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Abstract

In this paper we deal with sequence spaces inclusion equations (SSIE), which are
determined by an inclusion where each term is a sum or a sum of products of sets
of the form xo(T) and x ) (T) where f map U™ to itself, and y € {s,so,s(")}, the
sequence x is the unknown and 7 is a given triangle. Here we give characterizations
of the (SSIE) x«(B(r,s)) C xx(B(',s")) and of the (SSE) x,(B(r,s)) = xx(B(r',s)),
where y =s, $9, or s and B(r, s) is the generalized operator of first difference defined
by B(r,s),y = ry, + sy, for all n > 2 and B(r,s); y; = ry;. We give an application
to the spectrum of B(r,s) considered as an operator from y, to itself, where y =s,
or s°. Then we apply these results to the solvability of the sequence spaces equation
Xa+ s&") (B(r,s)) = sgf) where y =s, s°, or s and x is the unknown.
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1 Introduction

In the book entitled Summability through Functional Analysis, [15] Wilansky introduced
sets of the form a~! + E where E is a BK space, and a = (a,),>, is a sequence satisfying
a, # 0 for all n. Recall that a™! = E is the set of all sequences y = (y,),»; such that ay € E.
In [4] the sets s,, sg and sif) were introduced by (l/a)_1 * F with a, > 0 for all n and E €

{€w,co,c}. In[5, 6] the sum y, +x;, and the product y, = x; were defined, where y, " are any
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of the symbols s, s ors©, among other things characterizations of matrix transformations
mapping in the sets s, + sg (A7) and s, + sﬁf) (A7) were given, where A is the operator of the
first difference. In [9] de Malafosse and Malkowsky gave among other things properties of
the spectrum of the matrix of weighted means Nq considered as operator in the set s,. In [10]
characterizations can be found of the sets (s, (A7), x») where y is any of the symbols s, s%, or

s(©. Using spectral properties of the operator of first difference in the sets s and sg') it can be

found in [6] simplifications of the set sg ((A - /U)h) + sg) ((A —ul )l) where A, [ are complex
numbers, @, 8 given sequences, and characterization of matrix transformations in this set.
In [11] de Malafosse and Rakocevi¢ gave applications of the measure of noncompactness
to operators on the spaces s,, S0, sgf ) and .

In this paper among other things we determine the set of all sequences x € U™ such that
Fyn+8yn—1 = O (x,) implies 'y, + s'y,—1 = O (x,,) (n — oo) for all y and for given reals r, s, 7/,
s’ . This statement consists in determining the set of all x such that s, (B(r, s)) Cs, (B(r’,s))
where B(r,s) and B(r’,s’) are band matrix. So we are led to deal with special sequence
spaces inclusion equations (SSIE), (resp. sequence spaces equations (SSE)), which are
determined by an inclusion, (resp. identity), where each term is a sum or a sum of products
of sets of the form x,(T) and x ¢ (T) where f maps U™ to itself, y is any of the symbols
s, s°, or s, x is the unknown and T is a triangle, (cf. [2, 7, 8]). In [2] some results were
given on the (SSE) s, +s, = s and on the (SSE) s, = s, where ¢ maps from the set U +
of all positive sequences to itself. In [7] it can be found a study of the (SSIE) ;" C xa +x%
when a/b € ¢y in the cases when y, x’, ¥’ are any of the symbols s, 9 or 59, there is also
a resolution of the (SSIE) with operator y, + xx(A) C yx where y is any of the symbols s,
sV, or s'©.

This paper is organized as follows. In Section 2 we recall some well-known results
on sequence spaces and matrix transformations. In Section 3 some results are recalled on
the sum, the multiplier and the product of some special spaces of sequences. In Section 4

are recalled some results on the solvability of (SSIE) of the form x}’ C y, +x’ with x, x’,
X"’ e {so,s(‘“),s}. The main results are given in Sections 5 and 6. In Section 5 we explicitly
describe the set of all x € U* satisfying the inclusion y,(B(r,s)) C yx(B(+,s’)), or the
identity y,(B(r,s)) = x»(B(+',s")) where y =s, s or s and deal with the spectrum of
B(r, s) considered as operator from y/ to itself, where y =, or s”. In Section 6 we deal with
the (SSIE) sgf) (B(r,s)) C sgf) (B(#’, s’)) and focus on the special case when rs < 0. Finally in
Section 7 we apply these results to the solvability of the (SSE) y, + sﬁf) (B(r,s))= sgf) where
y=s,8 ors®.

2 Notations and preliminary results

For a given infinite matrix A = (4x)nk>1 We define the operators A, for any integer n > 1,
by

An ()= D dui 2.1)
k=1

where y = (yx)i>1, and the series are assumed convergent for all n. So we are led to the
study of the operator A defined by Ay = (A, (y)),»; mapping between sequence spaces.
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A Banach space E of complex sequences with the norm |||z is a BK space if each
projection P,:E — C defined by y — P,y =y, is continuous. A BK space E is said to have
AK if every sequence y = (yi)r=1 € E has a unique representation’y = 37" | yre® where ¢®
is the sequence with 1 in the k-th position and O otherwise.

