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Abstract

We consider the invertibility of parabolic pseudodifferential operators in exponential
weighted Sobolev spaces. We suppose that the symbol a of the operator Op(a) is an-
alytically extended with respect to the impulse variable in an unbounded tube domain
R™ +iD and satisfies conditions of uniform parabolicity . We prove that under these
conditions the pseudodifferential operator Op(a) is invertible in admissible weighted
Sobolev spaces with weights connected with the domain D.

As an application we obtain exponential estimates of solutions (including estimates
of the fundamental solution) for parabolic differential operators.
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1 Introduction

We consider the invertibility of parabolic pseudodifferential operators Op(a) in exponential
weighted Sobolev spaces. We suppose that the symbol a of Op(a) is analytically extended
with respect to the impulse variables to an unbounded tube domain R"*! +i9 and satisfies
conditions of uniform parabolicity. We prove that under these conditions the pseudodif-
ferential operator Op(a) is invertible in admissible weighted Sobolev spaces with weights
connected with the domain D.

As an application we obtain exponential estimates of solutions (including estimates for
the fundamental solutions) for parabolic differential operators.
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Various aspects of the Cauchy problem for differential and pseudodifferential operators
have been considered by many authors. See for instance the classical I. Petrovskii paper
[20], the well known paper of M.Agranovich and M.Vishik [1] and the references cited
there. A good survey of the state-of-art before 1990 see in [11]. Parabolic pseudodiffer-
ential Boutet de Monvel problems in the spaces without weights are considered in [10].
In the papers [12], [13] parabolic pseudodifferential boundary value problems have been
considered in domains with singular boundaries.

We note also the works of S. Gindikin and L. Volevich devoted to the well-posedness
classes for the Cauchy problems for exponentially correct differential operators of the con-
stant strength (see [4], [6], [7], [8] and references sited there). Our weighted classes are
closed to the well-posedness classes of these works.

The exponential estimates of solutions of elliptic pseudodifferential equations have been
studied in [17], [22], [23], [25]. The methods of these papers are based on formulas of the
composition of pseudodifferential operators with exponential weights. These results were
extended in the papers [18], [19] to parabolic differential and pseudodifferential operators
acting in the exponential weighted spaces with weights of the form

w(x) = exp(uxo +v(x")) (1.1)

where xy € R is the time variable and x” € R" is the spatial variable. In the distinction from
[18], [19] we consider here the general weights of the form

w(x) = expv(xg, x’) (1.2)

connected with domain D.

The paper is organized as follows. In Section 2.1 we following [2], [3], [15] summarize
in a convenient for us form necessary facts of the calculus of pseudodifferential operators
acting in admissible Sobolev spaces.

Next, in Section 2.2 we formulate some results from [18], [19] concerning the invert-
ibility of parabolic pseudodifferential operators in Sobolev spaces with the simplest weights
e h<0.

In Section 3, which is the main in the paper, we study parabolic pseudodifferential
operators in exponential weighted spaces. We introduce a class Wy(D, q) of the weights of
the form (1.2), give examples of such weights, and prove the theorem on the composition of
pseudodifferential operators with weights in “Wj(D, q). Applying this theorem we reduce
the study of pseudodifferential operators in Sobolev spaces with general weights of the
form (1.2) to the investigation of pseudodifferential operators in Sobolev spaces with the
simplest weights ¢%0, and following [18], [19] obtain results on the invertibility of parabolic
pseudodifferential operators in general weighted Sobolev spaces on R*! = R, x R".

In the Section 4 we illustrate the results of Section 3 by the uniformly parabolic differ-
ential operators of the form

p(x,D) =8, + Z ao(X)D% +b(x) (1.3)

0<|a|<2m

acting in weighted Sobolev spaces with general weights of form (1.2).
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2 Auxiliary result
2.1 Pseudodifferential operators on R"*!

