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Abstract

We consider a differential inclusion
X € A@)x+ f(1,x) + g(t, x, X1)

in an arbitrary Banach space X with a general exponential dichotomy, where X is the
closed unit ball of X. The right-hand side is strongly measurable in the time variable
and Lipschitz continuous in the others. We prove the existence and uniqueness of qua-
sibounded solutions corresponding to suitable selectors. The stable and unstable sets
of these quasibounded solutions are characterised as graphs of certain multifunctions.
Exponential dichotomy criteria are also presented.
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1 Introduction

It is well-known that invariant manifolds like stable and unstable ones play an impor-
tant role in understanding saddle dynamics for smooth nonlinear dynamical systems (DS)
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[1,13,14,20-22]. To the best of our knowledge, instead, there are only few papers dealing
with saddle dynamics for non-smooth or even multivalued DS. The simplest example of
multivalued DS is the inflated dynamics, which was introduced in [15] and it was used in a
fairly large number of papers since then, for details, see [12]. This paper is a continuation
of [5], and we refer the reader for more results and a discussion on multivalued hyper-
bolical dynamics to that paper. Like in [5], our multivalued DS takes a special form of a
parametrized, i.e., controlled form with Lipschitzian nonlinearities/multifunctions. In view
of a parameterization result by Ornelas [16], this is not a loss of generality in finite dimen-
sional cases and with convex valued Lipschitzian multifunctions. However, in the general
case such a parameterization does not exist, see the Appendix of [5] for a short discussion
of the parameterization problem for multifunctions.

Hence we consider parametrized Lipschitzian and Carathéodorian semilinear differen-
tial inclusions in Banach spaces with exponentially dichotomous linear parts. Under addi-
tional assumptions, we prove the existence and uniqueness of quasibounded sets of those
differential inclusions. Then stable and unstable sets of these quasibounded sets are shown
to be graphs of suitable multifunctions. We also introduce and study more general weighted
quasibounded sets and discuss their hierarchy like in [1]. The paper is concluded with pre-
senting some criteria on the existence of exponential dichotomy.

2 Preliminaries

2.1 Measure theory

Throughout the whole paper (unless otherwise is stated) we suppose that X is a real Banach
space. We say that an interval I C R of arbitrary type is positive if its (Lebesgue) measure is
positive (the case oo is also involved). For this subsection assume that / C R is a nonempty
interval.

The function f : I — X is strongly measurable (according to [1]) if the range f([) is
separable and f is measurable (f is measurable if the preimage f~'(B) is a Borel set for
arbitrary Borel set B ¢ X). The fundamental fact about s.m. functions (means strongly
measurable) is that: if f : I — X is s.m. then there is a sequence {f,} " | of simple functions
which converges pointwise to f and satisfy the estimate ||f,,(t)|| < ||f(®)|| for all t € I. The
function is simple if it has only finitely many values and is (strongly) measurable. It is
possible to reverse this fact in some sense: the function which is a pointwise limit of s.m.
functions is also a s.m. function. These facts together we call as the approximation property
of s.m. functions, for the proof see Appendix E of [4].

A function f : I XX — X has a Carathéodory property if at one hand f(¢,-) : X —» X
is continuous for all fixed ¢ € I and on the other hand f(:,x) : I — X is s.m. for all fixed
x € X. We denote the set of these function by CAR(I, X). The following consequence of the
approximation property will be useful for us (the proof is the same as the proof of Lemma
2.2 in [1] where continuous y is investigated).

Lemma 2.1. Suppose that f € CAR,X) and u : I — X is a s.m. function, then the “par-
tially composed” mapping g : 1 — X defined as g(t) := f(t,u(t)) is also a s.m. function.

From measure theory we need also the theory of Bochner integrals, which can be found
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in many books on measures and integrals (cf. [4]). The brief definition by the help of
Lebesgue integrals is a following one: a s.m. function f : I — X is (Bochner) integrable
if the norm function ||f|| : I — R defined as [|f]|(z) := ||f(#)|| is Lebesgue integrable. The
function f is called locally integrable if it is integrable on every compact subinterval of
1. The definition of the integral for integrable simple function is straightforward. For an
arbitrary integrable function we use the approximation property to get simple integrable
functions f, such that f = lim,_, f5, || £, (DIl < ||f(#)|| and then the well known Lebesgue’s
Dominated Convergence Theorem for real-valued functions implies the well-definitness of

[, fde :=1Tim, o, [ frd.

2.2 The Uniform Contraction Principle

One of the most often used tools in the theory of differential equations is the Uniform
Contraction Principle. We do not formulate it in the most general version, but only the case
what we use. The proof is easy and can be found in almost every textbook on functional
analysis (cf. [9]).

Theorem 2.2. Assume that X is a Banach space, P is a nonempty metric space with a
metric d and f : X XP — X is a uniform contraction (there exist an « € [0;1) such that
Ilf(x,p) = f(Z, pll < allx — X|| holds for all x,Xx € X,p € P). Then for all p € P there exists
a unique fixed point xgx = xgx(p) of the function f(-,p): X — X. In addition xax : P —
X is continuous if f(x,-): P — X is continuous for all x € X and the Lipschitz property
ILf(x, p)— f(x, Pl < Ld(p, p) for all x € X, p, p € P implies

L
Ixix(P) = Xeix (P < T——d(p. P)-
—a

2.3 Solution concept for ordinary differential equation

We adopt the following quite general definition (from [1]) for the solutions of ordinary
differential equations. Suppose for this subsection that / is a positive interval and P is a
topological space.

Definition 2.3. Assume that J is a positive subinterval of / and f: I X X X% — X is such
that f(-,-,p) € CAR(,X) for all p € P. A continuous function A : J — X is a solution of
the ordinary differential equation X = f(¢, x, p) at the parameter value p € P if the function
fC,AC¢), p) : J — X is locally integrable and

A(s) = A1) = f f(z, (1), p)dr

holds for all ¢, s € J. In addition A satisfies the initial condition x(ty) = xo for some ty € I, xy €
X if ty € J and A(¢y) = xo.