We will denote by w, cg, ¢, £ the sets of all sequences, the set of sequences that
converge to zero, that are convergent and that are bounded respectively. If u and v are
sequences and E and F' are two subsets of w, then we write uv = (u,v,),, and

ME,F)={u=(uyy>1 €w: uve F forallveE},

M (E, F) is called the multiplier space of E and F. We shall use the set U™ of all sequences
u = (Uy),>1 € w such that u, > 0 for all n. Using Wilansky’s notations [15], we define
for any sequence a = (a,),»; € U" and for any set of sequences E, the set (1/a) ' «E =
{n)nz1 € 0 : (Yn/an), € E}. To simplify, we use the diagonal matrix D, defined by [D,],,, =
a, for all n and write

D +E=(/a) ' «E

and define s, = D * oo, sg =D, *cp and sgf) = D, *c, see for instance [5, 4, 11]. Each of the
spaces Dy * x, where y € {{«,co,c}, is a BK space normed by ||€lls, = sup,,»; (14l /a,) and sg
has AK.

Now let a = (ay),s1, b = (bp)u=1 € UT. By S, we denote the set of infinite matrices
A = (Auin k=1 such that IAlls,, = sup,s [(l/bn)z,f’:l I/lnk|ak] < oo. The set S, is a Banach
space with the norm |llls_,. Let E and F be any subsets of w. When A maps E into F' we
write A € (E,F), see [3]. So we have Ay € F for all y € E, (Ay € F means that for each
n > 1 the series defined by A, (y) = 33,2 Ay is convergent and (A, (y)),»; € F). Itis well
known that A € (s,,sp) if and only if A € §,;,. So we can write (S4,Sp) =S 4.p-

When s, = s, we obtain the Banach algebra with identity S, = S 4., (see [4]) normed
by [IAlls, = IAlls, - We also have A € (s4,8,) if and only if A € S,.

If a = ("),>1, the sets S, Sq, s2 and sgf) are denoted by S, s, s(,) and sgc) respectively
(see [5]). When r = 1, we obtain §| = €, s(l) = ¢o and s(lc) = ¢, and putting e = (1,1,...)
we have S| = §,. It is well known, see [3] that (s;,s1) = (cp,81) = (¢,81) = S 1. We have
A € (sy,s1) if and only if

AES; (2.2)

A € (co,cp) if and only if (2.2) holds and limy,_,c A = 0 for all k > 1. Then A € (¢, ¢) if and
only if (2.2) holds, lim,, e A = I for all k and for some scalars Iy, and lim,, 0 277 Auk =1
for some /.

In the following we will frequently use the fact that A € ()(a , X;a) if and only if D,,AD, €
(Ye>x.) Where y, x’ are any of the symbols s%, s, or s.

For any subset E of w, we put AE ={n€w :n=Ayforsomeye E}.If Fisa subset of
w, we will write F(A) =Fp ={yew : AyeF}.

3 Sum, multiplier and product of special sets sequences.

In this section we recall some properties of the sum y, + x, where y, x” are any of the
symbols s, s, ors.
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3.1 Sum of sets of the form y,, where y is any of the symbols s’, s, or s.

We state some results concerning the sum of particular interesting sequence spaces.
Let E, F C w be two linear spaces. The set E + F is defined by

E+F={yew:y=u+vforsomeucE andve F}.

It can easily be seen that E + F = F if and only if E C F. This permits us to show some of
the next results.

Theorem 3.1. [5] Leta, be U*.
(i) a) s, Cspifand only if a/b € o;
b) s, = sy if and only if there are K1, K, > 0 such that

b
Ky <= <K, foralln,
dan
C) Sa +Sb = Sa+b = Smax(a.b), Where [max (a,b)], = max (an,bn);
d)s,+sp =8, ifand only if b/a € {.
(ii) a) sg C sg ifand only ifa/b € €,
b)s) = sg if and only if s, = sp;
c) SO+ sg :sg+b;
d)sd+ sg =" if and only if b/a € I,
e) s(c) C sgf) if and only if a/b € c;
f) Consider the condition

an/b, — 1 (n — 00) for some [ > 0. 3.1

Then condition (3.1) is equivalent to s© = s(bc), and (3.1) implies s, = sp, SO = sb and s =
(C)
s, -

(iii) a) s(c)b s+ sgf),

(0, () _ (c)

b) The condition a/ (a+b) € c is equivalent to s’ + S, =S,
c) The condition b/a € c is equivalent to S(L) (C) i?b = sff),
(lV) S + S(C) (L) is equivalent to a/b € {, and the condition bja € cy implies sg+
s =0
b

(v)a) s+ sg = 52 is equivalent to b/a € €,

b) s.+ s0 = sg is equivalent to a/b € cy.

(vi) a) sif)+ Sp = s( 9 s equivalent to b/a € cy;
b) sﬁl )+ Sp = Sp Is equivalent to a/b € {;
c) s+ S(L) 9 is equivalent to bjla € c.

As a direct consequence of the preceding we obtain the next result.

