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1 Introduction

Suppose that S™~! is the unit sphere of R” equipped with normalized Lebesgue measure.
Let Q € L'(S"~!) be homogeneous of degree zero and

f Q(x")do(x") =0, (1.1)
gn-1
where x’ =0 X for any x # 0. The parametrized Littlewood-Paley operator i, 5 ? is defined by
dydt\'/?
N _ % 2
it = ([ Gy e RS
1 2dydt\'/?
:(ﬂww——MMf 029 o, o)
reel T+ x=y [ 2P gy Iy —2"° n

where A > 1, p >0, ¢,(x) = tlngo(f), o(x) = Q(x)|x| Py p(x), and B is a unit ball in R".
Inspired by Homander’s work on the parametrized Marcinkiewicz integral [4], in 1999,
Sakamoto and Yabuta [7] studied the L” boundedness of the parametrized Littlewood-Paley
g, function ,u;’p with the kernel satisfying the Lip, condition.

In 2002, Ding, Lu and Yabuta [2] proved the L?(2 < p < oco) boundedness of the parametrized
Littlewood-Paley g, function ,ufl" ” with a weaker kernel condition. Let A(|x]) = 1 in the The-
orem 1 of [2], we obtain

Theorem A. ([2]) IfQ e LlogL*(S"") be a homogeneous function of degree zero satisfying
(1.1), p>0,2> 1 and 2 < p < oo, then ||u” (f)llLr < \f”f”LP

For Qe L*(S" 1), the integral modulus w;(6) of continuity of order 2 of Q is defined by

1/2
m@=w%Lme%nwwwwﬂ,

lyl<s

where v is a rotation on S"7!, |y| = supcgn-1 lyx’ — x'|.
In 2007, Ding, Lu and Xue [1] proved that the parametrized Littlewood-Paley g’ func-

tion 17* is of the type (L', L), if Q(x) satisfies (1.1) and ﬂ 2045 < co(0<a < 1).
Recently, Lee and Rim [5] established the (H!,L!), (L, BMO) and (L?, L”) type bound-
edness of Marcinkiewicz integral g when Q satisfies a class of logarithmic type Lipschitz

conditions. The main result in [5] is the following theorem.

Theorem B. ([5]) Let n>2 and Q € L°(S""") be a homogeneous function of degree zero
satisfying (1.1). In addition, there exist constants C > 0 and a > 1 such that

C -
1Q>y1) = Q02| < Toa 1 30" foranyy.y,€S"".
(log Iyl—yzl)

Then the following inequalities hold:
oAl < Cillflln, — feH'®)

lua(Nlismo < Coollfllze,  feL*NL?



Endpoint Estimate for Parametrized Littlewood-Paley Operator 13

and
lua(Hllr < Cpllfller.  f € LPR™(1 < p < o0).

Remark 1.1. Since 0 < |y; —ya| < 2 for yi,y2 € S""\, it is reasonable that the above loga-
rithmic type Lipschitz condition would be

C
Q1) - Q) £ ————.
(log y1-yal )

In [6] the author proved (L', L") type boundedness for the parametrized Marcinkiewicz
integral with variable kernel. The special case of the result in [6] is the following theorem.

Theorem C. ([6]) Letn>2, Qe LX(S™ 1 satisfy (1.1). In addition, there exist constants
Co>0and a > 2 such that

_ G
(log =)o’

[yi=yal

Q1) - Q)| < foranyy,y, €S"".

Then for all B> 0 and f € L'\(R™),

c
l{x: pa(H)(x) > Bl < Ellfllu-

Besides, the authors in [8, 9] discuss the commutators of Marcinkiewicz integrals under
the same kernel as Theorem B. Inspired by this, a question arises naturally: with the same
kernel in Theorem B, whether the parametrized Littlewood-Paley g, function u;’p is of the
type (L', L1*)? In this paper, we will give the affirmative answer.