Let us recall a following fundamental theorem (Theorem 2.4 from [1]) about existence,
uniqueness and continuous dependence of the above defined solution type.
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Theorem 2.4 (Theorem 2.4 in [1]). Suppose that f : [ X X XP — X is such that f(-,-,p) €
Car(1,X) for all p € P. Assume also with locally integrable functions l,ly : I — R the
following conditions

If.x.p) - f.x5pll < IOllx-X,
If@0,pll < lo(2),

for almost all t € I, for all x,X € X and p € P. Finally, suppose that f(t,x,"): P — X is
continuous for all (t,x) € I X X. Then the initial value problem

X = f(t’)@p), X(ZO) = X0

has a unique solution A(-;ty,x0,p) : I — X for all (ty,xp,p) € I XX XP. In addition the
so-defined mapping A : I X I X X XP — X is continuous.

3 Differential inclusions

Now we begin to deal with differential inclusions (or inflated differential equations). For
this we have to introduce some notations. For the arbitrary Banach space V denote by V;
the closed unit ball {v € V : ||v||y < 1}. A new space of function - the selector space - will
be

S:={h:R — X : his strongly measureable and ||A||c, < oo}

where ||| = sup,cg [IA(#)|]. It is easy to prove, that S is a Banach space with the norm || - ||co.
As usual L(X) is the Banach space of bounded linear operators from X into itself with an
operator norm ||T|, := SUp ey, |T x|| for T € L(X).

Our goal is to study the following ordinary differential inclusion

X e F(t,x,X1) 3.
where F : I X X X X — X is an arbitrary function, / is a positive interval and
Ft,x, X)) ={F({t,x,u) : ue X;}.

Definition 3.1. Assume that J C I for positive intervals J,I. We say that the continuous
function A : J — X is a solution of the differential inclusion (3.1) corresponding to the
selector h € S| if A is a solution (in the sense of Definition 2.3) of the ordinary differential
equation x = F (¢, x, h(t)). In addition A satisfies the initial condition x(ty) = xo fortg € I, xg €
X if we have ty € J and A(ty) = xp.

Now we are able to state a theorem which can be derived from Theorem 2.4. However
we give a short proof (without technical details) which follows the lines of the proof of
Theorem 2.4.

Theorem 3.2. Assume that I is a positive interval and the right-hand side function F :
IX XXX — X satisfies the following three requirements:

(i) F(,x,u):1— X is s.m. for all fixed (x,u) € X X X1,
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(ii) F(t,-,-) : XXX — X is continuous forall t € I,

(iii) there are locally integrable functions ly, 11,15 : I — [0;00) such that

A

WF@x,u) - F@, X0l < L@)lx—Xl+L0Ollu—all,
lF(2,0,0)| lo(0),

INA

fora.e. t €l and for all x,% € X,u,ii € X;.

Under these conditions for every triple (ty, xo,h) € I X X X S there exists a unique solution
A() = A(5 89, x0,h) : I — X of the initial value problem

X = F(t,x,h(1), x(tp) = xo.
In other words, for every (to,xg) € I X X the inclusion initial value problem
X € F(,x,X), x(to) = xo

has a unique solution A(-) = A(-;tg, X9, ) corresponding to the arbitrarily chosen selector
he S] .
In addition the mapping A : I XIX X X S| — X is continuous.

Proof. Without loss of generality we may restrict our attention to the case I = [a;b] for
arbitrary but fixed a < b,a,b € R (simple reason is that every positive interval / can be
written in the form [ = UjeN[aj,bj] where aj,1 <aj<bj<bj. for jeNanda;b;eR).

Denote by C(I,X) the Banach space of continuous functions x : / — X with a norm
[l ||oo. Define 7 for x € C(I,X) and tg,t € I,xy € X, h € S; as follows

t
T (x;10, %0, M)(1) = X0 + f F(s,x(s), h(s))ds.
fo
It can be shown (as in the proof of Theorem 4.2 of the paper [1]) that this operator viewed
as
T :CU,X)xIxXxS| = C(,X)

is well-defined and continuous. Moreover for n € N sufficiently large the iterated mapping
T (defined as T*(x; 19, x0, k) := T (T (x; 19, x0, h); 1o, X0, h) for k > 2) is a uniform contrac-
tion at the first variable. Therefore Theorem 2.2 can be used to get a unique fixed point of
7" which depends continuously on the ’parameters” t, xo, . As a straightforward corollary
we obtain the statement of our theorem. O

4 Inclusions with exponential dichotomy

Suppose that A : R — L(X) is a locally integrable function. In the paper [1] there is a detailed
proof of the existence of the evolution operator ® : R XR — L(X) to the linear differential
equation X = A(f)x. This is defined as ®(¢,s) := B(f) where B : R — L(X) is the unique
solution of the operator differential equation B = A(f)B with initial condition B(s) = idy.
In [1] there are also proved some important properties of this operator, we collect them to
the following lemma.
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Lemma 4.1. For all t,s € R we have O(t, s) € GL(X) which is the group of invertible op-

erators in L(X). Moreover ® : RXR — L(X) is continuous, ||®(t, s)||, < e'fs IAldrl for all
s,t € R and the following cocycle property is valid

O(t,r)od(r,s) = D(t,s), t,r,seR.