Corollary 3.2. [5, 6] The following properties are equivalent,
(i) bla € Lo,
(ii) so+ 89 =50,
(iii) sS4+ sb =S,
(iv) s+ 0 s) = s

(V) Sq+ sgf) =S,
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3.2 The multiplier of certain sets of sequences

First we need to recall some well-known results. We have

Lemma 3.3. Let E and F be arbitrary subsets of w, u = (un)y>1 with u, # 0. Then
(i) M(E,F)c M(E.F) for all E C E,

(ii) M(E.F) c M(E.F) for all F C F.
We also have, see [5, Lemma 3.1, p. 648] and [5, Example 1.28, p. 157],

Lemma 3.4. (i) M (co,x) = € for x = co, ¢, or €,
(ii) M (€, o) = co and M (£, €0) = €0,
(iii) M (c,c) = c and M (£, ¢) = c.

Remark 3.5. Since ¢( C ¢ C {«, it can easily be deduced from Lemma 3.3 and Lemma 3.4
that o = M (€co,€00) C M (¢,€00) C M (cg,€00) = €oo and M (c,{) = . We also have

M ((c,co) = M (€, co) = co and M (co,cp) = leo-
We deduce the next corollary from the preceding one.

Corollary 3.6. [6] (i) M (sg, X;) = sy Where ' is any of the symbols s°, s©), ors,
(ii) M (x4,Sb) =Spja Where ) is any of the symbols s ors,

(iii) M(sasy) = 83, and M (s(,s,”) = i)

3.3 Product of sets of the form y where y is any of the symbols s, s%, or s,

In this subsection we will deal with some properties of the product E = F of particular
subsets E and F of w. These results generalize some of those given in [5, 10].
For any given sets of sequences E and F, we will write

E«F={uew: ueFEandveF}.

We immediately have the following results,

Proposition 3.7. Leta, b, y € U*. Then

(i) Sa*Sp = Sa %S\ = Sap,
. 0 _ 0,0 _ O, 0_c0
(ii) Sa %S, =8,%8, =8, %Sy =S,

o (0 (0 _ (O
(iii) S[{ *S, =S,
(iv) s %5 = Sap,
(v) Let y be any of the symbols s, s°, or s©.
Then y, * sg = 52 if and only if there are K|, K, > 0 such that

Ky, < anb, < Ky, for all n.

(vi) a) Sq *Sp = Sq %Sy if and only if s = s,

0,00 - 0,0 20 _ 0
b) sy s, =8,%s, if and only if s, = s,.
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4 Solvability of some sequence spaces inclusion equations

In this section among other we determine for given sequences a and b the set of all se-

quences x = (x,),>; € U" such that sgf) - sff) +sy. The last (SSIE) means that for every
y € w the condition

In -1 (n— )
by
implies there are u and v € w such that y = u+v and u, /a, — [; and v,,/x,, = O(1) (n — o0)

for some scalars / and [;.

4.1 (SSIE) of the form y} C ya+x/, with x, x’, x"' € {s,s©).s}.

Theorem 4.1. [7] Let aand b € U*.
(i) Assume a/b € co. Each one of the next (SSIE) where y, x' are any of the symbols s,
ors©
a)s) Cxa+ X
b) x)) C Xatsx where "' € {s,s(")},
is equivalent to sy D sp, that is, x, > Kb,, for all n and for some K > 0.
(ii) Let a/b € €. Then the (SSIE)
X, C 0+ where x" is 8\, ors
is equivalent to s, C sg, that is, lim,,_, X, /by, = 0.
(iii) If b/ a € L, then each of the next (SSIE) holds for all x € U where
a) sg C Xa+X where x, x' are any of the symbols s, s, ors9;

s¥

b) X},’ C S, +S, where y'' € {s, s(c)}.
We immediately deduce the following.

Corollary 4.2. Let a € co and let y, ' be any of the symbols s, s°, or s\©. Then
(i) each of the inclusion equations

€0 CXa+Xe

X’l’ C)(d + S)ﬁ
where x" is either s\, or s is equivalent to x, > K for all n and for some K > 0.

(ii) If a € {w, then the inclusion equation

” 0 0
X1 cs,+s,,

where x"' is either s\, or s is equivalent to x, — oo (n — ).

4.2 The operators C (¢), A(¢) and the sets f, 6‘, I'and a

An infinite matrix T = (f,4), 4>1 1 said to be a triangle if 7, = 0 for k > n and t,, # 0 for
all n. Now let U be the set of all sequences (u,),>; € w with u, # 0 for all n. The next
operators are used for many applications, see for instance [4, 13, 12, 14]. The triangle C (¢)
for & = (£,),51 € U, is defined by [C (£)],, = 1/&, for k < n. The infinite matrix A (&) is the
triangle whose the non-zero entries are given by [A(&)],,, = &,, and [A(&)],,,_; = —&4-1, for
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all n, with the convention &, = 0. It can be shown that the triangle A (¢) is the inverse of
C (&), that is, C(&)(A(&)y) = A)(C(&)y) =y for all y € w. If £ = e we obtain the well-
known operator of the first difference denoted by A(e) = A. We then have Ay, =y, — y,—1
for all n > 1, with the convention yg = 0. It is usually written X = C (e). Note that A = z-1
and A, X e Sy forany R > 1.