2 Some Lemmas

Lemma 2.1. ([3]) Given a function f which is integrable and non-negative, and given a
positive number B, there exists a sequence {Qy} of disjoint dyadic cubes such that
M f<B, ae x& QO
(2) | Ui @ < GlIfIs
1
B < g Jo, f<2'B-

Lemma 2.2. There exists a constant C > 0 such that for y € (4By)¢,z € Ok,

Q-2 QO-x)|__CA+IQY-x))
=2 =PI |y g prer(log e

7

where Qy is a cube with x; and ay are the center and side length respectively, and By is a

\f

ball with center at ay and radius ry = Tnak for each k.
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Proof. Since y € (4By)",z € Oy, and xi is the center of O, we have |y —z| ~ |y — xz|.
Write

Y=z  y—X ‘(V—Z)Iy—x;cl—(y—x;c)ly—zl
=z ly—xdl [y —zlly — x«l
_ ‘(y—z)(ly—XkI—Iy—zl)—(z—Xk)ly—zl
ly —zlly — x|
ly=zlly—xx—y+zl+lz—xlly -zl
B [y —zlly — x|
2|y — zllz — xi
ly = zlly — x
21y
ly—xel’
then
—Z — Xk
Q-9 -Qp-x)| = ' Y72y g2
ly—z| ly — Xl
L&
(logﬁ)
===l
)—X,
(log °7)
Therefore

Qy-2  Qo-x)
y=2"* ly—x"*

‘ Qy-2 QO-x) N Qy—x)  Qy—x)
ly—zl"* |y=z"* |y—z"* |y—x/|"*

|Q(y —2) — Q(y — xx)| 1 1
< PRV TR G - )l
ly—z"* ly—z"* ly—xl"*
C Cry
S _ n—p |y—Xk| @ + |Q(y_Xk)|| - X |n—p+1
[y — xil = (log =) V= X
. _CU+IQ0-x)
[y = xlP (log 272y
Lemma 2.3. ([10]) Forye (4By)S,
foo (logé)2+26 [log( |)’;:Ck| +2)]2+2E
T L T (vl + 2%

where 0 <e<p-—73.
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3 Main Results

Theorem 3.1. Letn>2, Qe L*(S™ ) be a homogeneous function of degree zero satisfying

(1.1) and there exist constants Cy > 0 and «a > 2, such that
Co n—1
1Q(y1) — Q) < Toe 2 foranyyy,y, € S".
(log |y1—y2|)

Then for p > 5 and A > 2, there exists a constant C > 0, such that for all >0 and f € L'(R™M),

. C
I 1P (H(x) > Bl < EHf”L'-

Proof. For f € L'(R") and B > 0, by the Calderén-Zygmund decomposition in Lemma 2.1,
we have the following conclusions:

() R*"=FUE,with FNE =0;

(i) E = Uy Ok, where {Q;} is a sequence of cubes with disjoint interiors;

(i) |[fl<B, a.e. x€eF;

@iv) B < IQL/(I ka |fldx <2"B, forevery k;

W) |EI< G fou | fldx.
Denote

(x) f(), xekF,
ux) =

and set b = f —u, then b(x) =0 for x € F and ka b(x)dx = 0, for each k.
Then we have

e 1200 > B < w0 > SN+ ) > S

By the L*(R") boundedness of ,ufl’p in Theorem B and (iii) — (iv), it is easy to see that

v > 5 1= f P ) ()Pl < ﬁ—nun2

< 5| [faxe Y fQ (i3 ), f(y)dy)zdx]s%nfnl. @)
% k k

On the other hand, we denote by x; and a; the center and sidelength of Oy respectively
and let B; be a ball with center at x;, and radius r; = ‘/Tﬁak for each k. Then

e i@ > 50 = 000 > By e vy

e 1O > D1 B+ ) > S1 0 B
where E* = | J,(16By). By (ii) and (v), we have

B

l{x: ,uﬂp(b)(X)> SINET|<|E |<ZI16B/<I < /—3||f||1 (3.2)
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Note that

