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Abstract

In this paper, we obtain an extensions of majorization type results and extensions of
weighted Favard’s and Berwald’s inequality. We prove positive semi-definiteness of
matrices generated by differences deduced from majorization type results and differ-
ences deduced from weighted Favard’s and Berwald’s inequality. This implies a sur-
prising property of exponentially convexity and log-convexity of this differences which
allows us to deduce Lyapunov’s inequalities for the differences, which are improve-
ments of majorization type results and weighted Favard’s and Berwald’s inequalities.
Analogous Cauchy’s type means, as equivalent forms of exponentially convexity and
log-convexity, are also studied and the monotonicity properties are proved.
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1 Introduction

Favard (1933) proved the following result ([14, p.212]).

Theorem 1.1. Let f be a non-negative continuous concave function on [a,b], not identically
zero, and ¢ be a convex function on [0,2f], where

— 1 b
f= EL f)dx.
Then

1 Zf 1 b
—~f ¢(y)dy = —f ¢ (f(x)) dx.
21 Jo b-a J,

The following theorem can be obtained from Theorem 1.1.

Theorem 1.2. Let f be a non-negative concave function on [a,b] CR. If ¢ > 1, then

29 1 b q 1 b .
ﬁ(ﬂ f f(x)dx) > L f Fi0dx (1.1

If 0 < g < 1, then the reverse inequality holds in (1.1).
An important generalization of Favard’s inequality is given by Berwald (1947) ([14, p.214]).

Theorem 1.3. Let f be a non-negative, continuous concave function, not identically zero
on la,bl, and ¥ be a continuous and strictly monotonic function on [0,yy], where yq is
sufficiently large. If 7 is the unique positive root of the equation

1 1 [
2 [ == [Cerw e
<z Jo b-a a
then for every function ¢ : [0,y9] — R which is convex with respect to s, we have
1 (F 1
2 [ owarz o [ o ax
Z Jo b-a a

The following theorem can be obtained from Theorem 1.3.

Theorem 1.4. Let f be a non-negative concave function on [a,b] CR. If s > g > 0, we have

b ; b 5
(Z—J_rcll f fq(x)dx) z(% f fs(x)dx) . (1.2)

The following theorem is given by Marshall, Olkin and Proschan (1967) [10].
Theorem 1.5. Let x andy be positive n-tuples and x|y = (X1/y1,X2/¥Y2 .., Xu/Yn). Forr € R,

1
AV
(Z',;‘y; , r#0;
F(r) = =17 1
1'[’? Xi\n
i=1"1 —
(—H;,ZI),,_) , r=0.

Ify and x [y are similarly ordered, then F(r) is increasing on R. Ify and x [y are oppositely
ordered, then F(r) is decreasing on R.
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We will consider discrete results of Favard’s and Berwald’s inequalities. Berwald’s result
(1947) [4] and Thunsdroff’s result (1932) [19], as well as the Gauss-Winckler inequality
are related to a well-known result of Marshall, Olkin and Proschan for the monotonicity
of ratio of means, and their result was proved by using the theory of majorization ([10]).
Such results will be considered in this paper. Note that this result was previously proved
in Izumi, Kobayashi and Takahashi (1934)[6] and later given in Sunouchi (1938)[18]. A
simple proof of their result with weights is given by Vasi¢ and Milovanovi¢ (1977)[20], and
it can also be proved using a generalization of majorization theorem by Pecari¢ (1984)[17].
Moreover, by using an idea in Vasi¢ and Milovanovi¢’s paper a more general result can be
obtained ([14, p.218]).

The subject of majorization is treated extensively, see for instance, [1], [9], [11], [13] and
[14] and their references. Pe€ari¢ and Abramovich (1997) [15] gave this result with positive
weights.

Theorem 1.6. Let g be a strictly increasing function from (a,b) onto (c,d), and let fo g™
be a concave function on (c,d). Let the vectors x and y with elements from (a,b) satisfy

k k
Zwig(y,-) < Zw,-g(x,-), k=1,...,n-1,
i=1 i=1

and

n n
Zwl-g(yi) = Zwig(xi)-
i=1 i=1
Ify is decreasing, then
n n
Diwif ) < D wif ().
i=1 i=1
If x is increasing, then
n n
Dwifo) < Y wif (x).
i=1 i=1

They also gave extensions of Favard’s and Berwald’s theorems in [8].
Let @ and w be positive n-tuples. For p,q € R define the Gini mean of a with weight w by
([5, p-248))

1

( ;Llwi”zl))ﬁ pP*q;

, —q 5
@, w) = { \Ziiwig; ’ )
n wl-a.p 1/er'lzl wid;

(Hizlai ! ) s P=4dq,

Some properties of Gini means are given in the next theorem ([5, p.249]).
Theorem 1.7.
lim 77 (a;w) = 29 (a;w); lim 17 (a;w) = maxa; lim 7°?(a;w) = mina.
pP—=q p—0 g——00
If p1 < p2, 1 < q2, then

" @w) < 2 (@w); 1.3)
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If either py # pa or q1 # q2, then inequality (1.3) is strict unless a is constant.
Ifp>1>q=0, then

! @+biw) <y @w) +, 7 (biw).