We use the following notations:

e x = (xp,x") are the variables of R"*! where xy € R is the time variable and x’ =
(X1, ..., X,) € R™! are the spatial variables, Ry = {xo € R: xo > 0}, R™! =R, xR",
(x)y = (L+ |12,

e Ny =NuU{0} where N is the set of natural numbers;

0 0 0 0
; —Ve=— . — |.V=[=—.V,]|,
aj 8XJ’VX (8)61’ ’(9)6”), (axO’V )

0
D;: = —.—, .20,1,... N D= (D ’D aD .
] 1a§j ] n ( 0 1 n)

n
e Leta = (ap,a1,...,a,) = (ag,a) € Ng“ be a multi-index, then |a| = ) «; its length.
j=0

We set

f(l

n n n
[ &% =] [ov. =] [
=0 =0 =0

P = Dip(x.E);

e Sometime we write a function a as a(x,£) and this expression have to explaine from
which variables the a depends, but not a value of a at the point (x,&). We think that it
does not lead to a misunderstanding.

e We denote by E(R™!) the class of function g € C*® (R”“) satisfying the following

conditions : (a) ¢(x) > 1 for all x € R""!; (b) There exists L > 0 such that for every
multi-index 3 and every x,y € R**!

|Pq (x+)| < Cpg () (WE, 2.1

with some constants Cg > 0. Important example of g € E(R"™*!) is

Nl
q(x) = 1+<<;)>>m, [>0,m>0. 2.2)
Applying the elementary inequality
(x+y)" <27 "I, meR 2.3)

one can prove that this g satisfies conditions (a) and (b).
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e Further, we set ,
Agp (6,6 = ol + )& +q () (2.4)

where beN, g€ E (R””). Applying (2.1) and (2.3) one can show that there exists
C > 0 and L > 0 such that

RO, (x4 y,E+0)| < CA, (6O 1+ Dyl + )" @5)

for every a,f3, and m € R.

Definition 2.1. Leta e C*® (R”“ X R ) ,m € R. We say that a belongs to the class S™(14,,)
if for all l],lz, € NO

(@)
af . 8)|
Z B)
|a|11’l2 = sup W < 00, (26)
< - < (x,f)ER””XR’”I m— (m+T
lal<ly,|8I<h o (x,€)

The constants |al;, ;, define the Frechet topology on S™(1,).

We associate with a € $™(4,,) the pseudodifferential operator (ydo)

Op(a)u(x) = f dé f a(x, Eu(y)e ¥ ¢dy, ue SR, (2.7)
]R’”‘l ]R’”‘l

where d’¢é = (2m)™" dé. We denote the class of such ydo’s by OPS™(Ay).

Note that the general classes of pseudodifferential operators have been studied in [2],
[3] [14], [15]. The class OPS™(A,;) is contained among ydo’s considered in the cited
works. We will give some definitions and results following these papers in a convenient for
us form.

Proposition 2.2. Let A; = Op(ay) € OPS™ (1,), Ay = Op(az) € OPS™(A,p). Then:
a) operator A = A1Ay € OPS™ %™ (A,y,) and its symbol a is given as

a(x,) = f f a1 (4 1)z (e, ) ¥ dyd'

R+l xRn+1
b) for any natural N
l @
ax.6= ) — " (@) axa (.6 +ry (x.6), (2.8)
la|<N —°

where ry (x,€) € Sm1+m2_N/b(/lq,b).

Definition 2.3. We denote by H S(/lq,b,R”“), s €N the closure of C’ (R™1) in the norm

lletll s a,  menety = [Z ’

lal<s

1

2 2
|L2(R"+I) :

s—|a| qao qba; ba
g 003" .0y




On the Invertibility of Parabolic Pseudodifferential Operators 79

Forreal s>0 the space H*(A, R"*1) is defined by means of the complex interpolation
(see [3]) and for the negative s by the duality with respect to the standard inner product in
L, (Rn+l) , ie. Hs(ﬂq,h,Rn_"l) — (H—S(/l%h’Rrwl))) .

LetS (R””) be the space of C*-functions decreasing at infinity with all their derivatives

rapidly than |x|™ for every N € N, and let S’ (R”“) be the dual space of the tempered
distributions.

