) |+ + f /,t(f)d{;‘) + MLgb].
=1 at) at 0
Then there exists a mild solution of (1.1)-(1.2) on [0, b].
Proof. Consider the space S (b) ={x: (—oc0,b] = X : xg € B;x € C([0,b] : X)} endowed with

the norm

1

Il x llspy:= Mp |l X0 llg +Kp | x I -
Let Y = B,[0,S (b)], we define the operator I' : Y — S (b) by

Lx(t) = Ra(D@(0) + F(0.) + gty iy s+ 230, O = F(£. 1)
- f AS(i— ) f(s.x5)ds — f f B(s—)Sali—$)f(& xe)déds
0 0 0

!
+f So(t—5)g(s, x5)ds, for t € [0,b],
0

(Fx)() = 80+q(xt1’x125xt37"' axtn)‘
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Using an similar argument on the proof of Theorem 3.1 in [21], we will prove the I is
well defined. Next we will prove that ['(Y) C Y.

Let x € Y and t € [0, ], we observe from axiom (A) of the phase space, we obtain that
| x¢ l8< Kp || x |lp +Mp || X0 ||< r this implies that x; € B,[0, B], and this case

IA

ICx(@)| ROl O +11£ O, @I + g (xz; , Xey s X ==, x5, JOID + ILf (2, x|

. f M= sy (=A) f(5,x,)lds
0
" fo fo (s = EM(t— " I(=A)" f(E xlldeds

f
" f Milg(s, xo)lds
0
M(H||¢||B+Nf+Nq)+Nf

t
+N(_A)1?fL M(l— S)aﬂ_lds

IA

+N_ay j; fo u(s—EM(t— s dédss

!
+MNgf ds
0

ba/ﬁ
< M(HH‘p”B+Nf+Nq)+Nf+N(—A)’7fME
bm? b
+NCay fM— f H(E)E+ NgMb. 3.1
at 0
and
ITx)oll < lllls + Ny. (3.2)

From (3.1)-(3.2), we have that

IA

My || Tx)o llg +Kp || Tx |l
(Mb +KbMH) || @ I|g +(Mb +KbM)Nq +Kb(M+ 1)Nf

1 Tx ls )

IA

ba/ﬂ b
+K;,N(_A),9fM@(l+ fo ,u(f)d.f)+KbNgMb
p<r 3.3)

which prove that 'x € Y.
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In order to prove that I satisfies a Lipschitz condition, u,v € Y. If ¢ € [0, b] we see that

ICu(z) = Tv(2)||
< ||R(l(t)(q(ut1 sU Uyt utn)(o) - C](th VhsVes s Vl‘n)(o))”
+HI(=A) T NIA) £t u) — (A f (vl

’ fo =40 St = )I=AY" f(5.1) = (=A)” f (s, v llds
" fo fo 1B(s = £)Salt = )f (€.u) - f(.ve)ldéds

t
+f [Sa(t = $)Ig(s, us) — (s, vs)llds
0
n
<M ) Li@)llu, = vills +1I(=A) " ILp(Kpllu— vl + Mplluo = volls)

i=1

t
L (Kallu= vl + Moo =volla) [ M1 -5y
0
1 S
+Lf(Kb””_V||b+Mb||MO_V0||B)ffﬂ(s_f)M(l‘—S)[m—ldfds
0 Jo

!
+ MLy(Kyllu=vllp + Mplluo - volls) f ds
0

n ~ Mbwﬁ Mbm? b
SMb(MZLi(Q)"‘Lf(”(_A) N+ o Lﬂ(f)df)"‘MLgb)”uO_VO”(

i=1

®

n ~ Mbm? Mb(lﬁ b
+Kb(MZILi(Q)+Lf(”(_A) N+ o fou(f)df)+MLgb)llu—vllb

< MpBllug — vollg + Kpbllu — vllp.