Inequality (1.3) is known as Dresher’s inequality.

Positive semi-definite matrices have a number of interesting properties. One of these is
that all the eigenvalues of a positive semi-definite matrix are real and nonnegative. Positive
semi-definite matrices are very important in theory of inequalities. So in classical book [2]
one of the five chapters (second chapter) is devoted to them. Of course as was noted in [2,
p.59-61] a very important positive semi-definite matrix is Gram matrix. The corresponding
determinantal inequality is well known as Gram’s inequality. In this paper we show that we
can use majorization type results and weighted Favard’s and Berwald’s inequalities to obtain
positive semi-definite matrices that is we can give determinantal form of these inequalities.
Very specific form of these determinantal forms enable us to interpret our results in a form
of exponentially convex functions. This is a sub-class of convex functions introduced by
Bernstein in [3] (see also [11] and [12], p. 373):

Definition 1.8. A function % : (a,b) — R is exponentially convex function if it is continuous
and

n
Z f,-fjh(x,- + xj) >0
ij=1
for all n € N and all choices &; € R, i =1,...,n such that x; + x; € (a,b), 1 <i,j<n.
Proposition 1.9. Let h: (a,b) — R. The following propositions are equivalent.
(i) his exponentially convex.

(ii) h is continuous and

1 X,'-I-Xj
Zfifjh( 3 ) > 0,
ij=1

for everyn €N, for every & € R and every x; € (a,b), 1 <i<n.

Corollary 1.10. If ¢ is exponentially convex function, then

o, e

det >
2 k=1

foreveryneN, xyel, k=1,2,..,n.

Corollary 1.11. If h: (a,b) — R" is exponentially convex function, then h is a log-convex
function.

As an analogy to J-convex functions, one defines convex sequences as follows [14, p.6].
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Definition 1.12. A finite sequence {ai};_, of real numbers is said to be a convex sequence
if

2ap < ap_j +ag. forall k=2,3,...,n—1.

In this paper, we give majorization type results in the case when only one sequence is
monotonic. We also give generalization of Favard’s inequality, generalization of Berwald’s
inequality and related results in discrete case. The paper is organized in the following way:
In Section 2 we give extensions of majorization type results, generalizations of Favard’s
and Berwald’s inequalities and related results in discrete case. In Section 3 we prove posi-
tive semi-definiteness of matrices generated by differences deduced from majorization type
results and differences deduced from weighted Favard’s and Berwald’s inequality. This im-
plies a surprising property of exponentially convexity and log-convexity of this differences
which allows us to deduce Lyapunov’s inequalities for the differences, which are improve-
ments of majorization type results and weighted Favard’s and Berwald’s inequalities. In
Section 4 we introduce new Cauchy’s means as equivalent form of exponential convexity
and log-convexity.

The results in Section 2, Section 3 and Section 4 are the discrete version of the results in

[7].

2 Main Results
The following theorem is valid ([13], p.32).

Theorem 2.1. Let ¢ be a convex function on an interval I C R, w, a and b be positive

n-tuples and satisfy
k k
Dowibi < Y wiai, k=1,..,n-1, 2.1)
i=1 i=1

and
n n
Zw,- b; = Zw,- ai. 2.2)
i=1 i=1

If b is decreasing n-tuple, then

n n
Do wigb) < > wigla). (2.3)
i=1 i=1
If a is increasing n-tuple, then
n n
D wig@) < ) wigby). (24)
i=1 i=1

If  is strictly convex and a # b, then (2.3) and (2.4) are strict.
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Proof. The proof of part (3) and (4) are similar to the proof in [15].
If ¢ is strictly convex and a # b, then

p(ai) — (b)) > ¢ (bi) (a; = by),
for at least one i = 1,...,n. This gives strict inequality in (2.3) and (2.4). O

The following lemma is a discrete case of Lemma 1 in [8] and it can be proved by simple
calculations.

Lemma 2.2. Let v be a positive n-tuple. If x is an increasing real n-tuple, then

n n

Zk:xiviZw < invizk:v,-, k=1,..,n 2.5)

i=1 i=1 i=1 i=1
If x is a decreasing real n-tuple, then the reverse inequality holds in (2.5).
The following theorem is a generalization of discrete weighted Favard’s inequality.

Theorem 2.3. Let ¢ : (0,1) > R be a convex function and also let w, a and b be positive
n-tuples.
Let a/b be a decreasing n-tuple. If a is an increasing n-tuple, then

ZWI‘P( n alwl) ZWzQD( n bW,) (2.6)

Ifb is a decreasing n-tuple, then the reverse inequality holds in (2.6).
Let a/b be an increasing n-tuple. If b is an increasing n-tuple, then

Sl Bl

If a is a decreasing n-tuple, then the reverse inequality holds in (2.7).
If ¢ is strictly convex function and a # b, then the strict inequalities hold in (2.6) and
(2.7) and their reverse cases.

