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Abstract

We consider a class of p-Laplacian equations in RY. By carefully analyzing the com-
pactness of the Palais-Smale sequences and constructing Nehari manifolds, we prove
that for every positive integer m > 2, there exists a nodal solution with at least 2m nodal
domains.
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1 Introduction
In this article, we consider the following p-Laplacian equation in the entire space
—Apu+(da(x)+ DlulP~%u = f(x,u), xeRVN,
(P2

u(x) -0, |x|— oo,

where Apu := div(|VulP=2Vu) is the p-Laplacian operator with p > 2. We assume 4 > 0,
N > p, moreover, a and f satisfy the following conditions:

(a1) a € C(RM,R), a(x) >0, Q :=int a '(0) is non-empty and has smooth boundary, Q =
a 1(0).

(ap) There exists My > 0 such that
mes({x e RN : a(x) < Mp}) < oo,

here mes(-) denotes the Lebesgue measure on RY.
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(az) a is radially symmetric with respect to the first two coordinates, that is to say, if
(xX1,X2,23,-++,2n) €RY, (132,23, -+, zv) € RY and [(x1,x2)| = [(y1,y2)], then

a(x1,x2,23,+ »2N) = a(y1,¥2,235** ,ZN)-
(f1) feC'(RM,R)and when t — 0, f(x,1) = o(J{’~") uniformly in x.

(fy) There are constants a; >0, a; >0and p <g < p*:= NN—_’; such that

[fn] <ar(+1177Y, | fix0)| < ax(1+1d97%)
for every x e RV, r e R.

(f3) There exists u > p such that for every x e RV, r € R\{0},
!
0 <uF(x,1) :=,uf f(x,8)ds <tf(x,t).
0

(f4) f is radially symmetric with respect to the first two coordinates, that is to say, if
(x1,%2,23,--+,2n) €RY, (y1,¥2.23,-+- ,zv) € RN and |(x1, x2)| = [(y1,y2)], then

S, x2,23, 0 ,2n) = f(V1,Y2,23,7 0 5 2N).

(f5) f(x,t) = —f(x,—t) forevery xe RV, r e R.
Under these assumptions, we have the following theorem.

Theorem 1.1. Suppose (a;)-(az) and (f1)-(fs) hold. For any given integer m > 0, there is
Ny > 0 such that problem (P,) has a nodal solution with at least 2m nodal domains for all
A= Ay

For p =2, (P,) turns into a Schrédinger equation of the form
—Au+Qa(x)+ Du= f(x,u), ueH'RY), S

which has been studied extensively. In [3], Bartsch and Wang showed that (S ;) has a
positive and a negative solution. If f is odd, they proved that (S ) possesses k(k € N) pairs
of nontrivial solutions. Moreover, Bartsch and Wang studied the general problem

—Au+b(x)u = f(x,u), xeRV.

When f is odd, they got some existence and multiplicity results.

If f(x,u) = |u|9>u, Bartsch and Wang showed that (S ,) possesses multiple positive
solutions in [4]. In [8], Furtado proved the existence and multiplicity of solutions with
exactly two nodal domains for (P,), he also studied the concentration behavior of these
solutions as 4 — oo.

To prove Theorem 1.1, we will use the Nehari manifold technique. By a group con-
structing method from [12], we consider a minimizing problem on a group-action invariant
Nehari manifold and get a nodal solution with at least 2m nodal domains when A is large
enough.

The paper is organized as follows. In Section 2, we give some preparation and analyze
the compactness of Palais-Smale sequences. In Section 3, we prove Theorem 1.1. In the
following, C will denote different constants in different places and || - ||, is the usual norm
in LY(RN).
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2 Preliminaries and compactness of Palais-Smale sequences

Let W'-P(R") be the usual space endowed with the norm

1
V4
12t oy = ( f (Vul? + |u|”>dx) .
RN

In the rest of this paper, we will use E, denote the space
E:={ue WP®RY): f a()lulPdx < oo}
RN

with norm 1
= (f (Val? +(Aa(x) + l)Iulp)dx)p 130
RN

Condition (a;) and the Sobolev theorem imply that the embedding E; — LZM(RN ) is com-
pact for all p < g < p*. Define a functional @, : E; — R as follow

D,(u) = lf (IVul? + (Aa(x) + 1)|u|p)dx—f F(x,u)dx = l | u ||§ —f F(x,u)dx.
P JrN RV p RV

It is obvious that critical points of @, correspond to solutions of (P,). By (f;) and (f),
®, € CY(E;,R) for all 1 > 0.