Proposition 2.4. The following statements hold:
a) H(lgp, R™ ) = L (R™) ;

b) the embedding S (R”“) cH® (/lq,b,R””) cS§ (R"“) are continuous and the left em-
bedding is dense;

c) if s1 > 5o then H (A4, R"™1) € H%2(2, 5, R™).

d) there exists an operator A € OPS*(A,y,) such that

A H (A5, R™) — LXRY)
is a topological isomorphism and A~' € OPS ~* (Ag.p)-

Proposition 2.5. Operator Op(a) € OPS™(A,,) is bounded from H* (1,5, R"1) into HS™™(A,, R™*1)
and there exist constants C > 0 and 11,1, e N depending only on s and m such that

NOP(@DlIgsa, ety 51 prety < Clalyy g, - (2.9

2.2 Invertibility of parabolic pseudodifferential operators on the half-space
R’f-l

Let:
o r_={neR™! = (.0.....0), 19 < 0} be the ray in R"*,
o II_ ={lp=¢&0+ino € C: &y eR, ny < 0} be the lower complex half-plane,

b
Agbao (0,6 = €0l +Imol + €' +q(x), 10 <0.

Definition 2.6. Leta € §™(4,,), m € R. We say thata € §"(4,,,11-) if the symbol a (x,&p,&")
has an analytic extension with respect to the variable & in I1_, and for all /1,l;, € Ny

doga(x.éo+ino.¢)
lal; 1, = sup < o,

L]

(x,€0+in0,£" )€ R1HIXTT_XR”? m—((t()+ 5 )
lel<ly,BI<h Agpao (X,6)

We denote the class of ydo’s with symbols in $™(4,,I1-) by OPS™(4,,11-), and by
S™(Agps R"*! T1_) the class of symbols which are the restrictions of symbols in § "(Agp110)
on R, and by OPS™(,,,R"1,T1_) the associated class of ydo’s.
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Proposition 2.7. Let A; = Op(a;) € OPS™ (1,5, R*1,T1.), Ay = Op(az) € OPS™ (2,5, R TLL).
Then the operator A=A A, € OPS™™™ (/lq,;,,R’fl,H_), and for any natural N the symbol
a of A has the following representation

1
ax8)= ) —a” (nHae(x.8) +rv(xd)

la|<N —°
where ry (x,&) € S™tm=NIb( , R TL).

Proposition 2.8. LetA=0Op(a) e S’"(/lq,b,R’_{“,H,), and h<0. We set ap(x,&) =a(x,& +ih,&).
Then
Ap = ™A™ = Op(ay) € OPS™ (A, RETTLL).

We denote by H(S)(/lq,b,RTl) the closure of CS"(Rﬁ“) in the space HS(/lq,b,R””), and
by Hg(/lq,b,RTl ,e/0) (h < 0) the space with norm
_ |1 hx
”l/llng(/lqvb,RTl,ehxo) = ||€ OMHHS(/Iq,b,RﬁH) .

Repeating the argument in [18], [19] and taking into account Propositions 2.5 and 2.8
we obtain the following statement.

Proposition 2.9. Leta e S m(/lq,b,R’fl 1), Then the operator
Op(a) : Hy(Agp, RETL, €Y — HE (4,5, RET €0) (2.10)

is bounded for all h < 0 and

||0p(a)||H5(/lq’h’Rﬁ+l’ehxo)_)Hafm(/lq,b’Rn_ﬁl’ehxo) S C |ah|[1 ’[2 .
where C > 0, and l1,1l, € Ng are independent of a.

Definition 2.10. We say that Op(a) € OPS ’"(/lq,;,,RTl,H,) is a uniformly parabolic pseu-
dodifferential operator if

fim - la(x, & +ino, &)

> 0. @2.11)
== (x&)e R Ix Rl Agp o (X,E)™

The following result gives the sufficient conditions for the invertibility of uniformly
parabolic pseudodifferential operators in the spaces Hg(/lq’b,RT] ,el*0) for h < 0 with |h] is
large enough.

Theorem 2.11. Let Op(a) € OPS m(/lq,b,R’}r” 1) be a uniformly parabolic Wdo. Then for
any s € R there exists hg = hy (s) < 0 such that for all h < hg

Op(a) : Hy(Ayp, RE1 M0y — H (A, 5, REF, 0) (2.12)
is invertible.