B

c .
I{x: Mdp(b)(X)> FNED < — w (b)(x)dx  and » 1b(oldx < Cliflls

B (E*)
Hence by (3.1), (3.2), to complete the proof of the theorem, it remains to verify that

f 1" (B)(x)dx < ClIblIr.
(E")

Denote

b(x), x¢€ O,
be(x) =
k(x) {0’ ¢ O

It is easy to see that b(x) = ), bx(x). Then by the Minkowski inequality,

f( " B)(0dx

Q-2 ,
(E*)¢ ffR)Hl T+ |x y| Zfl)"—zkt |y_Z|n_p ( ) Z
I f Q(y-z)
j(‘E*)c Zk:[ffmﬂ(t-i- |x—y|) y—zl<z [y —2l"* D)z

[ t . Qy-z
=
&y I Jy—ri<r 1+ XY y—zl<t [V =2
i t Q(y-
> f J ()" f 02 @z
(En) 7t 36_4)?3;[ t+|x—y| [y—z|<t |y_Z| P

[ t Qy—
Z fﬁ—xbt (t+| _ |)Anf | (_y |n3,bk(z)d2
% Y ey x=y ly—zl<z 1Y =X

f ,ufl’p(b)(x)dx <Ji+Jh+J5. 3.3)
(E")

2 dydt 1
Y
+2p+1 ] dx

IA

2 dydt rdx

+2p+1

Let

I
%

dydt 1
y_] “dx,
n+2p+1

2 dydt

+2p+1

L =

%
] dx,

%

and

2

2 dydt dx

+2p+1

S
Il
—

Then

Below we will give the estimates of Jy, J», J3 respectively. First we have

z)
f*)‘ Z fj; x|<z»f; A<t [y — Z|n_p bu(2)dz
Q@—@

2 L
Z[ dydt ]2dx’
(E*)‘ } x|<t

+2p+1

Ji

IA

d 1
ydt ] 2 d
+2p+1

2 dydt ] .

+2p+1

Let

f ,ﬁ) bi(z)dz
y—g<t [y =2"*



Endpoint Estimate for Parametrized Littlewood-Paley Operator 17

Q@—@
j(‘E*)LZ fﬁ x|<t j|;—z|<t ly—z"* b2z

Then J; < J11 +J12. By x € (E*)°, y € 4By, and z € Oy, we have |x — x| —4r, < |x— x| — |y —
Xil < lx =yl <t, |[x—xp| —4rg ~ |x—x¢|, and |y —z| < 8r¢. Applying the Minkowski inequality

2 dydt
+2p+1 ] d

we get
1
1 2
<
T f( E*)CZ fQ k Ib(z)l - 25: o I”‘f’ tn+2p+]dydt] dzdx
y€4Bk
1
<

f ) [ e 209 f o e
&y T y=al<sr [y =257 N gy 2777
Q-2  \ 1
f Ib(z)l( f %dy)zdz f g X
T Jo ly—zl<8r [y —2[*"7 By X — x| TP

Clibll1. (3.4)

A IA

Q a
MM
S

=

o

&

IA

As for Jqp, we have

Q> -2) 2 dydt 13
112=f ff <t f‘ﬁ <t )f o, bz~ | d
E*)° t<|y—xx|+2ry 1>|y—xp|+2ry [y—zl<t |y_Z| P
V(B V(B
Let
Qy-2) 2 dydt 13
I, = f ff X<t f nmy Dk(2)dz m] dx,
(E*) r<ly—xi+2n Jiy—zi<e [y =2
V(B
Qy-z 2 dydt 12
]%2 = f fy xl<t f (y—n—z;bk(z)dz n+); +l] d
() >y 2 [yt [y =21 eer
V(B