Consider the sets

ka — [ (n — o0) for some scalar l}

{fe U':[C#)é,
f,, k=1

= {fe Ut: [C®d, ka =0() (1 - oo>}

f={§€ U*: r}i_)ngo(fgnl)< 1}
e )
=<¢£€ U™ : limsup £ <1

G| ={£e€U*: &, > Cy" for all n and for some C >0 and y > 1}.

and

By [4, Proposition 2.1, p. 1786] and [9, Proposition 2.2 p. 88] we obtain the next
lemma.

Lemma4.3. We have C=T cT - a c Gi.
We also need the next results.

Lemma 4.4. [5, Proposition 9, p. 300] Let a, b€ U". Then
(i) following statements are equivalent
(a) xa(A) = xp where x is any of the symbols s, or s?,
(b)a€C1 and S, = Sp.
(ii) a €T if and only if s (A) = s

We then have the following examples.
Example 4.5. Assume b € Tanda /b € ¢y and consider the (SSIE)
SV(A) s+, (4.1)
We have sgf) (A= s( since b € F and (4.1) is equivalent to s(c) - s +5,. Then by Theorem
4.1, inclusion equation (4.1) holds if and only if s, Dsp, that is, x,, > Kb, for all n.
We are led to state the next application which is a direct application of the preceding.

Example 4.6. Let r, u > 0 with r > 1 and u < r. Consider the set Y of all x € U* such that

A
);l" — limplies y, = o (1) + O (x,) (n — oo0) for some [ € C and for all y € w.

T is determined by the solutions of the inclusion equation s(C) (A) € 80 +s,, where x € U
is the unknown. By Lemma 4.4 we have sgc) (A) = sgc) and as we have just seen we easily
deduce that T is the set of all sequences x such that x, > Kr" for all n.
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5 On some (SSIE) and (SSE) with operators of the form B(r, s)

5.1 The (SSIE) y.(B(r,s)) C xx(B(r',s")) where y =s, or s°.
In this subsection among other things, we are interested in the study of the equivalence
ryn+ syn—1 = O(x,) if and only if ¥y, +5"y,_1 = O(x,) (n — o) forall y € w,

for r, s, ¥, s’ reals, which consists in determining the set of all x € U™ such that s, (B(r, s)) =
s, (B(r',s")), similarly we easily see that the equivalence

+ Sy,— 'V, 4+ 8"V,
DT =1, 0if and only if 222 =L

Xn Xn

— 0 (n—> ), forall y € w,

reduces to the study of the (SSE) with operators sg (B(r,s)) = sg (B(r',s)).
Let B(r, s) where r, s are reals be the lower triangular matrix

For r, s # 0, the matrix B(r, s) was introduced by Altay and Basar [1] and was called the
generalized operator of first difference. When r = —s = 1, the matrix B(r, s) reduces to the
operator of first difference A. Here we deal with the (SSIE) with operators

Sx(B(r,s)) C s, (B(r,s")). 5.1

/

In the following we use the notations a = s/r, @’ = s’ /¥ forr,r #0,6 = =rs—r's

sl
and we write B = B(r',s")B~!(r,s) for r # 0. Now we can state the next result.

Theorem 5.1. Let r, s, ¥’ and s’ be reals.
(i) Letr, s #0. Then
(a) if § =0, then (SSIE) (5.1) holds for all x, and we have s, (B(r,s)) =s,(B(’,s"));
(b)if 6 #0, then (5.1) holds if and only if

X € Dap, * €1,

m(’“"-l ) <
n—oo xn
then (5.1) holds.

(ii) Assume r # 0 and s = 0. Then
a) if s’ # 0 then (SSIE) (5.1) holds if and only if

(that is (x,/al®), € C1). So if

r

) (5.2)
s
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b) if " =0 then (5.1) holds for all x.

(iii) Assume r =0 and s # 0. Then

a) if r' =0 then (5.1) holds for all x;

b) if ' # 0 then (5.1) holds if and only if

sup( n )< co. (5.3)

n \Xn-1

(iv) If r=5=0, then
a) if r', or s # 0 then (5.1) has no solution,
b)ifr' =s" =0then (5.1) holds for all x.

Proof. (i) First for r # 0 the band matrix B(r, s) is invertible, its inverse is a triangle and
elementary calculations give

1
B (r9)] == (-a)* for1<k<n.
nk r
Inclusion (5.1) is equivalent to [ € (s, (B(r, 5)),sx (B(#’, s’))), that is, to
B= B(r, s’)B_1 (r,8) € (S,Sy).

This means _
D1/xBDy € ({o, o). 5.4

For k = n we obtain Enn =7r"/r, and for k < n—1 we have

Bnk

s’ [B_] (r, s)]n—l,k +r [B_l (r, s)]nk

)n—k—l )n—k

1 r
s’ —(—a +—(-a
r r

et

)n—k—l 4

r2

(—a
From the characterization of ({«,{~) we deduce that (5.4) holds if and only if

-1

1 xt
X Z_k <K
S ||

"

r 0
J— + —_—
r rs

n p—;
;l[DI/XBDx]nk’ -

for all n and for some K.