If a sequence (u,) C E, satisfies that ®,(u,) — ¢ for some ¢ € R and ®’(u,,) — 0 as
n — oo, then (u,) is a (PS).-sequence of ®,. We say @, satisfies the (PS).-condition if any
(PS).-sequence of O, has a convergent subsequence.

For the space E,, we have the following proposition.

Proposition 2.1. E, is a reflexive Banach space.

Proof. Condition (a;) and A > 0 imply that the function
Ada+1 :RN—>R:x|—>/la(x)+l
is positive and measurable. According to Theorem 1.29 ([11]), it holds that

go(X)=f(/la+1)dx, XeB
X

is a measure on B which is the family of Borel sets in R and

f gdgo=f g(la+ 1)dx
R¥ R¥

for every measurable g on RV with range in [0, oo].
For the measure ¢, we define a space

LP(¢) := {u| u is a measurable function on RY and lulPdp < oo}
RN
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1 1

p 4

||u||m@=( [ Iul”dgo) :( [ (/la+1)|u|”dx) |
RN RN

By Theorem 3.11 in [11], LP(¢) is a Banach space. Moreover, by Example 11.3 in [7],
LP(¢p) is reflexive for all 1 < p < oo,

Assume (u,) C E, is a Cauchy sequence, that is to say || u, — uy, [|1— 0 as m,n — oo.
Then || Vuy, = Vi || o gvy— 0 and || ty, =t [|1r(p)— 0. Since LP (RN) and LP(y) are complete,
there exist u# and v such that

with norm

Vu, — u € LP(RY),
u, —>veLP(p).

Since LP(¢) — LP(RV),
u, = veLPRM).
From the proof of the fact that W'?(RV) is Banach space, we have u = Vv. So v € E, and
|| u, — v ||a— 0. This proves that E, is complete.
Define
T:E;— LPRM)YXLP(¢): u (|Vul,u),

here || - llpp@myxrr(p):=Il - lle@yy + 11+ llzrig) - Then || - |lg, and || - [|p@¥yxrr () are equivalent
norms, so E, is equivalent to T(E,) which is a closed subspace of LP(RN) x L?(¢). From
Pettis theorem, T'(E)) is reflexive and so E is reflexive. O

The following proposition is the main conclusion of this section.

Proposition 2.2. Suppose (a;)-(az) and (f1)-(f3) hold. Then for any c # 0 there exists A. >0
such that ®©, satisfies the (PS ).-condition for all 1 > A..

The proof of Proposition 2.2 consists of a series of lemmas which occupy the rest of
this section. The thoughts of proof for these lemmas are inspired by Lemma 2.3-2.5 in [4].

Lemma 2.3. Let K be the set of critical points of ®,. Then there exists o > O(independent
of 12 0) such that || u |21 u |lwrpeiy> o for all u € Ky \ {0}.

Proof. For any € > 0, by (f1), there exists ¢ € [0,1], if |u| < ¢, then [f(x,u)| < elulP~t, if
t<|ul <1, by (fp),

2a
Sl <ar(+ ™) < 2an = 47 25 < Adul,

if [u| > 1, by (1),
flx,u) <a(1+ |7y < 2a;|ul?".