Then Ji; < ]}2 + ]%2. By z€ O, x€ (E*)  and y € (4By), it is easy to see that [y —z| ~ [y — xx|
and |x —xg| < [x =yl +y— x| <1+ [y — x| <20y — x| + 2 < 3|y — xp-
Applying the Minkowski inequality again, we get

Q-2 dydt |2
< f f Ib(z)l . ] dzdx
12 Ey Z 0 [)<|;I<Xkl+2rk ly — z]2n=20 r+20+1
[y—zl<t
YE(ABy)©
2 Iy—xk|+2rk
< f f bl f B f nfﬂ)dy] dzdx
(E*) O ve@Bye [V =27 Ny e
1
<

Qv — 2 1
c f > f Ib(z)l[ it +1dy]2dzdx
EY TIo ye@Bye [y =27 ly — 2"
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Qy—2)? 2
C f > f Ib(z)l[ QRO-IF_ % ldy]zdzdx
&y L Jo YEUBOS [y =27 |y — [P
Q 2 \3 1
cy. f bl f B o dy) dz f ————dx
— Jo Ve@By [y —z|™2 (B |x— xi"*a

N NEE
T YOk
< Clbh. (3.5)

IA

IA

Now, we give the estimate of J%z. Note that Q; C By C {z:|y—2z| <t} since y € (4By)°
and 7 > |y — xg| + 2r¢. In addition, |x — xz| < |[x —y|+ [y — xx| < 3¢. Then by the cancelation
property of b(x) on Q, we have

Q-2 QO-x) ? dydt
‘]%2 = f Z fy xl<t f ( _ n—p_ _ n—p)bk(z)d n+2p+1] dx
(E*)* t>ly—xi|+2r | Jy—zl<t ly—z [y — Xl
ye(@dBy)*
_ e 2
< [ 2 wal S B Ot
EYy T I veBe ly=2"* |y — X"
x( ﬁy_xk, - +1dt)dy] dedx
1>|y—xg|+2r% L
[y—zl<t
_ e 2
< [ 3 vl -0
EYy T I ve@Belly=zl"* |y —xi "
o0 (IOg )2+25 %
X(L—XkHZrk tn+2p+l(10g_)2+25 dt)d)’] dadx
< Qy-2 Q0-x) |

1b(2)|
Z f(E % ka ve@Byelly=2"* |y —xil"P
(log )+ :
x(f > T T dt)dy] dzdx,
ly—xel+2r¢ p—n+l( 3 k ) "(log 3rkk ) +2€
where 0 < € <min{1/2,(1-2)n/2,p—n/2,a— %}. By Lemma 2.2 and Lemma 2.3, we have

1+1Q0—x)|
P2 < CZf f|b(z,)|[f ( oL )
EY Jor veBo\|y — x [P (log 2224y

[IOg( ly r:k| + 2)]2+25 1 %
)dy] dzdx

(ly = xx| + 2r) %7 (|X—3Xk|)2n(10g |X3—rllfk|)2+2€

1

_ 2 _ 1
< CZ |b(Z)|dZ[f (1 +|Q(y xl) [log(b’ Xk +2)]2+26dy
A Y e

yeaBor Iy = xil"(log K802

1
X f o= [x=xxl\1 dx
(E*)C (T)n(log S_rk) +€
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Denote that

1

_ 2 — 2
[f (I +1Q>y — xp)l) [log(|y Xkl +2)]2+25dy]
y Tk

c@By [y — xi|*(log |y;—xk|)2“

~
1

(log(£ +2))"

[ |, (LF 100D ot )] [ f4 r Wdr]z

< (log(L£ +2))**2€ |1
4, r(log )=

1
00 (log(t+2))2+26dt 2
4 t(logn?@

00 2+2¢ %
( (log(21)) d t)

IA

= C

IA
O

4 t(log 12

I
)

+2€ )
~ (R + l)logt) )i
t
4 t(logr)*®

1
2

a

0 1
—————d(log¢t
|, g ))
= C.