(a) If 6 = 0 the previous sum reduces to |#’/r| and the inclusion (5.1) holds for all x.

(b) If 6 # 0 it can easily be deduced that (5.1) holds if and only if (x,/|al*), € a
Then we have (x,/|a|"), €I if and only if (5.2) holds, and since Ciol by Lemma 4.3, we
conclude that (5.2) implies (5.1). This concludes the proof of (i) b).

(i1) Case r # 0 and s = 0. Since B(r,s) = rl we have

Sy (B(r,s)) =sy.
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So inclusion (5.1) is equivalent to Dy,B(r’,s") Dy € ({0, {), that is,
|| +]s'| =L < K’ for all n. (5.5)
Xn
If s # 0 then o
Xn—1 < K" — |r |
Xn |s”]
and if s = 0 condition (5.5) holds for all x.
(iii) Case r = 0, s # 0. We have

for all n

s, (B(0,s)) = {yew: n
X,

=0() (n— oo)} = 5.
n+1
where x* = (x,41),. Then (5.1) is successively equivalent to s,+ C s, (B(r’,s")), B(r',s’) €
(sx+,Sy) and to
’ xn+1
Il
Xn

(a) If ¥ =0, then (5.6) trivially holds for all x.

(b) If ¥ # 0, we then have x,41/x, < (K” —|s’])/|r’| for all n and inclusion equation
(5.1) holds for all x e U™.

(iv) a) Assume r = 5 = 0. Then s, (B(0,0)) = w and the inclusion w Cs, (B(r’,s’)) implies
r’ =5’ = 0. Indeed assume either ’, or s’ is different from zero. Let ' # 0 and consider the
cases s'/r' >0and s’ /r <O0. If s/r > 0take y = (R"x,),, € w with R > 1, we then have

+ |s’| < K" for all n and for some K"’ > 0. (5.6)

B, sya| Ir s’ ,
'g = Il Vi + = Yn-1| = |r |R” for all n.
Xn Xn r
Then .,
‘B(",S)yn
———| > 00 (n—> )
Xn

and w Cs, (B(',s")) is impossible. If s’ /7" < 0 taking y,, = (—R)" x,, with R > 1 we then have

p 5
=|—\\Ynt =Yn-1

B /’ ’
‘M — > |r’|R”_1 for all n
Xn r

Xn

and we conclude as above. The case s” # 0 can be treated similarly.
b) is trivial. O

Proposition 5.2. Theorem 5.1 holds when s, is replaced by s°.

Proof. The proof follows the same lines as above. Note that here in part (i) b) we have
Dy/xBD; € (cp, o) equivalent to (5.4) and [D 1 /xBDx]nk — 0 (n > ). But for ¢ # 0, condi-
tion (5.4) implies (x,,/|a|"), € C; and x,/|a|" = o0 (n — ) by Lemma 4.3, then for n > k
we have

~ 1 5 —a)" §
|D1/:BD,| = — (—a)y™*! = T cay 1 2 = 0(1) (11— oo) forall k.
nk X, r? Xy r?
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5.2 On some (SSE) with operators B(r,s) and B(r’',s’)

5.2.1 The (SSE) s, (B(r,s)) =sx(B(',s"))
Consider now the next sequence spaces equations with operators
Sx(B(r,5)) = Sy (5.7
and
Sx(B(r,s)) =s,(B(r,s")). (5.8)
We immediately deduce from Theorem 5.1 the following corollaries.

Corollary 5.3. (i) Let r, s # 0. Then (SSE) (5.7) holds if and only if x € D, * a.
(ii) If r £0, s = 0 then (5.7) holds for all x.
(iii) If r =0, s # 0 then (5.7) holds if and only if there are K1, K> > 0 such that

X
Kl < n

< K for all n.
Xn-1

(iv) If r = s = 0 then (5.7) has no solution.
Proof. Proof of (i). First we have B(r, s) € (Sy,Sy) if and only if

Xn-1

< K for all n, and for some K > 0, (5.9
Xn

and from the expression of B~ (r,s), we have B~ (1, 5) € (sy.s,) if and only if

1 n
— Z la|"™* x; < K’ for all n,
=

that is, x € Do), * a. Now x € D, * a implies

|n—(n—l)

1
— | X—1 < K’ for all n,

Xn
that is, (5.9). So (5.9) holds if and only if x € Do) * C 1. This concludes the proof of part
@).

(ii), (iii) and (iv) are direct consequences of Theorem 5.1. O

In the next corollary we limit our study to the case when r, s # 0.

Corollary 5.4. Letr, s # 0.
(i) Let v, s’ #0.
(a) If 6 = 0 then (SSE) (5.8) holds for all x,
(b) if 6 # 0 then (5.8) holds if and only if

x € (D, *C1) N (Dyarpy, *C1). (5.10)

(ii) Case ¥, or s’ = 0.