Theorem 2.11 is proved following [18], [19], applying Propositions 2.7-2.9.
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3 Parabolic pseudodifferntial operators in exponential weighted
spaces

3.1 Weight functions

Definition 3.1. Let D be a convex unbounded domain in R”, g € E (R"“). We say that

the weight function w(x) = "™, x € R"*! belongs to the class Wj(D,q) if the following
conditions holds:

(i) Vv(x) € D for every x € R"*1;

(ii) there are constants y1,y, > 0 and y > 0 such that

=¥14(x) < 95 v(x) < =y2q(x) +7; 3.1

(ii)veC™ (R’fl), and for every multi-index « there exist constants C, > 0 and 5@ >0
such that for every x € R*!

|07 (92 v(0))| < Cag(x),

2
0% (Vv (0)] < Cag(x). (3:2)

3.1.1 Examples of weight functions

In this section we construct weight functions in the class Wy(D,q) applying the theory of
convex functions.

Let x(17'), 7’ € R" be a differentiable strictly convex function(see [27],pp.253,259). We
suppose also that y is co-finite, that is

lim X7~ 4o
e ip'|

We associate with the function y the convex domain ([4], p.39)

Dy ={to.n) €R™ 110 < —x ()} (3.3)
and the function
X (x") = sup {x"-n' —x(7)}, xeR" (3.4)
n/eRﬂ

which is called the conjugate ([27], p.104) or the Young dual ([4], p.11) function for y. The
function y* (see [27], Theorems 26.5, 26.6) has the following properties:

o the function y*is differentiable, strictly convex, and co-finite;
o the gradient mapping Vy : R" — R" is invertible, and (Vy)™' = Vy*.

e Moreover,
X)) =XV () = x (Vx" (X)) (3.5)
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Let y be a strictly convex and co-finite function. We set

v(x) = (xo + o) (x0x+6)’ x = (x0,x') eR™! 5> 0,

and
vi(x) = v(x)+ hxg, h <O0.
Then,
aV(X) _ i ’ * ’
o (61 =y (Vx") ") |>~'=x3‘i§
and

V(@) = (Vox ) 07) |- s

’
xpt+o

Equalities (3.5), (3.7) and (3.8) yield that for every 2 < 0

ovp(x) ov(x) ov(x)
— h -
(9)6() 6)6() s 5)60

—x(Vyv(x)) —x(Vovp(x)), x € R

(3.6)

3.7

(3.8)

Hence Vv, (x) € D, for every x € Rﬁ” and h < 0. Moreover if conditions (3.1), (3.2) hold

then w(x) = "™ € Wy (D,,q).

Example 3.2. Let (') = %An’ -1’ where A is a positively defined symmetric matrix. Hence

(1271, page 108)
1
X*(x/) — 5A—lxl ‘xl,
and

’/ 1 /7 ’/
Dy = {(no,n)eR”“ 10 < —EAU ‘n }

The associated weight is

v(x0,x") (A - x),6>0.

1
T 2(xp+9)

Then Vvj(x) € D, for every x = (xo,x’) € R"™! and h < 0. Note if g(x) = 1 +

wip(x) = ™ € Wy (D, q).

Let (RJr)n =R, X...xR,, and a function xecC I(R") be of the form

x@)=g(ml,-...mal),

where _
(a)geC! ((R+)") NC* ((R4)") be strictly convex and co-finite;
(b) g satisfies the condition

2 A\
det I 5(1) #0,
81‘,‘61‘]' ij=1

&) then

(3.9

(3.10)
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forevery t' € (Ry)";
Then )((77') e C'RMHNC™((Ry)") is a strictly convex, co-finite function on R”, and
a)( (” )5 0,j=1,....n forall 7/ € (R,)". One can see that the mapping

Vy :R)" = Ry

is well defined.