Thus

1
JAL<C 1b(2)\dz f dx < C||b|;. (3.6)
N Zk: o ey (M5 (log My +e
By (3.4)—(3.6), we obtain
J1 < Cliblly. 3.7

1

As for J,, note that % < |y+z|’ SO e < For y € 4By, x € (E*)¢ and z € Oy, we
have |y — x| > [x—xg| — [y — x| > |x — x| /2, [y — zl < 8ry and |x—y| ~ |x — x¢|. By the Minkowski

inequality and € < (1—2)n/2, we have

1
f f |b(Z)|[f >t ( )2n+Ze |Q(Y_Z)|2 dydt zdzdx
&y G Jo |§ o t+|x N = P2

|y—z|<8rx
ye4 By,

Q0 - 2)I?

f Zf |b(Z)|[f (2):’1+2€) 2n-2p

E T o v—zl<8r (1X = x| /2)="*2€]y — 21—

[y—x]| t2n+2€ %
X(L t2n+e+1|y_z|2p—n—edt)dy:| dde
Qv — )2y — xl€ 1

f Zf Ib(z)l[ 20 Zz)r!+|2{ al n_edy]zdzdx

&y o y—zl<8r (1X = Xl /2)7+2€]y — 2

1

Qy-2)P ;
cf Zf Ib(z)l[f S =) dy]zdzdx
E S Jo y—zl<8rg X = xg [ +€ly — z|" €

|2/J n—e *

IA

J2

IA

IA

IA
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Qy-2)P 12 1
< CZf Ib(z )| %dy]zdzf . ix
—z<8r [y—2l (B |x—xp "2
< CZ b(2)ldz
¥ Ok
< Clbll;.

Now let us estimate J3. Denote

2
t dydt
T = f f T e f D09, (e el +1] dx,
(E*) VE(4BL)° f+|x )l y—zf<t [y = 2" o
t<|y—xi|+Cery
t Qy- 2 dydt 12
Jp = f f f o — f Q=D iz ]dx,
*)fZ be(ﬁlBk)f G Hx=y" e ly—2I"* +2p+1

t>[y—xi|+Cery

where C, = ¢?+29/€ then J3 < J31 + J30. By y € (4By) and z € O, we have [y —z| ~ [y — xxl,
[y — x| < |y =2zl + 17— xk| < t+ 2r;. Moreover, for 6 > 0, we have the following inequality

[y—xi|+Ceri
f Lo C (3.8)

yx-2n 1971 ly — X041

Applying the Minkowski inequality

1
t IQ(y—2)* dydt 1z
b= f Zf |b(Z)| b=xi2e )/ln (yZn—Zp n+);p+l] dzdx
& S Joy o T L e
1<]y—xg|+Cery
[y—zl<t
o3[ wal([foe + [fre
Ey T Jox YE(ABY YE(By)*
t<]y—xi|+Cer t<|y_xk|+CErk
[y—zl<t [y—zl<r
=20l <2ly—2xel e—xe|>2ly—x|

t Q-2 dyds
f+ |x _yl |y _ Z|2n—2p +2p+1

%
] dzdx.

Let

1
1 t /ln|Q(y—Z)|2 dydt |2
=, 2], ol [l e g | e
(E*)e ve(dBy) f+|X—)7| ly—1zl r
t<|y—xg|+Cerg
[y—zl<t
[x—2xx | <2]y—2x|

t IQ(y-2) dydt 13
i = f Z f Ib(Z)' ly—x{2z " 2n-2p n+2, +1] dzdx.
(E*) Ok Ve(4By)* H‘|)C—}’| [y — z|2n=2p gn+20
t<|y—xx|+Cerx
[y—zl<t
= [>2]y—2xx|
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Then J3; < J311 + J%l. By (3.8) we get

|y_xk|+Cerk dt Q 2 l
7, < f > Ib(z)l[ f . ( f n+2p+1)| @zf)lpd] dzdx
EY T <2y o2 ! -d
Qo-2PF :
< C f D f Ib(z)l[ dy] dzdx
e (4By)° — ~|2n-2, _ +2p+1
E TV |};C€—x1c|kSZ|y—Xk| by =272 by =
Q(y-2) r :
< cf Zf |b(z)|[ Ry =2l " dy] dzdx
ey L Jo V@B |y —z"T |x— xi 2t
: Qy-2)P | 1
- czrk%f |b(z)l[ Bo-IF, ]dzf ———dx
T O Ve@Boe |y — 2| (E9) | — x4
< [ e
PR
< Clbl.- (3.9