Proof. Using Lemma 2.2 with
v=bw, x=ah,

we obtain

implies

L b; k a;

S e gt ) = Yol
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Similarly, we can prove the case when b is decreasing n-tuple.
The remaining cases can be reduced to the first case switching the role of a and b.
Similarly as in Theorem 2.1 for strict inequality, we can get strict inequality in (2.6),
reverse inequality in (2.6), (2.7) and reverse inequality in (2.7). O

Corollary 2.4. Let ¢ : [0,00) — R be a convex function and w be a positive n-tuple.
If a is a positive increasing concave n-tuple, then

- i—1
i i 2.9
;WSD(ZHW“/] ZW¢(Z"1(1—1)W) @9

If a is an increasing convex real n-tuple and ay = 0, then the reverse inequality holds in
(2.9).
If a is a positive decreasing concave n-tuple, then

n-—1
i i 2.10
wa(zn lea]] ,-ZW so(zn 1(n—J)W]) (2.10)

If a is a decreasing convex real n-tuple and a, = 0, then the reverse inequality holds in

(2.10).

Proof. (1) Take by = e < aj/az, bi=i—1 (2 <i<n). So, a;/b; (1 <i<n)is adecreasing
n-tuple. Using Theorem 2.3 (2.6), we have

ZW;QD(Zn leaJ}
< w d
S e TS G- Dw;

i—1
+Z ""(gwl L 2(,—1)w])

When &€ — 0, then
Wz(p n t
Z (Z 1W1a1]
i—1
<wip0) + ) wip|l o=5————
v Z 9”[2,--2<J—1>wj]

_ZW i—1
i S G-Dwi)

Since a is an increasing convex n-tuple and a@; = 0, then a;/(i—1) (2 <i <n) is an increasing
n-tuple. Using Theorem 2.3 (2.7), we have
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or equivalently

i—1
(27 G- 1)w,] Z;W’¢(2" G- 1)w]]

0 & a;
o ) S )
Yiawja; ; 2o wja;
implies

i—1 ;
ZW’¢(Z" (j - l)w]] ZWISD(Z" lea])

i=1

The remaining cases can be proved by using the similar procedure as in the first case. O
The following corollary is an application of Theorem 2.3.

Corollary 2.5. Let w, a and b be positive n-tuples and ¢(x) = xP, where p > 1 or p < 0.
Let a/b be a decreasing n-tuple. If a is an increasing n-tuple, then

n P n 1o \P
i=1%; Vi <(Zi:lalwl)

4 n U
lzlbi i Zizlbz Wi

(2.11)

If b is a decreasing n-tuple, then the reverse inequality holds in (2.11).
Let a/b be an increasing n-tuple. If b is an increasing n-tuple, then

(Z?:]aiwi )p - > lapWi

n VIR - [7
l=1b’W’ i= lbt

2.12)

If a is a decreasing n-tuple, then the reverse inequality holds in (2.12).
If o(x) = xP, 0 < p < 1, then the reverse inequality holds in (2.11), reverse inequality in
(2.11), (2.12) and reverse inequality in (2.12).

The following result is an application of Corollary 2.4.

Corollary 2.6. Let w be a positive n-tuple and ¢(x) = xP, where p > 1.
If a is a positive increasing concave n-tuple, then

Z:lzlaipwi <( Z;’:]aiwi )p
i G=DPw; T\ XL = Dw;

(2.13)

If a is an increasing convex n-tuple and a, = 0, then the reverse inequality holds in (2.13).
If a is a positive decreasing concave n-tuple, then

i wi < (ZZ?zlaiwl- )p‘ (2.14)

Zizl (n =P w; ?:1 (n =) w;

If a is a decreasing convex n-tuple and a, = 0, then the reverse inequality holds in (2.14).
If o(x) = xP, 0 < p < 1, then the reverse inequality holds in (2.13), reverse inequality in
(2.13), (2.14) and reverse inequality in (2.14).
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The following theorem is a slight extension of Theorem 1.6:

Theorem 2.7. Let w, a and b be an positive n-tuples. Suppose y,p : [0,00) — R are such
that  is a strictly increasing function and ¢ is a convex function with respect to V i.e.,
oyl is convex. Suppose also that

k k
Dwiw ) < Y wivra), k=1,.,n-1, (2.15)
i=1 i=1
and . .
Dowigb) = ) wigr(a). (2.16)
i=1 i=1

Ifb is a decreasing n-tuple, then
n n
D i) < Y wie(ay. (2.17)
i=1 i=1
If a is an increasing n-tuple, then
n n
D iwigla) < Y wip(by). (2.18)
i=1 i=1

If po w_l is strictly convex and a # b, then (2.17) and (2.18) are strict.

Proof. Without loss of generality, it is sufficient to prove the case when y(f) = ¢, but this
case is proved in Theorem 2.1. O

The following theorem is a generalization of discrete weighted Berwald’s inequality.

Theorem 2.8. Let w, a and b be positive n-tuples. Suppose W, : [0,00) — R are such that
Y is a continuous and strictly increasing function and ¢ is a convex function with respect to
W i.e., poy\is convex. Let 1 be such that

n n
D wiw@b) = Y wiv(@). (2.19)
i=1 i=1
Let a/b be a decreasing n-tuple. If a is an increasing n-tuple, then
n n
D wipla) < ) wip@by). (2.20)
i=1 i=1

If b is a decreasing n-tuple, then the reverse inequality holds in (2.20).
Let a/b be an increasing n-tuple. If b is an increasing n-tuple, then

n n
D wip@ib) < Y wiga). 2.21)
i=1 i=1
If a is a decreasing n-tuple, then the reverse inequality holds in (2.21).