The function y*(x) conjugate to function y(n") is (see [27], p.111) a strictly convex and
co-finite function of the form

X () =g (x1l, e Ixal),

where
’ ) ’ ’ = '
g' @)= sup (-1 —gt)}. 7 €(R,)

ve(®)
is the monotone conjugate function of g(t’). Moreover
(V)™ =V (R - RO 3.11)

Condition 3.10 provides that Vy : (R,)" — (R})",and Vy* : (R.)" — (R,)" are C*—diffeomorphisms.
Let (y), = P +y)2v >0, yeR, and y be of the form (3.9), and satisfy condition
(3.10). We introduce a function v : R**! — R as

(xl >v <xn>v )

)CQ+5""’)C0+5

+ <xl>v <xn>v
(X() +(5)g (xo—_'_é,..., m),

(x0,x") e R™1 6> 0.

v(x) = (xO+5)X*(

=
Il

Note that v € C® (R ).

Let the domain D, be defined by (3.4) and vj,(x) = v(x)+hxo, h < 0. Now we will prove
that Vv, (x) € D,. Indeed, applying (3.3), and (3.5) we obtain

ovp(x) < ov(xo, x)

x1) o 0xo 0xo
X1)y Xn)y _
+(Tl+5"“’m)_271yl “ay; | Gy )T
{5 (.12)
(g" (") -y Vg* ()| (o )= .
y= XQ+0 >t xp+0
-g(Vyg™ x o\ -
87" )1, (6, o)
Further,
Mxo,x) X dgt() e
- (G o)
o (ui), i (5 )
Hence .
v(xo,x")| |98 ()
Fro e |:(<n>v )| (3.13)
X] y] y Xg+0 X0+




84 Ya. Lutsky and V. S. Rabinovich

The monotonic property of g and (3.13) imply that

~8(Ve* )1, (G )

XQ+6 > xg+0

. (3.14)
—8(Vwv(x0,x")) = —x(Vwv(x0, %)) = —x (Vo vp(xo, x"))

Applying formulas (3.12) and (3.14) we obtain

Ovp(x)

Ty < A Twvn(a), xe R

Therefore Vv, (x) € D, for every x € R™! h<0.

Example 3.3. Let
P& =ifo+ D awé" =iky+Qon()

|a|=2m

be a 2m-parabolic polynomial ([9], p.12),m > 1, that is
R(Qom(E)) _

3 =v>0.
f'GR”/{O} |§/| m

Following [4], pp. 39-40 and [5] we introduce the function
Xpo (1) = sup {=R(Qam(& +in"))}.
&'eR?

The function yp, (1) is a convex, continuous, homogeneous of the degree 2m and there
exist positive constants C; and C, such that

2m

Cil [ <xp () < C2 |77'|2m, n eR".

(see [5] ,Theorem 1.1). Moreover ([5], Theorem 1.16) X;() (x") is a convex, co-finite, ho-

mogeneous of the order 2r2n—"_11 function and there exist positive constants ¢ and ¢y, such
that

_2m_ /ﬂ
2m—1 * / 2m—1
<X, () S e

’
c1 |x

Let xp, be of the form (3.9) and the conditions (a), (b) hold. Then the function v defined by
(3.6) is of the form

:XPO (<xl>v""9<xﬂ>v) ECoo(R}l+l)’5>O, (315)

v(x)

(x0 +6) 1

and Vv(x) € O,. Moreover there exist constants y1,y2 >0, y > 0, such that

1[G O™ < 80v(x) < =72 [Gn O™ + F (3.16)

and for every multi-index «

109 (D, (0))| < Ca [Gn D",

e 3.17
3 (Vv ()] < Coin () ©17)
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J # 4
where g, (x) = (1 + %)2’"" if m>landq(x)=q(x)=1+ % Hence the weight function
wi(x) = "9 € Wo, (D, Gm), h < 0.

Consider the parabolic symbols of the form

po(é) = iko+alél + ...+ €™,

In this case (see [5])
x() = a(n% +o )" meN,

m

)(*(x')=cm(x%+...+x,%)m (3.18)
where ¢;;, = a‘ﬁ(zm - 1)(2m)2m—1 ,and

m
(1 +x2 4. +xﬁ)zm’1

v(x) =cp ]
(x0+0)2m—1

Thus wy(x) = "9 € Wo, (D, Gm), h < 0.

3.2 Composition of pseudodifferential operators and exponential weights

Let D be a convex unbounded domain in R". We suppose that O contains the ray

ro={neR"™" 19 =(10,0.....,0), n < 0}.