Thus, for any € > 0, there exists A > 0 such that

Foou) < eulP ' +Adu?™!, VxeRY,ueR. 2.1
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Choose € = 1/2, then for u € K;\{0},
0 = (@) w,u
= f (|Vu|p+(/la(x)+l)lulp)dx—f f(x, u)udx
RN RV

1
> ||u||ﬁ' —Eleulpdx—Cleulqu
R R

1
> Sllullf=Cllull

2
— p _ q
Z 2 || u ”Wl,p(RN) C II u ”Wl,p(RN)
where C > 0 is independent of A. Hence there exists o~ > 0 such that || u [ly1.p x> 0. O

Lemma 2.4. There exists co > 0 (independent of 1) such that if (uy,) is a (PS).-sequence of

D, then

C
limsup || u, [IP< £2<

n—oo —-p
and if ¢ # 0, then ¢ > cy.
Proof. First we claim that if (u,) is a (PS).-sequence of @, then (u,) is bounded. In fact,
c+o(D)+ |l up [la-o(1)

1
=D (u,) - _q):l(un)un
U
SV f (Va0 + (Aa(x) + Dty — f (P ) = ity )dx
P K JrN RN H

= (l - l)f (IVunl? + (Aa(x) + 1)|u,|”)dx
P K JrN

p-p
=— llun I}

which implies that (u,) is bounded. By (f3) we have

. 1,
c = hmsup(CD/l(un)—l—lq)ﬂ(un)Mn)

n—oo

n—oo

- hmsup((l—l) |, twp + aao + Dy~ [ (F(x,un)—lf(x,u,,)un)dx)
P M JrN RN H

1 1
> limsup(———)f (IVunl? + (Aa(x) + Du,|?)dx
nooo DM JrN
= ﬂﬂ_plimsupllunll’;.

n—oo

According to (2.1), choosing € = 1/2, then

(D (u), u) f (IVul? + (Aa(x) + 1)|u|p)dx—f f(x,u)udx
RY R¥

\%

1
Ellullﬁ—Cllullﬁ-
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So there exists o1 > 0 such that for all || u |[;< o
1 ,
1 Il 15 < (D (), u). (2.2)

Set ¢p = o-f(y—p)/,up. If ¢ < cg, then

limsup || u, [I'< F25 < o
H—PD

n—oo

Thus || u, [|1< o1 for n large enough. By (2.2),

|| ty |17 < (@ (1), ) = (1) ||t |1 -
Then || u, |[;— 0 as n — co. Hence ®,(u,) — 0,1.e.,c=0 O
Lemma 2.5. There exists 69 > 0 such that any (PS).-sequence (u,) of ©, satisfies
liminf | uy [lg2 Soc.

Proof. The proof is similar to Lemma 5.1 of [3]. For any u, by (f3) and (2.1), we have

lf(x,u)u—F(x, u) < lf(x,u)u
p p

€ A
_|u|.0+_f|u|q_

IA

If (uy) is a (PS).-sequence of @,, then
c = hm ((D/I(”n)_ —d) (Mn)un)

= lim ( — f(x, up)uy — F(x,u,))dx

n—oo

IA

Ae
lim ( |t + =<1 |9)dx
p

—00
n RN

A
lim (— Il 117 +—ff Iunlqu).
n—oo p p RN
By Lemma 2.4 it holds that

€ c A
c < =2 +—Elimf Jaldx
P op=p  p e ey

ec A
< HE e im | .
p=p  p o Jgw

IA

That is to say,
uec

<= hmf |u,|?dx.
p=p = pnoe

Then 6y = (1 — #“Tep) - £ is the required constant. o

C—
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Lemma 2.6. For any € > 0 there exists A¢ > 0, R > 0 such that if (u,) is a (PS).-sequence
of ®, and A > A, then
limsup | u, 1z, 5< €

n—0o0
where B;ee ={xeRN:|x| >R}
Proof. For R > 0, we set
AR) := {x e RN : |x| > R,a(x) > M),

B(R) := {x e R : |x| > R, a(x) < My}.

According to Lemma 2.4,

1
Pd A + Dluy|Pd
L(R)Iunl S Mot fRN( a(x) + Dlu,|"dx

: f (IVunl? + (Aa(x) + Dluy|”)dx
RN

A

<
/1M0+1

! (ﬂ)

S _
AMo+1"u—p

-0, asd— oo,

Choosing s, s” such that ps < p*,1/s+1/s" = 1. Applying Holder inequality and (a;), we

have
1/s 1/s
f |u,|Pdx (f Iunlp“'dx) (f dx)
B(R) RN B(R)

C Il |1} -(mes(BR))''™ =0, asR— oo.
Setting 6 = %, the Gagliardo-Nirenberg inequality yields

IA

IA

(2 1-6
unl?dx < C | Vitalze, Iy - 1wl 5~
B,
o (1-0)q/p
< cuunuf( f junl”dx + f |un|f’dx)
A(R) B(R)
<

(1-6)q/p
c
C(&)Hq/p(f |”n|pdx+f |un|pdx) )
H—DP A(R) B(R)

The first summand on the right can be arbitrarily small if A is large. The second summand
on the right will be arbitrarily small if R is large by (a). This completes the proof. O

The next two results will overcome the lack of Hilbertian structure.