(a) Let v’ # 0 and s" = 0. Then (5.8) holds if and only if x € D), * C.

(b) Let 1:’\: 0 and s’ # 0. Then (5.8) holds if and only if sup, (x,/X,-1) < oo and
X € Dapy, * C1.

(iii) If ¥’ = 5" =0, then (5.8) has no solution.
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Proof. (i) (a) is a direct consequence of Theorem 5.1 (i) (a). Now we show (i) (b). From
Theorem 5.1 (i) (b) we have s, (B(r,s)) C s, (B(r’,s")) if and only if x € Do) * 51 . Since ¥/,
s" #0 we have ¢ # 0 and the (SSIE) s, (B (1, 5")) C s, (B(r, 5)) is equivalent to x € D, * a
and we conclude (5.8) holds if and only if (5.10) holds. (ii) (a) we have ’ # 0 and s’ = 0 and
$x(B(r',s")) = sy (I) = s;. By Corollary 5.3 (i), (SSE) (5.8) is equivalent to x € D), * Ci.
(ii) (b) By Theorem 5.1 (i) (b) the solutions of the (SSIE) s, (B(r,s)) C s,(B(0,s")) are

determined by x € Do), * C, 1, since ; ;), =rs’ #0. By Theorem 5.1 (iii) (b) the inclusion

Sx(B(0,5")) C sy (B(r,s)) is equivalent to sup,, (x,/x,-1) < co. Finally (iii) is a consequence
of Theorem 5.1 (iv). O

Now we deal with the equivalence
Ayp = 0 (xy) (n— o0)

if and only if
ryn+8yn-1= O(Xn) (”l — ©0) for all y.

This statement leads to study the identity
Sx(B(r,5)) =sx(A). (5.11)
From Corollary 5.4 we obtain the next results.

Corollary 5.5. (i) Let r, s # 0.
(a) If r = —s then (SSE) (5.11) holds for all x.
(b) If r # —s then (5.11) holds if and only if

X € 61 N (D(lal'l)n * E])

(ii) Let r # 0 and s = 0. Then (5.11) holds if and only if x € 61.
(iii) Let r =0 and s # 0. Then (5.11) holds if and only if

sup( An )<ooandxea.

n \Xn-1
(iv) If r = s =0 then (5.11) has no solution.

Remark 5.6. Note that for a € w and b € U, if sup,,lax/bi| < Kla,/b,| for all n and for
some K > 0, then

Dy *61 C Dy *61.
In this way in Corollary 5.5 we have 61 N (D(lafl”),, * 61) = 61 if |a| <1, and 61 N (D(|a|")n * a) =
Doy, *Cr if |a] = 1.
Remark 5.7. The results given in Corollary 5.4 and Corollary 5.5 are also true for the (SSE)
s (B(r,s)) =s%(B(r,s")).

This remark leads to the next proposition which is a consequence of Theorem 5.1 and
Corollary 5.3,
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Proposition 5.8. Let r, s # 0 and let x € U*. Then the next statements are equivalent, where
_ 0

XY =S, ors’,
i) xx(B(r,5) C xx
i) xx(B(r,5) = xx
iii) B(r,5) € (xx,Xx) IS surjective,
iv) B(r,s) € (xx,Xx) is bijective,
V) X € D(Ialn)n * Cl

Remark 5.9. Note that in Proposition 5.8 r and s can be non-zero complex numbers. This
permits us to state the results of the next subsection.

5.2.2 Application to the spectrum of B(r, s) considered as an operator from y, to itself

with y =s, or s°

We obtain the next result where o (B(r, s), ) is the spectrum of the continuous operator
B(r,s) € (xx,Xxx), Where y =s, or s9, that is,

o (B(r,$),xx) ={1€C: B(r,s) — Al as operator from y, to itself is not invertible}.

We write p(B(7,5),xx) = C\o(B(r,s), ) for the resolvent set of B(r,s). So we have A €
p(B(r,s),xy) if and only if B(r,s)— Al = B(r— A, s) as operator from s, to itself is invertible.
For x € U* we put

S, ={1€C: xx(B(r,s)—Al) C xx},

and for A # r we put
S ={xeU" : xx(B(r,s)— ) C xx}.

Then we obtain the following result.

Corollary 5.10. Letr, s #0, let y =, or sV, Then we have
i)forA#r
S, =p(B(r,8),xx) forall xe U™,

and
S’ = D(ja,p, *C1, (5.12)

where ay = s/ (r—2A2).
ii) For each x € U" we have

a)

Aeoa(B(r,s),xx) ifand only if A =r, or (

d xn) ¢C,: (5.13)

b)

A€o (B(r,s),xy) implies |A—r| < |5|H(x”‘1 ) (5.14)
n—oo Xn
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Proof. We only consider y = s, since the proof in the case y = s” follows exactly the same
lines. i) Let A € S, with A # r. We then have

Bl (r—2A,5) € (sy,8y) (5.15)

so by Proposition 5.8 B(r— A4, s) € (Sy,Sy) is bijective and A € S,. Identity (5.12) is a direct
consequence of the preceding and of Proposition 5.8.