Definition 3.4. Let a € S™(1,, R T1_), m € R. We say that a € S™(1,,,, R, D) if for
any fixed point x € R’fl the function a(x,£) has an analytic extension with respect to the
variable £ in the tube domain Ty = R” +iD, and for all /;,; € Ny

(@) .
ago (x,& + i)
®B)
{ab, 1, = E sup | ‘Ia’l <00 (3.19)

i n+l m—(ag+ —)
lel<ly,|Bl<l, (X E+HMERY XTD Ay (6,6 b

where ) )
Aoy (6,8 = &0l + ol + &'+ '] +q ().
We denote by OPS ’”(/lq,b,Rﬁ’r“,D) the corresponding class of do’s.

Note that S™(1,5, R, D) € §™(A,, R, T1_) because the ray r_ c D.

Remark 3.5. Since r_ C D, it follows from [27] ( Theorem 8.3) that for each n = (19,7") €
D and h < 0 the point (19 +h,n") € D also. Therefore if a(x,&) € S’"(/lq,b,Rﬁ“,Z)), then
Definitions 2.6 and 3.4 imply that the symbol a(x,&+in) € S m(/lq,h,Rﬁ“,H_) for each
neD.

Theorem 3.6. Let q1,q> € ER™), a € S™(Ay, 5, R, D) and w(x) € Wiy(D,q2) . Then
the operator A,, = wOp(a)w™ € OPSm(/lq,b,RTl,H_) where q = q + g2 and it symbol
ay(x,€) can be represented of the form

aw(x,&) = a(x,&+iVv(x)) + r(x, &), (3.20)
where a(x,&+iVv(x)) € S™(1, 5, RV T1) and r € S™ 5 (1,5, R T1).



86 Ya. Lutsky and V. S. Rabinovich

Proof. Following to the papers [23], see (also [25], [26]) we obtain the representation
Ayu(x) = f d'¢ f e ay(x,y, Hu)dy, ue Cy Ry
Rn+1 RTrl

where ag(x,y,¢) = a(x,& +ig,(x,y)), and

1

a(x,y) = va((l —0)x+0y)do. 3.21)
0

Because the domain D is convex, g,(x,y) € D for every points x,y € R"*!. The operator A,,
can be represented as a ydo of the form

Ayu(x) = f d¢ | eV (x,Euly)dy, ue CP R
R}Hl errl

where
a(x,&) = f ag(x, x +y,é+w)e Y dyd (3.22)
R+ R+

and the double integral is understood as oscillatory (see for instance [14], [15], [26]). The
Lagrange formula imply

ag(X, X +y,£+w) = ag(x, x+y,8) +r(x,y,§,w), (3.23)
where i 1
r(x,y,¢,w) = Z [f O¢,aq(x, X +y,& + tw)dt | w. (3.24)
j=0 L0
It follows from (3.22)- (3.24) that
aw(x,&) = f ag(x, x +y,&)e” Y dyd w + r(x, &), (3.25)
R+l XRTI
where i 1
)= f ri (5 )dr. (3.26)
=00
and
1 j(x,€) = f O, Dy,ag(x, x +y,& + tw)e Y dyd’ w. (3.27)
R”“XRTA

Now, applying the well known properties of the oscillatory integral (see for instance [14],
[15], [26]) we obtain

ag(x,x +9,8e Vdyd w = ag(x,x,&) = a(x,&+iVv(x)) (3.28)

+1 n+l
RMIXRY
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By Definitions 3.1, 3.4 and Remark 3.5
a(x,&+iVv(x)) € Sm(/lq,;,,RTl,H_). (3.29)

For the estimate of the symbol r we use the following regularization of the oscillatory
double integral

rej(x,6) = f Og; Dy ag(x,x+y,&+ tw)e ™ dyd w =

R”HXRTI
2k 2% .
[ o (o)™ (@2 (D) bujry o) e i o, (330)
R”“XR'}:’I
j=1,...n, t€[0.1]
where 2k, 2k, € 2N are large enough, and

bi.j(x,3,€,0) = 0¢; Dy,ap(x, x +y,£ + 1w) =
O, Dy,a(x,& + tw +igy(x, x +)).