If oy is strictly convex function and a # z1b, then strict inequality holds in (2.20),
reverse inequality in (2.20), (2.21) and reverse inequality in (2.21).
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Proof. Since y is continuous, therefore F(z) = X", w;y (zb;) for z > 0 is continuous. By
using @ > 0 and ¢ is strictly increasing, we have F(0) = }.7, wap(0) < 37, with (a;). Since
a/b is bounded above, we take any zog > a;/b; or a; < zob; for i = 1,....,n . So, F(z) =
iwiv(zob)) > ;’:1 wil (a;). This shows the existence of z;.
Because a/b is decreasing and y is strictly increasing function, and because

Zn: wiy(z1b) = Zn: wiy(a;),
i=1 i=1

there is an m such that

% >z, i=1,..,m and % <z, i=m+l,..n, (2.22)
hence
k k
Zwilﬂ(m b)) < Zwilﬂ(ai), k=1,..n. (2.23)
i=1 i=1

We give the proof on inequality (2.23) for the convenience of a reader. If k = 1,...,m, then
inequality (2.23) follows immediately from the first inequality in (4.8). If k=m+1,...,n,
then by using the equality (2.19) and the second inequality in (4.8), we obtain

k
ZwiW(Zl bi)
i=1
= Zn:wu,//(mbi) - i wi (21 b;)
i=1 i=k+1
= Zn:wiw(ai) - Zn: wiy (21 b;)
i=1 i=k+1

n

< iwiwa,-) - D wib(a)
i=1 i=k+1
k

= Zwilﬂ(ai).
i=1

By using the inequality (2.23), the equality (2.19), the assumption that ¢ oy~! is convex, a
is increasing and Theorem 2.7, we obtain

n n
D iwig(a) < D wig(ziby).
i=1 i=1

By using the inequality (2.23), the equality (2.19), the assumption that ¢ oy~! is convex, b
is decreasing and Theorem 2.7, we obtain

n n
Zwisﬂ(zl b)) < ZWiSD(ai)-
i=1 i=1

The remaining cases can be proved analogously. O
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Corollary 2.9. Let w be a positive n-tuple. Assume that Y, : [0,00) — R are such that
is a continuous and strictly increasing function and ¢ is a convex function with respect to s
i.e., poy~Vis convex. Let z; and z5 be such that

Diwiwli-Dal = ) wip(an, (2.24)
i=1 i=1

and . .
Dowipln =izl = > wiw(ap. (2.25)
i=1 i=1

If a is a positive increasing concave n-tuple, then
n n
D iwiga) < Y wiglli - Dal. (2.26)
i=1 i=1

If a is an increasing convex n-tuple and ay = 0, then the reverse inequality in (2.26) holds.
If a is a positive decreasing concave n-tuple, then

D wipla) < Y wipltn—i) 2] (2.27)
i=1 i=1

If a is a decreasing convex n-tuple and a,, = 0, then the reverse inequality in (2.27) holds.

Proof. Take by =e<aj/az, bi=i—1(2<i<n). So, a;/b; (1 <i<n)isadecreasing n-tuple.
Therefore, (2.24) can be written as

wig(ez) + Y wirlli = Dl = ) wi(@).
i=1

i=2

Using Theorem 2.8 (2.20), we have

Zwiw(ai) S wiglezr) + ZWiSD[(i— Dz,

i=1 i=2
when € — 0, then

D wiga) < wig0) + Y wipli-1)z]
i=1 i=2

wiel@—=1) z1].

n
i=1

Since a is an increasing convex n-tuple and a; = 0, then a;/(i—1) (2 < i < n) is an increasing
n-tuple. Therefore, (2.24) can be written as

anwi‘/’[(i_ Dzi] = anwil//(ai)-
i=2 i=2
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Using Theorem 2.8 (2.21), we have
D iwielli =Dzl < ) wiga).
i=2 i=2
n n
wig0z) + > wiglli = Dzl < wig0) + ) wig(a).
i=2 i=1

D wigli =Dzl < Y wig(a).
i=1 i=1

The second case be proved by similar procedure as in the first case. O
The following corollary is an application of Theorem 2.8.

Corollary 2.10. Let w, a and b be positive n-tuples. Also let Yy(x) = x4, p(x) = xP be such
that0 < g < p.
Let a/b be a decreasing n-tuple. If a is an increasing n-tuple, then

p 1 q 1
(Bamt)f (L)t -

n P n 4
iz Wib; 2z Wib;

If b is a decreasing n-tuple, then the reverse inequality holds in (2.28).
Let a/b be an increasing n-tuple. If b is an increasing n-tuple, then

" e "l
—":‘W’a; <[ &= (2.29)
iy wib;

i wib]
If a is a decreasing n-tuple, then the reverse inequality holds in (2.29).