In addition for any locally integrable function f : R — X there exists a unique solution
of the inhomogeneous linear differential equation x = A(t)x + f(t) with initial condition
x(ty) = x9 € X,t9 € R. This is given by the variation of constants formula

!
x(1) = ®(t,19)x0 +f O(t,s)f(s)ds.
fo
Sometimes it is convenient to use also @ : R — X which is the solution of the operator
differential equation X = A(#)x with initial condition x(0) = idx. The relation between ® and
® is
O(t) = O(1,0), (1, 5) = D(1) o (D(s)) .
Definition 4.2. We say that A posses an exponential dichotomy on R if there are constants
K>1, a,BeER,a<p
and a projection P € L(X) (projection means P? = P) such that
1B(1) 0 P* o (D(s) ™ ll, < Ke*™1 2 5, .1
1B(1) 0 P~ o (D(s) " ll, < K1 < s, 4.2)

where P* := P and P~ := idy — P*. We denote by ED,, g(X) the set of all locally integrable
A : R — L(X) which posses an exponential dichotomy on R with @ < 8 (we also use shorter
notation ED, g when it is clear which Banach space is investigated; note that A € ED, g
implies also the existence of the constant K and projection P although for simplicity the
notation does not includes these parameters). Furthermore we introduce for ¢ € R notations

PE(t) := D)o P o (D)), P*:= PE()(X).

Note that P*(¢) are projections and P*(¢) + P~ (f) = I. It is easy to establish the following
quasi-commutation
PE(t) o D(t,5) = O(t,s) 0o PE(5), s,t€R.

These notions are well-known, for more details see the book [6].

4.1 Bounded solutions revisited
For this subsection assume that
a<0<pBand A €ED,p. 4.3)

This can be interpreted as the generalization of the hyperbolic matrix. The set of
bounded solutions and integral manifolds corresponding to them of the differential inclusion

xXeAMx+ f(t,x)+g(t,x,X1) “4.4)



Multivalued Integral Manifolds in Banach Spaces 103

was analysed in [5] (cf. section 4; mainly Theorems 3 and 4). We briefly recall these results.
For the sake of completness we also mention the main tools of the proofs, again without
technical details.

Lemma 4.3. Assume that f :R — X is a s.m. function and M is a constant such that || f(f)|| <
M for a.e. t e R. Then there is a unique bounded solution y : R — X of the inhomogeneous
differential equation x = A(t)x+ f(t) and it is given by the formula

y(t) = f @(t,5)P*(s) f(s)ds — foo (¢, )P~ (s)f(s)ds. 4.5)
- t

In addition |[y|le < MK(% -1

Proof. At first we show the uniqueness part of the statement. If u;, are two bounded
solution, then u := u; — yy is a bounded solution of it = A(f)u. Therefore

1P (u()]| = D@ P (D(s) ™ u(s)l < K e |lullo

is valid for all ¢, s € R, s < ¢. If s tends to —co we obtain P*(r)u(t) = O for all 7 € R. Similarly
we get P~ (H)u(t) = 0. These facts together yields p; = uo.

On the other hand y defined by formula (4.5) really gives the unique bounded solution
(the omitted technicalities can be done in the following way: the right definitness of y
follows from considerations as in Lemma 2.1; to prove the continuity of y we have to
use Lebesgue’s theorem about dominated convergence; an application of Fubini’s theorem
about double integrals gives after some computation that y is a solution; the boundedness
of this solution is straightforward from the definition of exponential dichotomy on R). O

Now we state the nonlinear analogues of this lemma belonging to inclusion (4.4). Let
we introduce the notation L1

Ka B = B -

Theorem 4.4 (Section 4, Theorem 3 in [5]). Suppose that for a functions
fRXX—-X, g:RxXxX;—-X

the following is valid:

(i) Smoothness: f(-,x),g(:,x,u) : R = X are s.m. for all x € X,u € X| and f(t,") : X —
X,g(t,-,-) : XX X1 — X are continuous for all t € R,

(ii) Boundedness: there are constants My, M, > 0 such that
1/ (2,0)l < M, and [|g(2,0,0)I| < M,
forae. teR,
(iii) Lipschitz condition: there are constants Ly, Ly, L3 such that
f (2, ) = f(£, DI < Lillx - %Il and [|g(#, x, u) — g(z, X, )|l < Lollx — X[ + L3||ue — i|

is valid for a.e. t € R and for all x,X € X,u,ii € X;.
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Finally suppose that
(iv) K(Ly +L2)Ka”3 <1.

Then for every h € S there exists a unique bounded solution I'(:,h) : R — X of the problem
(4.4) corresponding to the selector h. In addition the mapping I : RX S| — X is continuous
with an estimate

ITC,B) =T(, Dlleo < C(K, L1, Lo, Ls, @, B)lIh = Alloo

where

KL3KQ"3
C(K,Ly,Lr,L3,a,B) := [—K(L + Lo« ﬁ' (4.6)
Proof. For xe C(R,X),he S| and r € R we set
T (x, b)) = f_loo D(t, )P () f (s, x(5)) + g(s, x(5), h(s))]ds @7

— 7 ©t, )P ()[ £ (s, x(5)) + g(5, x(5), h(5))]ds.

The form of this operator is motivated from the previous lemma. Application of Theorem
2.2 gives our assertation, where I'(-, /) is the unique fixed point of 7 (-, /). |

For the later use we introduce another sets of selectors
Se:={heS: ||hle <€,

Ste:={h:R] - Xis s.m. and ||A]|] := sup|la(t)|| < €},

>

Ste:={h:Ry — Xis s.m. and ||A|; := sup|lh(®)]| < €},

1<t

where 7 € R,e € [0,1] and R} := [7,00), R} := (—00,7]. Note that S, S7,S7 are complete
metric spaces with corresponding metrics induced by || - ||, || - [IF, 1] - 17 -

In the situation of Theorem 4.4 we put down for € € [0, 1] and T € R an important set of
initial positions of the bounded solutions

Pre :={I'(t,h) : heS¢).