Now we consider J%l Note that 0 < € < min{1/2,(1-2)n/2,p—n/2,a - } ly—x| >
X = x| = |y = xkl = |x = x¢[/2, and |y — 2| ~ [y — x¢|. By (3.8) we have

Q -7 2 |y_xk|+cerk t
J%l < f Zf |b(Z)| 4By | (y zn_)lp(f (—)2n+26
(E*)° Ok yx > 2ly—xi] |y_Z| [y—xg| =27 t+|x—yl
th+2p+l)dy] dzdx
Qv — 7)]? Py—xil+Cery gn+2e=2p-1
< f Zf Ib(Z)l 4B, 2098 znz_)lp(f e
(E"Y O M y-xi-2re X =Yl
xdt)dy] dzdx
[ Qy-2)? T
< CfE* L.Z Ib(Z)| ﬁ€(48k)‘ ||y _(yzl2nz—)lp |x_xkk|2n+25
EY T Y a2yl
1 12
X |y _ xk|2p—n—26+1 dy‘ dzdx
Q-2 i 1/2
< C f N RCE)] | dy] dzdx
#\C €(4By)¢ _ S|n—2e+1 _ 2n+2e
ey o W D |x — x|
1
Qv — 7)2 1/2 r2
T YO ve@sye [y —zI"=¢ E"ye X=Xkl
< Clbll. (3.10)

Finally, let us estimate J3,. By y € (4By)¢ and t > |y — x| + Ccrg, we have Qp C By C {z:
[y —z| < #}. On the other hand, it is easy to see that

t+|x =yl >t +x = x| =y — xil > [y — xi| + Cerpe + |x = x| = [y — xl = |x — xp| + Cer.
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Hence by the cancelation property of b on Oy and applying the Minkowski inequality, we

get
t Qy-20 Qu-x)|?
Jn < f f |b<z)|[ f ey ( yn -
<E*>¢'Zkl o) fye—(xui)cew t+lx=yl" Aly=2"* [y—xl"*
y—zl<t
e
dvydt
Y ] dzdx
tn+2p+l
Zf f t/ln(log f+|2—y|)2+25
= |b(Z)| By —
& Jo l;y—;lﬂ;cgrk« (t+|x = y))21(log HE2y2+2e
t<y—x
1 Q-2 Qu-x)[* dydt 3
An—2n n—p — x.|nP n+2p+l:| dzdx
(t+|x v y=2""  ly-xl t
|b(2)] f
< C f f (4By)*
Zk: & Jor (1x = x| + Ceryy*(log B= xk'“ b+ Ceryive | J TN
[y—zl<t
1<[y—x]
tﬂn[longX q2+2¢ Qv-2) QO-x) 2 dydt 1 y
An—2n _ n—p_ — x.|n—p n+2p+1] dzdx
E+|x=yl) ly—z| [y — Xl t
< sz f |b(2)] . [f C Q(y—_
&y Jou |x— xi*(log |x— xk|+ erk)1+f |y€(4Bk) [y —z|"=*

y—xl2ly—xil+Cerx

Qu—x) A (O t‘”(log T 12
- ( f dt)dy] dzdx.
Iy — Xi|P [y=x+Ceri (t +|x— y|)/ln—2ntn+2p+1
Notice that, the function g(s) = —(log 7 s decreasing when s > e226/€ and

trl =yl =t Cenetle—yl Iy —xid + Cery S C, = o@20)e,

ko Ik a Tk
Then
(log —— Hlx Lioly22e (t+ |x —yl) < (b’ — x| + Cerk) (log —b A CerL )22
(%“)e e 1T (w)
that is
(log == t+|x—y| )2+2€ (log b= Xk|+C5"k)2+26