ii)Let xe U*. a) We have 1€ p(B(r,s),x,) if and only if B(r— A, 5) € (s, S,) is bijective,
that is, x € D), * C 1 and A # r, by Proposition 5.8. Thus we have (5.13). b) Here we
show that if A satisfies

|A—r|>|s|E(x"‘1), (5.16)

n—eo\ X,

then 1 € S,. Since we have x € D, *I if and only if

— n _ — X, 1 /l_
1im(|‘”| x”1)<1, limx"1<—=’ d

n—oo\ X, |a,/l|”—1 n—eo X, laal Ky

’

we deduce that A satisfies (5.16) if and only if x € D, *I'. But by Lemma 4.3 we
have Do), * T C Dq ), * C}, thus by Proposition 5.8 we conclude that (5.16) implies
1€ S, =p(B(r,s),xx) This completes the proof. O

6 On the (SSIE) s\9 (B(r,5)) cs\?(B(+', s")) for r, s, ', s’ reals
In this subsection we determine the set of all x € U such that

PWntS¥n-1 . Pynt 8y
———— — [ implies —————

Xn Xn

— 1" (n— o) forall y

and for some scalars /, ’. For this consider the (SSIE)

s\ (B(r,9) C s (B(, ). ©6.1)
We will solve (6.1) in the general case when @ = —s/r # 0 in Remark 6.2, but in the next

theorem, we develop the interesting case @y > 0 when ¢ # 0.

Theorem 6.1. Let r, s, ¥’ and s’ be reals.
(i) Letr, s #0.
(a) If 6 =0, then (SSIE) (6.1) holds for all x,
(b)if6 #0 and ay = —s/r > 0, then (6.1) holds if and only if
Xn—1 1

lim < —.
n—-oo xl’l al

(ii) Assume r # 0 and s = 0. Then
(a) if s # 0, then (6.1) holds if and only if

Xn-1

lim
n—oo X,

= [ for some scalar [;
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(b) if s’ = 0 then (6.1) holds for all x.
(iii) Assume r =0 and s # 0. Then
(a) if ¥’ # 0 then (6.1) holds if and only if

. n
lim =1 for some scalar l;
n—oo xn—]

(b) if ¥’ =0 then (6.1) holds for all x.

(iv) If r=5=0, then

(a) if ¥, or s’ # 0 then (6.1) has no solution,
(b)if v’ =" =0 then (6.1) holds for all x.

Proof. (i) The inclusion (6.1) is equivalent to
Dy/:BD, € (c,c). (6.2)

As we have seen in the proof of Theorem 5.1 we have

s n—k—1 P
_ (——) — fork<n-1,
Bnk: 4 ’ I’2

r

— for k = n.

,

Since a1 = —s/r > 0 from the characterization of (c,c) we deduce that (6.2) holds if and
only if
n

1
> [DuBD| =~ -— xiza—i (6.3)

k=1 a—,ll k=1 “1
tends to a limit / as n tends to infinity. Indeed this condition implies D, /XEDX € §'1 and from
the proof of Proposition 5.2 we have [Dl /XBD ] ke — 0 (n — o) for all k.
(a) If 6 = 0 the previous sum defined in (6.3) 1s reduced to r’/r and inclusion (6.1) holds
for all x.
(b) If 6 # 0, inclusion (6.1) means that (6.3) is convergent and

/

r
n—1 ——
1 Xk r
T (n> ),
Xn a,k 1
7 k=171 —0
CV] rs

so we have (xn / a'l’)n eC. By Lemma 4.3 we have C= f, so (6.2) is equivalent to

a}’l
. Xp—1 ¢ . Xp—1
lim — = lim

n—oo a/’il_ Xn n—oo X,

<1

and we conclude for (i) b).
(i) Case r # 0 and s = 0. Since B(r,s) = rI we have s© (B(r,s)) = 5. So inclusion
(6.1) is equivalent to Dy/,B(r’,s") D, € (c, ¢), this means that there are K > 0 and L such that

|r|+|s| <Kforalln
X,

n
r+s — -l — L (n—> ).

Xn
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If s’ # 0 then we have
Xn—1 L-v
—

- (n — o0)
Xp s
and if s” = 0 the previous system holds for all x.
(iii) Case r =0, s # 0. As we have seen in the proof of Theorem 5.1 we have s(c) (B(0,s)) =
(C) . Then (6.1) is successively equivalent to s(c) cs9BW,s)), B(r,s) € ( i“;), (C)) and to

7| Inel +|s’| < K for all n,
(S) Xn
pl LS (n — ),
Xn
for some K > 0 and some scalar L.
(a) If ¥ # 0 we have
Xn+1 L-s
— (n — )

Xn

and trivially (S) holds.

(b) If ¥’ = 0 system (S) trivially holds for all xe U*.