On the other hand, a simple calculus prove that

I(Tu)o —(Tv)oll < Z Li(q)(Mplluo —vollg + Kpllu—vllp).

i=1

Finally we see that

A

ITu—Tvllspy < Mpll(Tu)o—TV)ollg +Kp [[Tu—-TVv ||

IA

n n
M, (Mb Z Li(q) + Kzﬂ] [lzg — voll + Kp (Mb Z Li(q) + Kbg] llu—vllg
i=1 i=1

Allu—=vlls @),

IA

which infer that I" is a contraction on Y. Clearly a fixed point of I" is the unique mild solution
of the nonlocal problem (1.1)-(1.2). The proof is complete. O
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4 Applications

To complete this work, we study the existence of solutions for the partial integro-
differential system with nonlocal conditions. In the sequel, X = L*([0,7]), B = Co X LP(g, X)
is the space introduced in Example 2.15 and A : D(A) € X — X is the operator defined by
Ax = x", with domain D(A) = {x € X : X" € X, x(0) = x(;r) = 0}. The operator A is the in-
finitesimal generator of an analytic semigroup, p(A) = C\ {—n? : n € N} and for a € (0,1)
and @9 € (/2,7) there exists Myg > 0 such that || R(2,A) ||< My | 2|7 for all A € £, and
the fractional power (-A)” : D((-A)") C X — X of Ais given by (-A)"x =} | 1> (X, 2n)Zn,
where D((-A)") = {x € X : (-A)"x € X}. Hence, A is sectorial of type and the properties
(P1) hold. We also consider the operator B(¢) : D(A) C X — X, t >0, B(t)x = e " Ax for
x € D(A). Moreover, it is easy to see that conditions (P») and (P3) in Section 2 are satisfied
with b(f) = %¢™" and D = Cy([0,7]), where CP([0,7]) is the space of infinitely differen-
tiable functions that vanish at ¢ = 0 and ¢ = . Therefore, (2.1)-(2.2), has an associated
a-resolvent operators (R, (%))>0 on X.

Consider the delayed fractional partial neutral integro-differential equation with nonlo-

cal conditions
aa t T
_(u(t,.f) + f f b(t—s,n,&)u(s, n)dnds)
ot —o0 JoO

2

9 ' 6 -5 9
= a—fzu(z,g)+f(; (t—s)e @u(s,f)ds

+f ao(s—Hu(s,&ds, (t,€)elIx|[0,n], “4.1)

o0

u(t,0) =u(t,m) =0, te[0,b], u(6,)=¢0,&)+ ZLiu(t,- +£),0<0,¢€[0,r]. (4.2)
i=0

where 0 <t;<b, L;,i =1,2,...n, are fixed numbers and % =D}, ae(1,2).
In the sequel, we assume that p(6)(¢) = ¢(6,£) is a function in B and that the following
conditions are verified.

1/2
. . . 0 2
(i) The functions ap : R — R are continuous and L, := ( e (”g%;)ds) < 00,

(ii) The functions b(s,n,&), ab(snf) are measurable, b(s,n,7) = b(s,n, 0) = 0 for all (s,n)

and
1/2
Ly —max{(f f f g o) a_gtb(e 1.6)) dndedg) :i=0,1}<oo

Defining the operators f,g: /X8 — X and g : 8" — B by

0 T
[ fo b5, .0 (s.mdnds,

0
f ao(s)Y(s,&)ds,

JW)(©)

gW)(&)

q(”tl’utp-'-’utn)(g) ZLiu(ti +é‘:)
i=0
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Under the above conditions we can represent the system (4.1)-(4.2) into the abstract
system (1.1)-(1.2). Moreover, f,g are bounded linear operators with ||f(-)llz@.x) < Ly,
lgOll£s.x) < Lg and [lg()llgs,x) < Ny. Moreover, a straightforward estimation using (ii)
shows that f(I x B) ¢ D((—-A)'?) and ||(—A)*fll zg x) < Ly. By Lemma 2.13, there exists

C, > 0 such that
C

n
IbOAS (DIl £p(-aym1.x) < prE—
for n € (0,1) and ¢ > 0. Therefore, (Hy),(H3) and (H3) are fulfill. The next result is a direct
consequence of Theorem 3.3.

Proposition 4.1. For b sufficiently small there exists a mild solution for the partial neutral
fractional integro-differential system with nonlocal condition (4.1)-(4.2).
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