Note that an application of Theorem 3.2 gives the existence, uniqueness and continuous
dependence of the solution A(:, #g, xg, &) of the problem

X=AMx+ f(t,x)+g(t, x,h(t), x(ty) =xp

for every triple (9, xp,h) € RX X X Sj.
Now we define the stable set of IP, . (”stable positions™) as

SPre :=1{& € X : dh € S¢ such that tlim A, 7,6, h) =T, h)|| = 0}

and similarly an unstable set ("unstable positions”) as

UP; :={¢é € X : dh € S¢ such that tlir_n lA(t, 7, &, h) =T, h)|| = 0}.
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Generally for functions k : RY — X,/: R — X we introduce extensions k*,I” : R — X

as
k(t) ift>r, _ 0 ift>r,
+ o -
Ko "{ 0 ifr<t | (t)"{ 0 ifr<t.
Introduce .
SPre:={é € X : Jh e S] such that ||A(-,7,&,h)||] < oo}
and

UP,. :={£€ X : Fhe Sy, such that |A(,7,£,hD)I7 < o).

Theorem 4.5 (Section 4, Theorem 4 in [5]). Suppose that all the assumptions of Theorem
4.4 are satisfied and choose T € R, e € [0,1]. Then there are Lipschitz continuous functions

w i PIxST - P, w':iP xS —P]

such that -
SPre = SPpe = [EM+w'Ehh): & ePLhest),

4.8
UP,. = UP,. (€ +wi(E ) 1 & €PrheS,,). (4.8)

Exact Lipschitz constants are expressed in the formulaes

Iw* (&7, h) —w' (&3,

)| < Y&+ C(K, Ly, Ly, La,a,B)|lh; — ol
2)||_1—K(L1+L2)Kaﬁ”§l &N +C(K, Ly, Ly, Ly, a,B)|lhy — hall;

W&y, ) —w'(&;, €7 =& 11+ C(K, L1, Ly, L3, o, Bl — a7

)| <

MR+ s
Proof. We deal with the stable case - the unstable one is analogical. At first we show the
characterisation (4.8) for SP; .. Arguments as in Lemma 4.3 yields that the “right” operator
is

! 00
T (x, &, h)(1) := D, T)ET +f O(t, $)PT(s)An(s)ds —f O(t, )P~ (s)Axp(s)ds
T t

viewed as 7 : Cf xP; xS, — C7, where A, ;(s) := f(s,x(s)) + g(s, x(5),h(s)) and C; is
the Banach space of bounded and continuous functions from R to X supplied with a norm
II-|I¥ (of course this is not obvious at all, for more details see the series of Lemmas 3.2 — 3.7
of the paper [1]). The operator 7 is “right” in the sense that u € C; is a bounded solution
of the problem x = A(f)x + f(t,x) + g(¢, x, h(¢)) if and only if T (u, P* ()u(7), h) = .

Now a standard application of Theorem 2.2 shows the existence of the unique fixed
point xg+, of 7(-,£",h) and also the corresponding Lipschitz bounds. The statement of
(4.8) for S_PT,E then follows if we set w*(£™,h) 1= xg+ 4(7).

The relation SP,. C @ﬁe is trivial. For @ne C SPre we use again Theorem 2.2. Let
e S_PM. Therefore there is a h € ST such that [|A(-,7,&,h")||T < co. Introduce

u:RI - X, u(t) = At,7,&,h) =T, h").
Then u is a solution of x = A(f)x+ F(t,x) on R} where

F(t,x) := f(t,x +T(t,h")) = f(t,T(t,h)) + g(t, x + T(t, k"), h()) — g(t,T(t,h"), h(2)).
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In addition u is bounded on R} therefore (cf. Lemmas 3.2 — 3.7 in [1])
! 00
u(t) = O(t, 7)P* (r)u(r) +f O(t, )P (s)F(s,u(s))ds —f O(t, )P~ (s)F(s,u(s))ds.
T t

Set for y € (0, —@) a Banach space

Xy = {x € C(R7,X) : [Ixll7 _, = sup|lx(D)le”" < oo}
t

>T

with a norm [|- |7 _,. Define

! 00
T (N = D, T)E + f O(t, 5)P* (s)F (s, x(s))ds — f O, )P~ (s)F (s, x(s))ds
T t

for (x,&%,1) € X, xPf xR;}.

Apply Theorem 2.2 for 7 : X, xP* (1) = X, (it is possible for y > 0 sufficiently small
— we need exactly the condition K(L; + Ly)Kka+y+y < 1 which can be satisfied due to the
assumption (iv) of Theorem 4.4). Therefore ||u||j., —y <o which yields S_PT,E C SP. O

4.2 Quasibounded solution

The main assumption for this subsection is
Ae&ED,pwitha,feR,a<p, 4.9)

note the difference from previous subsection in (4.3) where o < 0 < 8 was crucial.
We adopt the exact definition of quasiboundedness from [1].

Definition 4.6. Assume that / is unbounded to the left (or to the right) — / is unbounded to
the left if / is one of the interval types (—oco,a),(—oc0,a],R and similarly / is unbounded to
the right if 7 is one of the following interval types (a, o), [a,>),R. Let g: I — X,y € R be
an arbitrary function. We say that g is y~-quasibounded (or y"-quasibounded) if |[g|;, y <
(or ||g||:y < o0) for some 7 € I, where

llgllz, := supllg®lle™, liglly, := suplig®lle™".
<t t>T
In the special case I = R we say that g is y-quasibounded if [|g||, < co where
llglly := supllg(n)lle™".
teR

The main tool of this subsection will be the transformation discussed in the next lemma.