Lemma 2.7. (Lemma 3 of [1]) Set M > 1, p > 2 and A(y) = |y|’~%y,y € RM. Consider a
sequence of vector functions n, : RN — RM such that (n,) ¢ (LP(RY ))M and n,(x) — 0 for
a.e. xRN, Then, if there exists M > 0 such that

[mlPdx <M  forallneN,
RN
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then we have

lim f A1) + A - A + 8|7 dx =0
RN

for each ¥ € (L”(RN))M.

Remark 2.8. From the proof of the Lemma 2.7, we can conclude that if

(Aa(x)+ DnulPdx <M  forallneN,
RN
then for each ¥ € (LP(go))M,

lim f (Aa(x)+1)|A(nn)+A(19)—A(n,,+19)|ijdx=0.
n—oo JpN

Lemma 2.9. Let (u,) be a (PS).-sequence of ®,, then, up to a sequence, u, — u in E,
and u is a weak solution of (P,). Moreover, u,l1 =u,—uis a (PS)y.-sequence of ®,, here
¢ =c—0,(u).

Proof. First, (u,) is bounded in E, by Lemma 2.4, hence there is a subsequence of (u,)
such that
u, —~uck; asn- oo,

w, —»ueli ®RY), p<q<p, (2.3)
up(x) > u(x) a.e. xRV,

We claim that
Vun(x) = Vu(x) a.e.xeRN. 2.4)

In fact, define P, : R¥ — R as follow
P(x) = ( Vit ()P~ Vit () = V(o> V() V (14 () = () (2.5)
and K c RV is a compact subset. For any given € > 0, set
K. ={xeR" : dist(x,K) < €}.

Choose a cut-off function y € C*(RV) suchthat 0 <y <1, =1in K and  =0in RV \ K,
then by the definition of P, we have

OSandx f Pydx
K N

ﬁ IVitn|Pydx — f IVitnP~2(Vu, - Vie)pdx (2.6)
RN RN

+ f IVulP~2(Vu- V(u— u,))dx.
RN

IA

Since (Yuy) is bounded in E, and @', (u,) — 0, it holds that

lim (D’ (), Y1) = Hm (D (up), Yu) = 0.
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That is to say,

o(l) = f(IVunI”t//+IVunI”_2(Vun'Wf)un+(/la(X)+1)|un|”l/f)dx
RN

2.7)
_f SO up)Wupdx,
RN
and
o) = [Tty T+ T2 Tty i)
RY (2.8)
+f (Aa(x)+ 1)|un|p_2unu(ﬁdx—f fx, up)Wpudx.
RN RN
Up to a subsequence, we can assume that Yu,, — yu in E,, so
lim (@', (u), Yu — yu,) = 0.
That is
o(l) = f \VulP~2Vu - V(u — up Wdx + f \VulP~2Vu - Vip(u — uy)dx
RN RY (2.9)

+ f (Aa(x) + l)lulp_zu(u —uy)Wdx — f fO,u(u—uy)dx.
RN RN

By (2.6)-(2.9) and the fact that y =0 in RN\ K, we have

f P,dx

f f(xa un)lybundx_ f |V”n|p_2(vun : Vl!/)undx_f (/la(x) + 1)|un|plr//dx

K. K. K.

+f |Vun|”_2(Vun . V(//)udx+f (Aa(x) + l)Iunlp_zunuwdx—f fO,upWudx
K. K. K

(e
A

IA

- f \VulP~2(Vu - Vo) (1 — uy)dx — f (Aa(x) + D)l uu — up)pdx
RN

+ j[; FO,uw(u—uy)dx+o(1) -

- fK P2 Tt - V) )~ fR IV (V)= )
+]K (Aa(x) + D(Jutnl”ttte = |utn | W x + fK (Aa(x) + (|l u, — |ul”Wodx
+ st SO, u)(uy, —u)dx + j; JFx,u(u— ;n)dx +o(1)