In light of (2.1) there exist L such that for every a
|0%g2(x + )| < Caga(x) (W*

Therefore it follows from Definition 3.1 and (3.21) that

1
lgv(x, x+y)l < fIVV(X+9y)Id9S Cqa(x) (M
0

for some constants C and L.
Applying estimates (3.1) (3.2) and (3.29) we obtain

2k 2k
02 (D)™ {2 (D) byt <
C/l%b (x’f)m—% <y>L|m—%|—2k1 <w>b|m—%|—2k2
Let 2k; > Llm—L|+n, 2k» > b|m— £|+n, then (3.26) and (3.30) imply that
1
r(x, )] < Cagp (x,6)" 7.

In the same way we obtain the estimates

']
b

grxé )| < Coplg(x) + Kol + JENy" 7105

Hence Remark 3.5 implies that r € Sm_%(/lq,b,Rﬁ“,H_). Hence (3.25), (3.28) and (3.29)
imply that (3.20) holds and A,, € OPS™(1,,, R 1, TL). O

Remark 3.7. Let a € Sm(R’fr“,/lq,b), m > 0 be a polynomial with respect to the variable
&. Then representation (3.20) holds for every weight w(x) = expv(x) if Vv(x) satisfies
estimates (3.1) and (3.2).
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3.3 Invertibility of parabolic pseudodifferntial operators in exponential weighted
spaces

Let w be a weight. We denote by Hg(/lq,b,RTl,w) the weighted Sobolev space with the
norm

”u“Hg(/lq,b,R’i“,w) = ||WM||H(§(Aq.b,IRﬁ+1)'
Let
wi(x) = ) = TRy — (x5, x') R, B <0. (3.31)

Proposition 3.8. Let the conditions of Theorem 3.6 be fulfilled. Then the operator
Op(a) : Hy(Agp, RET W) = HY ™ (405, R wy) (3.32)
is bounded for every h < 0.
This proposition is a corollary of Theorem 3.6 and Proposition 2.9.

Theorem 3.9. Let the conditions of Theorem 3.6 be fulfilled, and

. . |a(x, &0 + (0, v(x) + ), & +iV v (x))|
lim inf — > 0.
h==00 (x£)eR xR+1 Ay n(%:8)

(3.33)
Then for every s € R there exists hy = ho (s) < 0 such that for all h < hy operator (3.32) is
invertible.
Proof. The invertibility of (3.32) is equivalent to the invertibility of the operator

Op(ay) = wOp(a@w™" : Hy(gp, R, e"0) — HS™(,5,RETL, M), (3.34)
It follows from (3.20) that

ay(x,&) = a(x,& +iVv(x)) +r(x,8),

where r(x,£) € S m=j (/lq,b,Rﬁ“,H_). Therefore

. . Ir(x, &0 +ih, &)
lim inf ——— =0
h——00 (1 £)eRM! xR+ /lq,b,h(x’ é—‘)
and applying condition (3.33) we obtain
&
lim  gnf Dl r N,

h——c (X,{")ERTIXR’”' /lf]yfb,h(x’f)

Hence by Theorem 2.11 the operator (3.34) is invertible for all A < —hy where |hg| > O is
large enough. O

Now we apply the previous results for exponential estimates of fundamental solutions
of differential operators.

We recall that a distribution gy (x) (€ S'(R™1Y) is called a fundamental solution of a
differential operator a(x, D) if

a(x,D)gy(x) = 5(x~y),x = (x0,x), ¥y = (yo,)') € R™*!

where ¢ is the Dirac distribution.
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Theorem 3.10. Let a differential operator a(x,D) € OPS k(/lql,b,R’fl,Z)), s> %, and the

conditions of Theorem 3.9 be fulfilled. Then there exists hyg < 0 such that the differential
operator a(x,D) has an unique fundamental solution gy in the space H S+k(/lq,b,R”+] SWh)
where wy, € Wi(D,q2) and h < hy.