Lemma 4.7. Assume that I is a positive interval and f € CAR,X). Let u: 1 — X be a
solution (in the sense of Definition 2.3) of x = f(t,x) and p : I — R\ {0} is a C' scalar
Sfunction. Then i : I — X defined as ji(t) := p(t)u(t) is a solution of x = g(t,x) for g(t,x) =

() 1
FORRIZOUCr R
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Proof. u is a solution, therefore f(-,u(-)) : I — X is locally integrable and u(r) — u(s) =
fs ! f(r,u(r))dr is valid for ¢, s € I. Fix an arbitrary functional ¢ € X* and elements #,s € /

such that s < ¢. With a notation u(r) := ¢(u(r)) we have u(rp) —u(ry) = fr :2 o(f(r,u(t)))dr
for ry,ry € [s,t]. Then u : [s,t] — R is absolutely continuous on [s,]. So i(r) exists for a.e.
r € [s,t] and @(r) = ¢(f(r,u(r))) for these r € [s,¢]. This means that v(r) := p(r)u(r) is also
absolutely continuous on [s, ] with derivative

v(r) = i(r)p(r) +u(r)p(r) = ¢(f (r, u(r)))p(r) + ¢(u(r)p(r)

for a.e. r € [, t]. Therefore for all r|,r, € [s,t] we have

V(r) = v(ry) = f (S u@N() + $u(D)p(r) )dr.

r1

After elementary computations we obtain for all ¢ € X* and s, ¢ € I the following equality

St~ p(su(s)) = ¢[ f (p(T)f(T,u(T))+p(T)u(T))dT]

or with a notation [i(t) = p(f)u(?)

! 1 .
St~ fi(s)) = ¢ f (o0 (1, ——o) + 22 oy |
: p(7) p(T)

A consequence of the Hahn-Banach Theorem says that functionals separates points, so we
have

! 1 .
) —ja(s) = f (p(T)f(T,—ﬂ(T))+@ﬁ(T))dT
p (1) p(7)

which means exactly that ji : I — X is a solution of x = g(z, x). O

Therefore the problem of finding a y—quasibounded solution  : R — X of x = A(f)x +
F(t,x) with y € (a,B) can be transformed with a transformation y(r) = x(#)e™" (apply the
above lemma with p(¢) := e™”") to the problem of finding bounded solutions y : R — X of

y= (A0 -yDy+e VF(t,e"y).
Noting the bijective correspondence between these solution sets and the fact
(A() —yD) € EDy—ap—y
with y—a < 0 < 8—-7, we can generalize Theorem 4.4 as follows.

Theorem 4.8. Assume that we have functions f: RxXX — X,g : RxXxX; —» X and a
constant y € (a,8) such that

(i) Smoothness: f(-,x),g(,x,u) : R — X are s.m. for all x € X,u € Xy and f(t,") : X —
X, g(t,-,-) : XX X1 — X are continuous for all t € R,
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(ii) Quasiboundedness a.e.: there are constants My, M, such that
If @0l < Me”, lg(2,0,0)|| < Mae
forae. teR,

(iii) Lipschitz condition: there are constants Ly, Ly, L3 such that

Lf (2, x) = f(£, Ol < Lyllx— Xl
and
llg(t, x,u) — g(t, %, W)|| < Lollx — X|| + Lz " ||u— ] (4.10)
are valid for a.e. t € R and for all x,% € X,u,ii € X1,
(iv) K(Li+Ly)Kg—yp—y < 1.

Then for every h € Sy there exists a unique y—quasibounded solution I'y(-,h) : R — X of the
problem (4.4) corresponding to the selector h. In addition the mapping I',, : RX S — X is
continuous and the following is hold

ITy (1) =Ty, Blly < C(K, Ly, Lo, Ly, @ =y, S = Y)lIh = hllos
where the function C is defined by (4.6).

Proof. Apply the above lemma with p(7) := e, Then the assumptions of Theorem 4.4 are
fulfilled and the inverse transformation gives our statement with I, (-, ) :=I'(-,h)e”". O

Remark 4.9. The special Lipschitz-type condition (4.10) can be omitted. For this aim we
have to work with a new complete metric space of selectors SY:={heS.: llAlly < oo} where
the metric is induced by || -||,. So, under the conditions of the previous theorem, except
(4.10), which is modified to the usual one

llg(#, x, 1) — g(t, X, || < Lallx — &l + Lallu — |

the assertion of the theorem is still valid with T', : R x ST — X for selectors € S. We get
an estimate
Ty (s h) =Ty Wy < C(K, Ly, Lo, L, a =y, B=y)llh—hll,.

The proof of this remark is the same application of the above defined transformation.

Remark 4.10. Now we generalize Theorem 4.5. We accomplish this as simply as above by
the use of Lemma 4.7. Assume all the assumptions of Theorem 4.8. Introduce the following
notations

P}, := {[y(r,h): heS),

S]P’z,E = {£eX :3heS,such that limy ||A(t, 7,€,h) =T, (¢, h)||e™" = 0},
UPZ,E = {£eX :JheS.suchthat limy,_o [|A(7,7,&,h) =T, (¢, h)||e™ = 0},
SPL, = {¢€X:3heS, suchthat ¢, 7. RMIIE, < o),

UP,, := {¢£€X:3heS;, suchthat A, 7,6 h)|I7, < oo}

T,€
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where A(-, 1y, X, /) is the unique solution of the problem
X=A)x+ f(t,x)+g(t, x,h(1)), x(ty) = Xo.
Then there exists Lipschitz continuous functions
w P XS], =Py, w7 P xS, > P

such that

—)’
SP‘ZG = IE»‘r €

={ET+w (N h) £ ePlLhEeST ),
UP) =TUP,, = {& +W" (& ,h) 1 € €PLhe ST )

Remark 4.11. The statement of the previous remark has again a variant for the situation
when (4.10) in Theorem 4.8 is replaced with
llg(2, x,u) — g(2, %, W)l < La|lx — || + L3||ee — ll.