= A1+A2+A3+A4+A5+A6+0(1), asn— oo,
(2.10)
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where
A = fK Vil 2(Vity - V)t~ ),
Ay = fK \VulP~2(Vu - Vip)(u — uy)dx,
Ay = fK (Aa) + Dl 2ttt ~ P,
Ay = fK (Aa) + D)(lul” 2ty ~ P W,
as = [ st s
As = fK £ (= ).

Since (u,) is bounded in E,, thus u,, — u € LP(K,). So we have

A1l

IA

Vdleo f Vil utn — ldx
K.

IA

-1
Voo Il st 11511 1t — 1t

o(l), asn— oo.

In the same way, lim,,_,., A2 = 0. The Holder inequality, a(x)y is bounded in K, and u, — u
in LP(K) imply that

|A3] = ‘ f (Aa(x) + Dl |P = (u — uy)dx
(p-D/p 1/p
< ( Iunlpdx) ( f lu— unlpdx)
K.
< Cllun I Nty —ullpk.

o(l), asn— oo,

Similarly, lim,_,., A4 = 0. As for As,

(g-1/q 1/q
( f |f(x,un>|q/<"—”dx) ( f |un—u|%zx)

|As| <
. (g-D/q 1/q
< ( f (1+ud™ e/ 1>dx) ( f Iun—ulqu)
(g-D/q 1/q
< (f (1+|un|q)dx) (f |un—u|qu)
< (CHC N 187 1t = N,

o(l), asn— oo.
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Similarly, lim,,_,« Ag = 0. Therefore, we can rewrite (2.10) as
0< f (IVitn|P"2Vuty — VulP>Vu) - V(uy — u)dx — 0, asn — oo.
K

Using the fact that (|a|’~2a —|b|P~2b)(a - b) > Cla - bI? for every a,b € RN([13], p.210), we
obtain
lim | |Vu,—Vu’dx=0. (2.11)

n—oo K

Since K is arbitrary, (2.4) holds.
Forany w € C? (RM), we set K = supp(w). From the proof of (2.11), it holds that Vu,, —
Vu and u,, = u in L?(K). Thus

lim IV, P> Vu,wdx lim | |Vu |’ >Vu,wdx

n—eo JpN n—oo g

f IVulP2Vuwdx
K

[VulP > Vuwdx,
]RN

and

lim f (Aa(x) + Dlugl’ 2 upwdx lim | (Aa(x)+ Dlug|’ 2 uywdx
n—oo RN n—o0 K

f (Aa(x) + D|ulPuwdx
K

f (Aa(x) + Dlul’*uwdx.
RN

By (f;) we have

lim S, up)wdx lim | f(x,u,)wdx
n—oo JpN n—o Je

I
S
=
=
A
g
S
=

I

7 0
=
=
&
g
s
=

Hence
(@:l(u),w) = lim (CDjl(u,,),a)), Yw e CS"(RN).

Since Cg"(RN) is dense in E), for any w € E,, we have
(D (u),w) = lim (D (u,),w) =0, (2.12)
n—00

i.e., @ (u) = 0. Therefore u is a weak solution of (P,).

2
Next we consider the new sequence u. = u, —u and we will show that

Qy(ul) = c—Dy(u), asn— oo, (2.13)
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and
D (up) — 0, asn— co. (2.14)

We observe that
1
Qa(u) = (D/l(”n)_(b/l(u)"'_f (IVul? = |Vuy|? + |Vup P Ydx
P JRN

+% f (Aa(x) + D)(ul? = |ul? + |ul|P)dx (2.15)
RN

+ f (F(x,u} +u)— F(x,ul) — F(x,u))dx.
RN
According to Brézis-Lieb Lemma ([14], Lemma 1.32), we can rewrite (2.15) as
@(u)) = O (u,) - D(u0) + f (F(x,ul +u)— F(x,ul) = F(x,u))dx+o(1). (2.16)
RN