Q=
<=

The following result from [16] is an application of Corollary 2.9.

Corollary 2.11. Let w be a positive n-tuple. Also let y(x) = x4, ¢(x) = xP be such that
O0<g<p.
If a is a positive increasing concave n-tuple, then

SLowdl Vo _(Skwdl Y .
S w17 S\SowGoi) (230)

If a is an increasing convex n-tuple and a\ = 0, then the reverse inequality holds in (2.30).
If a is a positive decreasing concave n-tuple, then

1 1
nowid® Y nowial )4
( Zl—l i ] < ( Zl—l i ) ) (2.31)

wi(n =D 2y wi (n =)

If a is a decreasing convex n-tuple and a, = 0, then the reverse inequality holds in (2.31).
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3 Exponential Convexity, Lyapunov’s and Dresher’s type of in-
equalities

Throughout the paper we will frequently use the following family of convex functions with
respect to ¥(x) = x4, g > 0, on (0, 0):

2
—S(f_q) x*,  s#0,q;
s(x) = —-qlogx, s=0; 3.1
gx?logx, s=gq.

The following theorem gives positive semi-definite matrix, exponentially convex and log-
convex functions for the difference deduced from generalized Berwald’s inequality given in
Theorem 2.8 and also Lyapunov’s inequality for this difference.

Theorem 3.1. Let w, a and b be positive n-tuples. Suppose a/b is a decreasing n-tuple, a
is an increasing n-tuple and z; is defined as in (2.19) for y(x) = x4, g > 0, and also let

Q= ZH:QDS(ZI bi) - Zn:‘ps(ai)-
i=1 i=1

Then the following statements are valid:

n
(a) ForeveryneN and sy,...,s, €R, the matrix [Qm] is positive semi-definite.

2 i, j=1

(b) The function s — Q is exponentially convex.
(c) The function s — Q; is a log-convex.

Proof. (a) Consider the function

k

6() = D it 9y, (),

i,j

for k=1,...n, x>0, u; € R, p;j € R, where p;; = “22L and ¢, is defined in (3.1).
Here, we shall show that ¢(x) is convex with respect to ¥(x) = x4, g > 0.
Set

k
1 1
F() = 60c) = 3wy, (x4 ).
ij
We have

77 a m—2
F'(x) = Zuiujx 4

ij

k 2
£
= E u;x% >0, x>0.

i
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Therefore, ¢(x) is convex with respect to (x) = x? (¢ > 0) for x > 0. Using Theorem 2.8,

znlwi(b(Zlbi) > anwi ¢(a;),
i=1 i=1

where z; is defined as in (2.19) for ¥/(x) = x7, (¢ > 0). We have

n k
Z [Z uijpp,; (21 bi)]

i=1 \i,j

n k
- Z uijpp,(a;) | = 0,
i=1 \ i)

or equivalently

k n <
Z ”i”j[Z"DPij (z1b) = Z(’Dp” (a,')] 20
i=1 i=1

ij
implies
k
Z uinjQp,.(x) = 0.
ij

k
From last inequality, it follows that the matrix [Q Pitp; ] is a positive semi-definite matrix.
2

i,j=1

(b) Note that €, is continuous for s € R since
IimQ; = Qp and limQ; = Q.
s—0 s—1
Then by using Proposition 1.9, we get exponential convexity of the function s — €.

(c) It is a simple consequence of Corollary 1.11. O

The following theorem gives the Dresher’s type inequality for difference deduced from
generalized Berwald’s inequality given in Theorem 2.8.

Theorem 3.2. Let Qg be defined as in Theorem 3.1 and t, s,u,v € R such that s <u,t <v,s #

t,u#v. Then
1 1
Q\-s Q,\
— <|— . 3.2
(Qs) _(Qu) G2

Proof. For a convex function ¢, it holds (see [14, p.2])

p0) —p(x) _ ¢O2) —eO1)

X-x =y

where x| < yp, xp < y2, X1 # X2, y1 # y2. Since by Theorem 3.1, € is log-convex, we can
setin (3.3): p(x) = logQ,, x1 =5, x0 =1ty =u,y, =v. We get

3.3)

logQ; — logQ; < logQ, —logQ,

t—s - v—u
from which (3.2) trivially follows. O
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Remark 3.3. Similarly as in Theorem 3.1 and Theorem 3.2, we can get positive semi-
definiteness, exponential convexity, log-convexity, Lyapunov’s inequalities and Dresher’s
inequalities for the cases when a/b is a decreasing and b is a decreasing, a/b is an increasing
and a is a decreasing, and a/b is an increasing and b is an increasing by using Theorem 2.8.

The following theorem gives positive semi-definite matrix, exponentially convex and log-
convex functions for the difference deduced from majorization type results given in Theo-
rem 2.7 and also Lyapunov’s inequality for this difference.

Theorem 3.4. Let w, a and b be positive n-tuples. Suppose b is a decreasing and

[ = itps(bi)_ i‘ps(ai),
i=1 i=1

such that conditions (2.15) and (2.16) are satisfied. Then the following statements are valid:

n
(a) ForeveryneN and s1,...,s, € R, the matrix [Fm] is a positive semi-definite.
2

i,j=1

(b) The function s — Iy is exponentially convex.
(¢) The function s — Iy is a log-convex.