In the light of the above mentioned two remarks it is straightforward how to achive this. At
first set new selector spaces SZ: ={heS7.:h*e S?} (they are complete metric spaces with
metrics induced by ||-||Z,; everywhere we use the standard double notation +). Introduce

Ty’
Py, := {T,(r,h): heS!},
SPY, := {£€X :AheS! such that lim, . It 7,&,h) = Ty(t, h)|le™ = 0},
UHEDZ,E = {¢eX :heS! such that lim,_,_o ||, 7,&, k) —T L(t,h)|le™ =0},
SP,, = {¢€X:3hest suchthat |AC,n.&hD)|E, < oo,
UP,, := {¢€X :3hes); suchthat|lAC,7.&,h)|l7, < oo).

Then there are uniquely determined Lipschitz continuous functions
Sy . pt Yt - wy . p— V>~ +
W P xSre =P, w i PI xSy = P

such that
SP, =SP), = {(£"+W*(&",h) : £ €PE,he SUT),

UP), =UP,, = (& +W"(E ) : € eP heSlc).

Partial answer to the question of independence of I'y from 1 is stated in the following
corollary.

Corollary 4.12. Let we have a < a1 <1 < and functions f :RxX - X, g : RxXxX; > X
such that

(i) Smoothness: f(-,x),g(:,x,u) : R — X are s.m. for all x € X,u € X| and f(t,"): X —
X,g(t,-,) : XX X1 — X are continuous for all t € R,

(ii) Quasiboundedness a.e.: there are constants My, M, such that
Lf (@0l < Min@), lg(,0,0)| < Man(r)

for a.e. t € R, where n(t) := min{e®'’, &A1},
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(iii) Lipschitz condition: there are constants Ly, Ly, L3 such that

/(&%) = f(&, Dl < Lillx— X]]

and
llg(z, x,u) — g(t, X, w)|| < Lallx — X[ + L3n(2)||u — |

are valid for a.e. t € R and for all x,% € X,u,ii € X1,
(iv) for 6 := max {Ka_mﬁ_al ,Ka,_ﬂl’ﬁ_ﬁl} we have

K(Ly +L1)0< 1.

Then Iy from previous theorem is well-defined for 'y € [a1,1] and independent from y (that
isy, =T, forall y1,y> € [a1,B1]).

Proof. We set |||x]|| := ||x]lo, + |xl|g, for x € C(R,X). The space

Y:i={xeCR,X) : [||x]|| < oo}

is a Banach space with a norm ||| |||. Define 7 : ¥ X S; — Y formally as in (4.7). Then it
is well-defined, continuous and also a uniform contraction. Theorem 2.2 yields the unique
solution x™ in the space Y. We have immediately I', = x* for all y € [a1,51]. O

Note that from this corollary without any effort we may obtain y-independent variants
(in the above mentioned interpretation) of remarks 4.9 — 4.11.

Remark 4.13. From these results the so-called "hierarchy of integral manifolds” (cf. [1])
could be also established. We describe this in a simple situation (without inflation). Let
X:=R3and A(Y) := diag(a(t),0,b(t)) with a,b : R — R continuous and

a)<a<0<B<LD(t), teR.
Then the evolution operator of X = A(f)x is
D(1,s) = diag( efa(T)dT, 1, el (r)dr)
which posses an exponential dichotomy on R in two ways
e with projection P(x1,x2,x3)" := (x1,0,0)” and constant K = 1 we have A € EDy 0,
e with projection P(x1,x2,x3)" := (x1,x2,0)7 and constant K = 1 we have A € EDog.

Choose y1,y2 € Rsuch that @ <y; <0<y, <. Let f: RxX — X satisfies the following
conditions

o f€CARR,X),
e dM > 0 such that f(z,0) < Mmin{e”"’, e??'} for a.e. t € R,

e L >0 such that || f(z,x) — f(t,%)|| < L||x— X|| for a.e. t € R and for all x, X € X.
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Assume that
Lmax{kg—y,,—y; K-y, -2} < 1.

Then the above discussed graph characterisation is valid and we have immediately the fol-
lowing hierarchy

S ngo - S_Pg,lo C S_Pz)/’zo - S P())/,ZO ’
UP), = UPy, > UPy, = UPp.

5 Remarks on Exponential Dichotomy of ODE

Here we present simple criteria on exponential dichotomy for linear systems. We consider
on C”" the following standard norms [23]:

Ixlp = il +xal? + -+ xalP, ¥l = max{lxi],lxal, -, [xal}

where p > 1 and x = (x1, x2,- -+, x,). The corresponding norms on L(C") are denoted by ||- ||,
and | - |l. We recall the following result [23]: If A = (al-j)l - then

7
i,

n

n
Al = max | > lazl|, Al = [max A, . Ao =max| > jagl|, (.1
Isisn| & 1<isn ATA Izisn| £

where A, . i=1,2,--- ,n are eigenvalues of A A.
Next, by using the Holder inequality, for p > 1 we compute

n p

Ax, = 1|

i=1

n

n
=1 1

n plq n n n plq
<y Z[Z |a,-,~|q] (Z|x,-|p]= . [ |al~j|q] Il
j=1 j=1 j=1

i= i=1

for %+}I =1, which gives

n ( n plq
IAll, < ”Z[Zmi,w] : (5.2)
j=1

i=1
Take A € C. To show the invertibility of A, := Al — A, first we suppose that

a; #4, Yi=1,2,---,n, (5.3)
and then we consider the following modification of A,:
j n
~ /151' —dij
Ay = . (5.4)
A— aii ). .
i,j=1
Now we decompose (5.4) as follows
_Yi fori+ i
o (! 1 _ Ta; LOTL#F],
Ay:=1+B,;, B,:= (bij)i,jzl’ bij_{ Oa foriz /.