For any € > 0, choose R(¢) > 0 such that

f lu|Pdx < e,f lu|?dx < e, 2.17)
C BL'

R(e) R(e)

where By, = {x € R" : [x] > R(e)}. By (f1)-(f3), we have

f |F(x, u,ll +u)— F(x, u,ll)ldx

R(e)

Sf |f(x, u,11+§u)| -luldx

R(e)

sgf(WWWw*ﬂwHMWWMw

B;’(e)

SCf (g P+ bl ™"+l + )4 -l

R(e)

1 yp-1
< Cllig Wgge W lerasgp +C g

(g-1)/q 1/q
+c( (lul| + Iul)qu] [ f |u|qu]
BL‘ C

R(e) R(e)
= 0(e).

By (2.1) and (f3),

f F(x,u)dx < Cf (lu|? + |u|TYdx = O(e).
C BC

R(e) R(e)

Since € is arbitrary, we obtain (2.13).
For any w € E,, it holds that

(@ (), ) = (D (1), ) = (D (), w) — fRN (fCrsuy) = f () + f(x,0))wdx + A+ B
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where

A

f (Vi |2Vl + IVl >V = [V, P2V, )V,
RN

B

f (Aa(x)+ 1)(|u,ll|p_2u,11 + [ulP 21— P 2w wdx.
RN

By Holder inequality and Lemma 2.7, set 17, = Vu! and © = Vu, we have
p-1

A| ( f (|Vuy, |” Vul +|VulP2Vu - |Vu,|P>Vu,) 71 ldx) 1 Voll,

IA

IA

o) |wlli, asn— oo.

Choose 7, = u} and ¢ = u, by Holder inequality and Remark 2.8, it holds that

( f (Aa(x) + D)(|u]” _214,1,+Iulp_zu—|un|”_2un)ﬂpldx)p( f (/la(x)+1)|w|”dx)p
RN RN

o) |wllx, asn— oo.

|B|

IA

IA

Therefore, in order to obtain (2.14), by (2.12) we only need to show
lim (f(x,ub) = £, uy) + f(x,u))wdx = 0. (2.18)
n—oo RN

For any € > 0, choose R(¢) > 0 such that

1/p l/q
[f Iulpdx] <e, (f |u|qu] <e.

R(e) R(e)

Thus

A

f lfewoldx < | (uP™ + ' Hlwldx
B, B,

R(€) R(e)

IA

1 -1
C-e" ol +C-€™ lwll,

and

f |f(x,u,l1)—f(x,u,11+u)|-|a)|dx

R(e)

Sfc |fiCeup + )| - [ul - lwldx

R(e)

1 -2 1 -2
<C f (] + 1P~ + o] + )72 - ] el x
;?(e)
-2 _ -2 _
scf (Ja 7 2 72 2ok
BC
R(€)

<Cllun i oo

o M@+ Cllulf e ol

HC W Nulisceg ) Nl +C il ol

<C-ellwlh +C-ef’—1- lwlly+C-e ol .
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By Lebesgue’s Dominated Convergence Theorem, it holds that

Tim [ (fCruy) = i) + fOxu)wdx = 0.

Bre)

Since € is arbitrary, we obtain (2.18). This completes the proof. O

Proof of Proposition 2.2 Choose 0 < € < dgco/2, here ¢y > 0 is given by Lemma 2.4
and g > 0 is given by Lemma 2.5. According to Lemma 2.6, we choose A¢ > 0 and R, > 0,
then A, = A is required. Considering a (PS).-sequence (u,) of ®, where 4 > A, and ¢ # 0.
By Lemma 2.9, u,11 =u,—uis a(PS)y-sequence of ®, where ¢’ = c— D, (u).