Proof. As in the proof of Theorem 3.1, we use Theorem 2.7 instead of Theorem 2.8. O

The following theorem gives the Dresher’s type inequality for difference deduced from
majorization type results given in Theorem 2.7.

Theorem 3.5. Let I'; be defined as in Theorem 3.4 and t, s,u,v € R such that s <u,t <v,s #

t,u#v. Then
1
I\~ I\«
_t < | . 34
(Ts) _(Tu) GH

Proof. Similar to the proof of Theorem 3.2. O

Remark 3.6. Similarly as in Theorem 3.4 and Theorem 3.5, we can get positive semi-
definite matrix, exponential convexity, log-convexity, Lyapunov’s inequality and Dresher’s
inequality in the case when a is increasing using Theorem 2.7.

Remark 3.7. We can get positive semi-definiteness of matrix, exponential convexity, log-
convexity and Lyapunov’s inequalities for differences deduced from generalized Favard’s
inequality (see Theorem 2.3) and majorization type results (see Theorem 2.1) by substi-
tuting g = 1 in Theorem 3.1 and Theorem 3.4 respectively. We can also get Dresher’s
inequalities for differences deduced from generalized Favard’s inequality and majorization
type results by substituting ¢ = 1 in Theorem 3.2 and Theorem 3.5 respectively.

Remark 3.8. As in Theorem 3.1, we proved exponential convexity and log-convexity for
positive n-tuples a and b by using ¢, but there are several our corollaries in which one of
the n-tuple is non-negative. So, we can not prove exponential convexity and log-convexity
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for these cases by using ¢;. Then we define the following family of convex functions with
respect to ¥(x) = x7, g > 0, on [0, c0) with using the convention 0log0 = 0:

& X,  S#q;
g =] g STE
gx?logx, s=gq.

We give the following result for the convenience of a reader: Let w be a positive n-tuple and
71 be defined as in (2.19) for ¥(x) = x2,, ¢ > 0. If a is a positive increasing concave n-tuple

and . .
Ty = Y B @ib) = Y By (@)
i=1 i=1

Then the following statements are valid:

n
(a) Forevery neN and sy,...,s, € R, the matrix [Tx,-u_,] is a positive semi-definite.

7 lij=1

(b) The function s — T is exponentially convex.
(c) The function s — Y is a log-convex.

We can obtain Lyapunov’s and Dresher’s type inequalities for the difference deduced from
Corollary 2.9. We can also introduce corresponding Cauchy’s means and prove mono-
tonicity of their means. Similarly, we can get positive semi-definite matrix, exponential
convexity, log-convexity and obtain Lyapunov’s and Dresher’s type inequalities for differ-
ences deduced from Corollary 2.10 and Corollary 2.11. @, has a stronger condition than ¢;.
So, we can prove positive semi-definiteness of matrix, exponential convexity, log-convexity,
Lyapunov’s inequality and Dresher’s inequality for the difference deduced from all our re-
sults by using @,.

4 Mean Value Theorems

Let us note that (3.2) and (3.4) have the form of some known inequalities between means
(eg. Stolarsky means, Gini means). Here we will prove that expressions on both sides of
(3.2) and (3.4) are also means. The proofs in the remaining cases are analogous.

Lemma 4.1. Let y, ¢ € C*(I), I interval in R, be such that ' (y) > 0 for every y € I and

m < W) = MY () <M.
W)

4.1
Then the functions ¢ and ¢, defined by

1
$1(x) = §M¢2<x) - o(x),

and |
¢ (x) = @(x) — Emwzm,

are convex functions with respect to .
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Proof. Set
1
G =1 [u' W] = 3 M2~ g[u ()]
We have

I ) e U R I A )
Aae))s ’

which shows that ¢, is a convex function with respect to .
Similarly, we can prove the same result for ¢,. O

G'(x)=M

Theorem 4.2. Let w, a and b be positive n-tuples, | € C?([0,0)) and pE C2([0,z1]). Let
a/b be a decreasing n-tuple and a be an increasing n-tuple. Also let ' (y) > 0 for y € [0,7;]
and z; be defined as in Theorem 2.8, then there exists € € [0,z1] such that

D wig(@ib) = > wigla) (4.2)
i=1 i=1

W& 0" (©) - @ O O &
20 @) [Zmem

n
- Zwilﬁz (Cli)]-
i=1
Proof. Setm = minyeo,; ¥(y) and M = maxeo,] ¥(y), where

W@W@—¢®W®.
W)’

Applying (2.20) for ¢; and ¢, defined in Lemma 4.1, we get
M n n
-ﬂzmwmm—zmwwﬂ 43)
i=1 i=1

> Zn:WﬂP(Zlbi) - anwﬂp(ai)
i=1 i=1

Y(y) =

and
D iwieib) = > wip(a) (4.4)
i=1 i=1
> % ;wiwz(zlbi)—;willfz(ai) .