Note A,1~= D,lAv/l for D, := diag(4 —ai,A—axn,---,4 —app). Clearly A, is invertible if and
only if A, is invertible, and then A/‘l1 = A/_llD/_l] .
Now we have the following consequences of Neumann’s theorem [23].
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Theorem 5.1. Suppose (5.3) and set d := max <<y, {I/l—aiil_l}. Then the following state-
ments hold:

LIf
S ajil
11 := max Z m Lo, (5.5)
I<i<n | 4 |d—ajj|
Jj=Lj#i
then A, is invertible and IIA/_ll I < ﬁ.
2. If
2oy iwilaij]
Teo 1= max { ==LV (5.6)
1<i<n |A—aji|
then A, is invertible and ||A;1||oo < ﬁ.
3. If
/q
n ( n o ‘|a..|q)p
Jj=1,j#i 17
T, = <1, (5.7)
b ; |- ajlP
for some p > 1, where %+%1 =1, then A, is invertible and ||A;1||p < 1—%%'

Proof. Since by Neumann’s theorem

A7, < DT LIAT YL, < 1Dl
A llp = VIR ALEY p_l_”B/l”p

and ||D;1|| p =d for any p € [1, 00], statements follow from (5.1) and (5.2), respectively. O

Remark 5.2. a) For A =0, condition (5.5) is the Hadamard classical assumption on invert-
ibility of A [18], but Hadamard ones have no estimates on the norm of A~!. Further results
on the invertibility of matrices are presented in [11].

b) Taking the transpose A7 we get dual results of Theorem 5.1 which here we do not
present explicitly.

c¢) Taking opposite inequalities in the above conditions (5.5), (5.6) and (5.7), we can
localize the spectrum o(A) by obtaining GerSgoring type sets [11,26].

d) If Ra;; # 0 forall i = 1,2,---,n then using |2 —a;;| > |Ray| for all i = 1,2,--- ,n and
any A € C with R1 =0 we see that A is hyperbolic, i.e., Ro(A) # 0, if one of the next
assumptions holds

rlq
n n y n n ..1q
i L eilai (20 jilaifl?)
max Z Loy, max{ =2 Lo, Z =T <1, (5.8)
1<i<n ; I?’\ajjl 1<i<n I%aﬁl I%aiill’

=1, j#i i=1

for some p > 1 where 1 +1 = 1. Moreover, A has the same type of hyperbolicity as
diag(Raj1, Razy,- -, Ray,). This follows from the fact that all matrices

diag(Ray1, Rax, -, Ran,) +£(A—diag(Raiy, Ran, -, Rau)), £€[0,1]

are hyperbolic.
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Now we deal with infinite dimensional matrices of the form (Bx); = Z;J;LS bijxj,i€Z

lj=il<s
ijeZ *

i+s i+s
|Bxly = > I(Bx)il < [Sup > |b<,-,-|] a1, [Bxleo = sup|(B)l < [sup > |bl~j|}|x|m,

icZ i€Z j=ims i€Z i€Z j=i-s

i+s k+s rla
1Bxl, = o> B0 < Jsup D01 Wbl | Iy
ieZ €L =i—s\ j=k—s

for p> 1 and%+é = 1. So if we take a matrix

for s € N and a bounded sequence {b;;} where x = {x;}jcz € {,. Then we have

N

(Ax),' = Z aijxj, ieZ (59)

j==s

for s € N and a bounded sequence {a; J-}U ~iI<5 such that infiez|Raji| = w > 0, then A is hyper-

. i,jez
bolic

i+s i+s

o, |a jil . : imis. i ]
in £y if sup <1, inte 1fsupL ,
ez 4 1 Raj)l iz | Rail
. ) j=k—s, j#k 1Ak]
1n€p1fsup2 <1,
|Ral?

€2 k=is

for some p > 1 where %+%} = 1. Moreover, A has the same type of hyperbolicity as
diag(Raii);ez. Of course, conditions (5.10) are direct generalizations of (5.8) to (5.9).
More sophisticated results are presented in [24,25] on spectra of infinite matrices.

Now we consider a first order T-periodic ODE

X =A()x (5.11)
with (A()x); = Z}J;j_s a;j(1)xj,1i€Zfor s € N and a uniformly bounded sequence {g; j(t)}ll.jj_eilzss
of T-periodic continuous functions. First we suppose that

Tlim a,-j(t)=a;—.'(t)\7’j=i—s,---,i+s (5.12)
1—=*00

uniformly on [0,7]. Then we set

(Aco(t)x); = { zii—sa}(l)xj i>0

i+s - .
Zj:i_saj(t)xj i<0

It is easy to verify that C(7) := A(f) — A« (f) are compact in any £,, p € [1,00] for all € [0, T].
Note the fundamental matrix solution X(¢) of (5.11) has the form

X(t) = Xul) + f Xao(D(Xeo(2)) ™ CROX (),
0
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where X, is the fundamental matrix solution of X = A, (#)x. Hence X(T') — Xoo(T) is com-
pact and s0 0, (X(T)) = 0.55(Xo(T)). For instance, if Ax(f) = 0 then X(T') is a compact
perturbation of I. We recall [7, Theorem 2.1, p. 203] that (5.11) has an exponential di-
chotomy on R if and only if o(X(T)) NS ' = 0 for the unit circle S'. This is equivalent to
say that the inhomogeneous system

X =A()x+h(r) (5.13)

has a unique bounded solution on R for any bounded continuous % € C»(R, X) (here X is a
complex Banach space, namely one of the £, spaces for p € [1;00]). Now we rewrite (5.13)
as a system

i+s
i =aptxi+ ) ayOx;+hi(), i€Z (5.14)
J=i-s.j#i
for h(t) = {h;i(t)}icz. We suppose
w:= ielzl,lzfeRlﬁaii(m > 0. (5.15)

We want to find criteria that (5.14) has a unique bounded solution on R. For this purpose,

we rewrite it as
t t

xi(t) = f et Z a;j(2)x(z)dz + f e In(z)dz, i€z,
i j=ims,j#i aj

where a; := sign Ra;;(¢) and A;(2,z) := j; a;i(u)du. Note |RA;(1,2)| > w|t —7|.
Then for x,h € Cp(R,{s) we derive

i+s

i+s
laij(2)| 4 ; 1 ol
@l < sup 3 g (=ai [ IRai@]eRADdz) [xlo +lhleo(=a) ), e dz
(€Z,7€R j=i-s,j#i ! !
ey [l

= sup D e oylle +
ieZ,zeR jmizs, jai | O ¢

Consequently, if

i+

o laij@)
sup
i€Z,zeR .