Assume ¢’ # 0, then by Lemma 2.4, we have ¢’ > ¢g > 0. By Lemma 2.5,

liminf || uy |22 Soc” > Soco.
n— oo

Lemma 2.6 implies that
. 00C
limsup || wlpge [< e < =22,

n—oo R©

Assume that u! — u' € E,. By the definition of u!, u' = 0. Then

IA

Soco liminf || uj, |2
n—o00

IA

. 1
limsup || u, ||Z

n—oo

A

limsup ||,z 1l + lim f lul |9dx
n—oo BR(g)

n—oo

60Co

2 ’

a contradiction. Therefore the assumption does not hold and so ¢’ = 0.
From the proof of Lemma 2.4, we have u} — 0, i.e., u, — u. This completes the proof
of Proposition 2.2.

3 Proof of Theorem 1.1

In order to prove Theorem 1.1, we will consider a constrained minimizing problem on some
Nehari manifold. Inspired by [12], using the symmetrical assumption on a(x) and f(x,1),
this minimizing problem will be further constrained on a symmetrical Nehari manifold by
Palais principle of symmetric criticality([10]). Set

Ni = {u € EQ\(0} : (@) (w),u) = 0} = {u € E;\{0} 2| u |lf= fRN f(x,wudx}.

Proof of Theorem 1.1 Denote x = (y,2) = (y1,y2,23," - ,zy) € RV. Let O(2) be the group
of orthogonal transformations acting on R? by (g,y) — gy. For any integer m(m > 2), define
a subgroup G,, of O(2)(see [12]) as follows. G, is generated by @ and B where « is the
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rotation in the y-plane by angle %1—’; and g is a reflection. If m = 2, 8 is a reflection in the line
y1 = 0, otherwise, 8 is a reflection in the line y, = yj tan 7-. Write w = y; +iy2, then

27ri
aw=wen',
2 ;
Pw = den'.
For all g € G,,,x € RY, denote gx := (gy,z). Define the action of G, on E, as
(gu)x := det(ghu(g™" x).

We claim that @, is invariant under G,,. That is to say ®, 0 g = @, for all g € G,,,. Indeed,
by g € O(2), conditions (as), (fs), (f5) and the fact that Lebesgue measure is ivariant under
orthogonal transformation, we have

Palgu) = ]1) f (VI +(Aa(x) + DI )dx fR P (g(0)dx
= ]1) ﬁ (Va0 + (Aa(x) + Diu(g™ 0)1")dx — fR [ F(xdet(@u(g™ 0)dx
= 11) f (Vg™ 0l + (a(g™ )+ Diu(g™ x)|")dx - fR VF(e xu(e™ 0)dx
= % f (Va0 +(Aa(g™ 0+ Diug™ x)I")dg ™ x— fR P xug™ x)dg ™ x
= I%f:; (|Vu(x)|P+(/la(x)+1)|u(x)|”)dx—fRNF(x,u(x))dx:<I>l(u).

Set
V={uekE,:u(gx)=det(g)u(x),¥g € G}
and define

NY" :={ueN;:gu=uNgeGy,)=NinV.

Then for all u € Nf’”, we have
gu(x) = a’et(g)u(g_lx) = det(g)det(g_l)u(x) =u(x), VgeGy,.

By the definition of Nehari manifold N,, critical points of ®, constrained on N,(see [14])
are critical points of ®,. Moreover, by Palais principle of symmetric criticality([10]), we
only need to find critical points of @, restricted on Nf’".

Therefore, consider the following minimizing problem

Y = inf @, (u).
uENﬂm

By (f3) and the definition of N,;, ®, bounded from below on Nf’", SO —00 < Cf’" < oo.
Choose ¢ = Cf’", let A,, := A, be the corresponding constant given in Proposition 2.2. As-
sume A > A, and (u,) C Nf’" is a minimizing sequence of ®,. According to the Ekeland

variational principle (Theorem 8.5 in [14]), we can assume (u,) is a (PS).-sequence. By
Proposition 2.2, the infimum is achieved by some u € N that is to say, O (u) = C/(l;’”.
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From the definition of V and the fact that det(8) = —1,

u(Bx) = det(B)u(x) = —u(x).

So u will change sign when (y1,y,) cross perpendicularly the half lines y, = +y; tan %(yl >
0), j=1,2,...,m. Hence u is a nodal solution with at least 2m nodal domains.
This completes the proof of Theorem 1.1
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