By combining (4.3) and (4.4), (4.2) follows from continuity of ‘¥’ O
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Theorem 4.3. Let w, a and b be positive n-tuples, € C? ([0, 00)) and Y1, € C?([0,z1]).
Let a/b be a decreasing n-tuple and a be an increasing n-tuple. Also let ¥'(y) > 0 for
v € [0,z1] and a # z1b, where z; is defined as in Theorem 2.8, then there exists & € [0,z ]

such that
Y (e (E) - OY"(E) XL iwier(@ib) — XL wipr (@)
Yy () —eyEY"E) XL ywiga(zibi) — XL wiga(a:)
provided that /' (y) ¢y (¥) — @, (y) # 0 for every y € [0,z1].
Proof. Define the functional ® : C 2([0,z1]) = R with:

4.5)

OWp) = > wip@b) - ) wig(a)
i=1 i=1

and set g = O(¢2) @1 — O(p1) 2. Obviously O(¢g) = 0. Using Theorem 4.2, there exists
& €[0,z1] such that

W (&gl (&) — ph W () Z
2 (W) —

We give a proof that the expression in square brackets in (4.6) is non-zero due to a # z1b.
Suppose that the expression in square brackets in (4.6) is equal to zero, i.e.,

®¢0) = wit @b) = ) wit @) (46)
i=1

0= > wip?@ib) - Y wit* (@), (4.7)
i=1 i=1
In Theorem 2.8, we have that
Yo i=tlomand E <z i=m+1...n. (4.8)
b,‘ bi
and also
k k
D wit@ib) < ) witra), k=1..n, 4.9)
i=1 =1

By (4.7), (4.8) and (4.9), we have

0= iwiwz(zlb,-) - zn]wiwz(ai)
i=1 i=1

=

wi QY (z1 b)) [ (z1bi) — ¥ (a))] > 0.

i=1

This implies
D iwi @b = Y wipt (@) = Y wi Quzi b)) [ (21 b)) — v(a)]
i=1 i=1 i=1

or equivalently

D wi W ib) - y(a)) = 0.
i=1
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Which obviously implies that @ # z1b.

Since a # z1b, the expression in square brackets in (4.6) is non-zero which implies that
W)@l (&) — p(EY”(€) = 0, and this gives (4.5). Notice that Theorem 4.2 for ¢ = ¢,
implies that the denominator of the right-hand side of (4.5) is non-zero. O

Corollary 4.4. Let w, a and b be positive n-tuples. Also let a/b be a decreasing n-tuple, a
be an increasing n-tuple and z, be defined as in (2.19) for y(x) = x9 (¢ > 0) or explicitly z;
is defined in (2.19), then for distinct s,t,q € R\ {0}, there exists & € (0,z;] such that
s(s—q) iz wi @ib)' — XLy wid

Ht—q) Z?;l wi (21b;)° - Z?:l Wi a? .

Proof. Set ¢1(x) = x', p2(x) = x* and Y(x) = x4, t # s # 0,q in (4.5), then we get (4.10). O

g5 = (4.10)

Remark 4.5. Since the function & — &~¢ is invertible, then from (4.10) we have

1
_ " owi(z1 b; f-yn Wiat' =
< (S(s C[) Zl_] ( 1 ) i=1 l] S 21 (411)

1(t—q) Z?;l wi (z1b)* - Z?;] Wi ais
In fact, similar result can also be given for (4.5). Namely, suppose that A(y) =

(W0} 0) = ;0" M)/ (¥ )5 3) = ¢h(»)Y” () has inverse function. Then from
(4.5), we have

£= A (ZgzlwiSol (z1b) - Zgzlwi‘;pl (ai)). @.12)
Y wipa(z1by) = X0 wiga (a;)
By inequality (4.11), we can consider
L
M, = (%) for s,r € R\ {0}, s#1, 4.13)
N

as means in a broader sense. Moreover we can extend these means in other cases. So by
passing to the limit, we have

logM; s =
Zi logz; 2?:1 wi bf + Z“lv ?:1 wi bf logb;
2y Zisgwib} = XLy wia}
_ Xigwiajlogai 25 -¢ $£0
G XL wibi - Xwia sGoq

logM,, =

Z{log? 2 &5 Sl wib] +22{ logzy T, wib] logh; + 2 3, wib{ log? b;

2(f logzr X, wib! + 2 Ti, wib] loghi — 21 waf loga;)
Sy wial log a;
Z(lel logzy XL, wib] +y Xy wib{ logh; — X wia] logai)
1

q
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log Moo =
log? 2 & S, wi+ 2logzy B, wilogh; + T, wilog?bi + 3L wilog?a;
2(logZ1 2w + 2 wilogh; + 3w logai) " q
Theorem 4.6. Let t < u, r < s, then the following inequality is valid
M, < M. 4.14)
Proof. Since Q; is log-convex, therefore by (3.2) we get (4.14). O

Denote,
Mg p = min{mg,mp} and Mgyp = max{M,, Mp},

where, m, and mj denote minima of a and b respectively, and M, and M} denote maxima
of @ and b respectively.