< .
(t+Ix—y|)6 (Iy = xil + Ceri)®

—1_ Together this with the above inequality we get

Since ¢ < |x—y|, then prepme I Zt

t+|x—y| )2+2e

y—x| (log——=
f /ln 2nm+2p+1-An dt
=i+ Cere (1 +x = yD)A"=="t
t+|x tHlx—y )2+2e

~ fly x] (log——= 1 "
B y—xgl+Cere ([ + |x — y|)€ (Z + |)C _ y|)/ln—2n—etn+2p+1—/ln
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ly— Xk|+C T )2+25 1

00 (log
= f S dt
[y—xx|+Cery (ly xk| +Cerk)6 tep—ntl—e€
(log Iy— Xk|+Csrk )2+2€ 1

(Iy- xkl +Cer)€ (ly— xp| + Cery )¢
(log Iy— xk|+cerk )2+25

(ly — x|+ Cerk)2p "

Thus we have

< C) b [ 20—
Jp < (E Jou |)C xk|n(10g [x—xx|+Ceri xk|+C€rk )1+E ye(dBy)° |y — Z|"_p

[y=x2ly—xi|+Cery

2 (IOg ly— xk|+CErk )2+25 1

_Ry-x) dy] ’ dzdx

Cly =l

(ly—xxl + Csrk)ZP n

Applying Lemma 2.2, we have

CZ f f bl [ f ( 14100 3| )2
(2 Joi |x — il (log Bty 1ve L yeape\ |y — qfn-p(log 22 ye

ly= xk|+C Tk )2+25 1
2
] dzdx

J3

IA

(log
(Iy xk|+C rg) "

(1 +1Q(y - x))*(log L€t yeae )
ey [ wei [ — |
T Jo yE@BLY [y = xel"(log 275 )2

1
X |x=x¢|+Cer, dx
(E*) |x — xx[*(log —krk clkyl+e

IA

Let

f (1 + |Q(y _ Xk)|)2(10g |y—xk|+ce"k )2+2€ %
dy
YE(@By)©

ly — xel*(log = "k')h

4ry r(log é)Za

(
( et a +IQ(y’)|)2do-(y'))l/2(f°° (log (5 +Ce))2+2fdr);
|

NG g V[ [ dogl+CoPe s
< |([ don) " +( [ wonpanen) [ [ B S
sn-l1 n-1 4 t(logt)
1 C’ 2+2e€ 5 C€

< C (Otg(i—?))zdt]z(where C’:1+I>1)

L J4 ogir)“

_ oo (l(l’fc;/ +1)2+2€(10gt)2+2€ 1
= C d dt]

[ J4 t(log£)>®

_ 00 1 %
< ——aa t]

i f4 (log r)2a—2-2 (log?)

C
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Thus
Ji < CZ Ib(z)ldz < C||bl;. (3.11)
¥ Ok

By (3.9) — (3.11) we obtain J3 < C||b||;. Then we finish the proof of Theorem 3.1. O

Applying the Marcinkiewicz interpolation theorem between the (L', L'**)-boundedness
in Theorem 3.1 and the (L%, L?)-boundedness in Theorem A, we obtain immediately the
L?(R™) boundedeness of the operator ,uj;’p for 1 < p < 2. Combining the result of Theorem
A again we have the L”(R") boundedeness of the operator u;’p forall 1 < p < oo.

Theorem 3.2. Suppose that Q satisfies the same conditions as in Theorem 3.1, then for
p>nf2, 1>2and 1 < p < oo, there is

1, (D < CliAlp-
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