=5 1 Rai@)

then (5.13) has a unique solution x € Cp(R,{s) for any & € Cp(R,{), and thus (5.11) has
an exponential dichotomy on €.
Similarly for x,h € Cp(R,£1) we derive

f (e its 1 ot
(Dl = X )l < X _aifa,oo e®=d 3 g (@)llxj(2)ldz + —difam 4= h(z)|dz
i€Z i€Z ! J=i—s, j#i i€Z !
j+_§‘ t . _ ! . _
=Y X -af e Oa;@llx@ldz+ Y —a [ e I hi(2)ldz
JEZi=j-s,i#] ! i€Z !

ai=—1 a;=1
1 [ _ _ 1 o' _
=2 X [ Va@l@ld+ X [T et Z)|ai,-<z>||x,~<z>|dz)
jez\o<li—jl<s 0<li—jl<s

a,':—l a;:l 00

+ 3 [ e Ohldz+ 3 [T e hi(2)ldz

iez % 1 = !

sup[sup lz |a;j(z)|+sup IZ |aij(Z)|]

< JEZ\ zeR O<|i-jI<s z€R 0<[i—jI<s
- w

2h|o
|tfoo + s
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which implies

a,-:—l a;=1

SUp jez (Supze]R 2 laij@l+super X la; j(Z)|)
0<li—jl<s 0<li—jl<s 21h|o
[xleo < IXloo + ——
w w

Consequently, if

aj=— a;i=1
sup[sup Z la;j(2)] + sup Z |aij(Z)|]<w

JEZ\ z=R i< 2R ojiTji<s

then (5.13) has a unique solution x € C(R, £1) for any i € Cp(R, 1), and thus (5.11) has an
exponential dichotomy on ¢;.
Finally for x,h € Cp(R,£)), p € (1,00) we derive

x(0)], = \/ >
i€Z,

; i+s
<rly f e =0 ¥ |a;j(2)llxj(z)ldz
i€Z

P

1 i+s "
—a; [ &Mt a@lxidz—a; [ eAtDh(z)dz
' J=i=s,j#i i

|P

@i j=ics, j#i

p
+ (/ 2 | [, eet=9\h(2)ldz
ez

» " i+s i+s b
<A DL el T @l Y Ix(2lrdz
iez|™ j=i—s, j#i j=ies,j#i
t plq t
# 4] 2|[ erem2ad | [ Do
IE.

p 1 w(t—
< J Z L,—oo ediw(t Z)dz
i€z

a,':—l (l,‘ZI 00
4L {/ S [ e D bdz+ 5, [C e-Dlhi()ldz
i€Z i€Z

" ai=—1 its plq
S(/E(Zf_m e 3 ( 2 |aik(Z)|q) Ixj(2)IPdz

plq| ~ i+s plq i+s
e eawa-Z)( D |a,-j<z>|q) ( ) |xj<z>|P)dz

Jj=ims, j#i JEims.j#i

jez 0<li—jl<s \k=i—s,k#i
= i 1/p
. _ a;i=1 i+s pla
b3 [Ted 5 ( 5 |a,-k<z>|q) e @Pdz) o+ Pl
JEZ O<li—jlI<s \k=i—s,k#i

1 ai=—1 i+s plq
Sa( sup 2, ( 2 |aik(Z)|q)

JEZ,zeR 0<|i—jI<s \k=i—s,k#i

a;=1 i+s pla\1/p s
+ sup X ( 2 |aik(Z)|q) ) |Xleo + 27 1tloo-

JEZ.2€R 0<)i— jl<s \k=i—s,k#i

Consequently, if

a;=—1 i+s plq a;i=1 i+s plq
sup ) [ D |aik<z>|‘1] +osup ) [ D |a,-k<z>|‘f} <o

JELZER (i <s \kmims kti JELZER 0 i jl<s \kemims ot

then (5.13) has a unique solution x € C,(R,£,) for any h € C,(R,¢,), and thus (5.11) has
an exponential dichotomy on £, (note that in the above computations |x|e = sup,g [x(?)],
strongly depends on p € [1, o0]).
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Finally we consider a second-order ODE

X=A(t)x (5.16)
with (A(t)x); = Z?;;_S a;j(t)x;, i € Z for s € N and a uniformly bounded sequence {a; j(t)}ll.{]._eilzss
of T-periodic continuous functions. By following [7, Theorem 5.1 p. 32, Theorem 2.4
p- 208] and a method partition of unity on [0,T], we know that (5.16) is exponentially
dichotomous on ¢; if Ro(A(r)) > 0 for any € R. Next if Ra;;(t) >0 foralli € Z, t € R then
using A —a;;(1)] = Ra;i(¢) foralli € Z, t € R and any A € C with RA < 0 we see from the
above arguments (see (5.10)) that Ro(A(¢)) > O for any 7 € R if the following holds

& 3 el P
s . J=k—s,j#k 7%
w:= mfR Ra;i(f) > 0 and sup Z

<1 forallreR.
ieZ.1e iez A~ Ra®)?

Countable systems of ODE are also studied in [3, 8, 19].
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