Theorem 4.7. Let w, a and b be positive n-tuples, y € C*([0,0)) and ¢ € C*([mq 5, My p])
such that conditions (2.15) and (2.16) are satisfied. Let b be a decreasing n-tuple and
W' (y) >0 fory e (Imqp, Mg pl), then there exists & € ([mg,p, Map)) such that

D wigla) = ) wig(b) (4.15)
i=1 i=1
VO E)-¢ OY O

2 ©) [Zl Wil (@)

n
= D wi b
i=1
Proof. Setm = minye(m, , M, ,] ¥() and M = maxye[m, ,.m,,] ¥(y), where

Y'Oe"O) — YN
W)y
Applying (2.17) for ¢; and ¢, defined in Lemma 4.1, we get

Y(y) =

M n n
5| 2 Wit @) = Y wid () (4.16)
i=1 i=1

> Zn:Wi‘P(ai) - Zn:WiSD(bi)
i=1 i=1

and

iwiSo(ai) - Zn:Wi‘P(bi) 4.17)
i=1 i=1

> % iwi%”z(ai)—znlwilﬁz(bi) .
i=1 i=1

By combining (4.16) and (4.17), (4.15) follows from continuity of ‘. O
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Theorem 4.8. Let w, a and b be positive n-tuples, y € C* ([0, 00)) and @1, € C? ([ma.p, My p])
such that conditions (2.15) and (2.16) are satisfied. Let b be a decreasing n-tuple and
W' (y) >0 fory e (Imap, Mg pl), then there exists & € ([mg,p, Mg p)) such that

V)¢~ OY"©) _ T wier (@) - By wigr (b))
Y (EYE) — ey O (€)X iwiva(a) — XL, wipz (bi)

provided that ' (y) 95 (¥) — @,(M¥" () # O for every y € [mqp, My p].

Proof. Define the functional ® : C([my,5, My 5]) — R with:

(4.18)

Olp) = Zn: wig(a;) — Zn: wip (bi)
i=1 i=1

and set @o = O(p2) @1 — O(p1) p2. Obviously O(¢p) = 0. Using Theorem 4.7, there exists
& € [mg p, My p] such that

Ogy) = LEAE = HOVE [Z Wit @) = Y wt )], (419
20/ Z Z

We give a proof that the expression in square brackets in (4.19) is non-zero due to a # b.
Suppose that the expression in square brackets in (4.19) is equal to zero, i.e.,

0= Zn}wi v (a) ~ z”]wi v (by). (4.20)
P =
By using (4.20), (2.15) and (2.16), we have
0= Zn]wiw%a,-) - iwl-gﬂ(bl-)

= =

> iwi 2y (b)) [y (@) =y (b)] = 0.
This implies

anwl- v (@) - 2wi v (bi) = 2% 2y b)) [¥ (@) - v (b))

or equivalently

n
D wi @) -y b)) =0.
i=1
Which obviously implies that a # b.
Since a # b, the expression in square brackets in (4.19) is non-zero which implies that
W (&) @l (&) — oY (€) = 0, and this gives (4.18). Notice that Theorem 4.7 for ¢ = ¢,
implies that the denominator of the right-hand side of (4.18) is non-zero. O
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Corollary 4.9. Let w, a and b be positive n-tuples such that conditions (2.15) and (2.16)
are satisfied. Also let b be a decreasing n-tuple, then for distinct s,t,q € R\ {0}, there exists
& € [mgp, My p] such that

s(s—q) Xiywid; = XLy wibj
Ht—q) X wial = X1 wib!
Proof. Set ¢1(x) = x', ¢2(x) = x* and yi(x) = x%, 1 # 5 # 0, in (4.18), then we get (4.21). O

& = 4.21)

Remark 4.10. Since the function & — &~ is invertible, then from (4.21) we have

1
- nowial = Y wibl\ s
Map < (S(S Q) Z‘41—1 i Zt—l ! z) < My (422)

Ht—q) X wiaj — X0 wib}
In fact, similar result can also be given for (4.18). Namely, suppose that A(y) =

(w’(y)so’{(y) 2180 lﬁ"(y))/ (;b’(y)<p’2’(y) - cp'z(y)w”(y)) has inverse function. Then from
(4.18), we have

£= A (Zgzl w1 (a;) - Zgzl wi @1 (bi))' 423)
i wiga(ai) — X wiga (b)
By the inequality (4.22), we can consider
=
Npy = (%) " for s,t €R\{O), s £ 1, (4.24)
5

as means in broader sense. Moreover we can extend these means in other cases. So by
passing limit, we have

> owiadloga; — Y wibSlogh; 25 —
log Ny, = izl ln’ g Sl ;‘1 ! . 8o _ =8 q’ s#0,q.
= wvia; — Zizlwib,- s(s—q)

Sty widf log?a; — S wib log’bi 1

2 [ " wial loga; — YL, wib! logb,-] q

logNy, =

" owilog?a; — S wilog?h; 1
log Noo = 2= Wilog®ai — 3, wilog” b; 1
2[2?=1Wi loga; — X7, wi logbi] q

Theorem 4.11. Let t < u, r < s, then the following inequality is valid

Nir < Nys. (4.25)

Proof. Since Q; is log-convex, therefore by (3.4) we get (4.25). O
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