@iv) If r = 5 =0 then sgf) (B(0,0)) = w and as we have seen in the proof of Theorem 5.1
the inclusion w Cs(c) (B(#',s")) implies ' = s = 0. O

In the general case when r, s, d, @ # 0 we have the following,

Remark 6.2. Condition (6.1) holds if and only if

-1 n
a_z_’;_)l (n — 00), (ii) jo” Z < K for all n, and(ul)a——ﬂ' (n— o0)
nk: Xn k=1 |C¥| xn

for some /, I/, and K > 0. This result is a direct consequence of condition (6.2) in the proof
of Theorem 6.1.
We can also state the next remark.

Remark 6.3. The characterization of s(c) (B(r,s)= s(c) (B(#',s")) can be obtained combining
Theorem 6.1 and a similar theorem obtained by replacing (r, s) by (+/, s”).

7 Applications to some (SSIE) and (SSE) with operators of the
form B(r,s)

7.1 Application 1

In this part we apply the previous results to special (SSIE) or (SSE).
We deal with the next statements P; (y) and P, (y) defined by
P1(¥): yn+2yn-1 = O(x,) implies Ay, = O(x,) (n — o0)
and
P> (y): yu—1/xn — limplies Ay, /x, — I’ (n — oo) for some scalars /, I’
The question is: what is the set of all x € U* such that P; (y) and P;(y) hold for all y ?
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We easily see that this problem consists in determining the set
P={xe U":5,(B(1,2)) Cs,(A) and s (B0, 1)) s (A)}.
Combining Theorem 5.1 (i) (b) and Theorem 6.1 (iii) (a) we obtain

Xn

Pz{xe U+:()26—Z) € C; and — L (n— o0) forsorneL}.

Xn—1
Note that any sequence of the form x = (R"), with R > 2 belongs to P. We may explicitly
define a special simple subset of P. Indeed since we have C; D I" we easily see that

PD{xe Ut: T L (- o) forsomeLe]O,l/Z[}.

Xn

7.2 Application 2

Here the question is: what are the sequences x € U™ such that P} (y) and P} (y) hold for all
y, where

Py (¥): Yu-1/x, — Limplies Ay, /x, = 1" (n — o)

and

P, (y): Ayn/x, — I (n — oo) implies y,/x, — """ (n — o) for some scalars /, I, I and
llII .

These statements lead to determine the set of all x € U* such that s'© (B (r, 5)) cs'9 (A) 5.
Reasoning as in Application 1 and by Theorems 5.1 and 6.1 we have

P’ = [xeU":P|(y) and P}(y) hold for all y}

= {xe U*: M—>L(n—>oo) forsomeLe]O,l[}.

Xn

7.3 Application 3: The (SSE) y,+5” (B(r, 5)) =5

In this part we apply the previous results to solve sequence spaces equations of the form

Xa+5E(B(r,s)) =5 where y =s, s, or s© (7.1)

When y = s” this equation consists in determining the set of all x € U™ such that

Yn

— > (n—> o)
Xn

if and only if there are u, v such that y = u+v and

+ SV
@AOandM—)l’ (n — o0) forall y € w.

an Xn

Each of the sets y,, sgf) and sgf) (B(r,s)) are linear subspaces of w. We obtain the following

result.
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Theorem 7.1. Let r, s # 0 and assume a1 = —s/r > 0. Then equation (7.1) where y =, s,
or 89 holds if and only if
- 1
lim =L« — (1.2)
n—oo X, aq
and a
—eM(y1,0). (7.3)
by
Proof. Equation (7.1) implies
Xa+8y (B(r,s)) C s (7.4)

which implies s\ (B(r,s)) cs' and condition (7.2) by Theorem 6.1. Then condition (7.4)
implies y, Csﬁf) and (7.3). So we have shown that equation (7.1) implies conditions (7.2)
and (7.3). Now show that (7.2) and (7.3) imply (7.1). For this it is enough to note that (7.2)
implies (Xy_1/Xn)ys2 € ¢ and 5 ¢ s (B(r, 5)) by Theorem 6.1 (ii) and s\ (B(r,s)) s\
by Theorem 6.1 (i) (a) s0 5@ (B(r, s)) =5'” and y o+ (B(r, 5)) = xa+s'. Finally condition

(7.3) implies x, cs' and y,+59 (B(r,s)) =s'. This concludes the proof. O

Corollary 7.2. We have

T= {x eU* : y1 +89(A) = sgf)} where y =s, s°, or s©. (7.5)
Proof. By Theorem 7.1 we have y1 +s\” (A) = s\ if and only if x €T and 1/x € M (x1,c).
If y=s we have M (y1,c) = cp and x, — oo (n — 00), but condition x € I" implies 1/x € ¢y,

so it also implies 1/x € M (y1,c) and (7.5) holds for y=s. The proof is similar in the other
cases since we have ¢y € M (y1,c¢) for y=s°, or s©. O

As an immediate consequence of Theorem 7.1 we have

Corollary 7.3. Letac U". Then
(i) 54 +5E(A) =9 is equivalent to x €T and a/x € cy;
(ii) O+ s9(A) =59 is equivalent to x €T and a/x € sy;

(iii) &+ (A) = 8\ is equivalent to x €T and a/x € c.
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