Proof. Easy calculations show that 6(-—y) € H; S(/lq,b,R"“,wh) if s> %. Hence Theorem
3.9 yields that g, € Hy*"* (2, R, wy) for every y € R if s> 22 and h < ho. O

4 Parabolic differential operators in general exponential weighted
spaces

4.1 Convex functions corresponding to parabolic differential operators

Let po(x, D) differential operator of the form

po(x, D) = iDg + Qz(x,D") 4.1)
with symbol
po(x,€) = io+ Qom(x,&") (4.2)
where
Oan(5,8)= ) aa(0E"™, (4.3)
|a|=2m

We suppose that the coefficients a, € CZ"(R”“) the class of functions in C*(R"*!) bounded
with all their partial derivatives.

We suppose that the differential operator po(x,D) is uniformly parabolic. It implies
([9], p.74) that there exists a constant v > 0 such that

inf QO 4.4)
XeR", £€RM /{0) &2

For every fixed x € R"*! we introduce the function

Xpo (x.1) = ;uﬂgn {=R(Qom(x,&" +in")}, . 4.5)

It follows from Example 3.3) the function y,, (x,7’) is a convex continuous and homoge-
neous of the degree 2m with respect to i’ € R” for every fixed x € R"*!. Moreover there
exist constants C;(x) > C? >0, j=1,2 such that

Cl@ " <xpo (x') < Co ' [ € R (4.6)

We set
Xpo (') = sup xp, (x,77'). 4.7

n+1
x€RY
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Lemma 4.1. Let the polynomial Qy,,(x,&") satisfy condition (4.4). Then
a) xp, (") is a convex continuous and homogeneous of order 2m function,
b) there exist positive constants d| and d, such that

di 7" < xpo () < da ||, 0 € R 4.8)

2m
2m—1

c) X;;o (") is a convex, continuous, homogeneous of the order function, and there

exist positive constants ¢y and ¢y such that

2m

c1 |x"2’2"7lfl <Xp, (M) <2 |x’|2'"7l , ¥ €R" (4.9)

Proof. a) It follows from [27] (Theorem 5.5) that the function y, is a convex, homogeneous
of the order 2m function, and (4.8) holds. Further, we will prove that y, is a finite on R"
function. It implies (see [27], Corollary10.1.1) that y, is a continuous function. Indeed, it
follows from 2m—homogeneity of Qo (x,&’), with respect to & that

2m—|x’|

, (5,&) R XR" (4.10)

D Qo (.8 < Gy ||

for all multi-indices x». Then applying the decomposition of Q(x,&’ +in’) for fixed ” € R?
in the Taylor’s series

oy 1 0*Qom(x,&")

Qom(x, & +in') = Z ol ogr

0<x|<2m —°

(in')*
and condition (4.4) we obtain

Oom(x,&" +in') = Qom(x,E)(1+G(x,€ 1))

where G(x,£&’,n) is such that for every n’ € R”
Jim Geg'm)=0

uniformly with respect to x € R"*!. It yields that there exist R = R(57’) and 6 = 6(57') > 0
such that

R(Qom(x, & +in')) 26

for all & : |¢'| > R and for all x € x € R,

sup  {-R(Qam(x,& +in'))} <0
(&1 [2R)

Since y p, (x,n") is a positive function, there exists constant K (1) such that

Xpo (7)) = sup  {-R(Qow (x,& +in)} <K ('), Vx eR"!
{&:1¢'1<R)

Hence applying (4.7)we obtain that y,, (") < oo, for every " € R".
b) Because y is a continuous homogeneous function of the degree 2m on R”" the restric-
tion of y |g»-11s a continuous function. Hence there exist constants dj,d; such that

i [ <xpo 1) < ol [, o € R @.11)
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Further by the definition of y,, (1) and formula (4.6) we obtain that for every fixed point
X0 € RT'I

’ ’ /2
Xpo (1) 2 xpo (x0,7) > C1(x0) 17| "

where C1(xp) > 0. Hence d; > 0.
Assertion ¢) follows from [27] (Corollary 15.3.1), (4.8), (3.18), and ([27], p.104): the
inequality f; < f> implies the inequality £ < f}". |

Remark 4.2. a) Let

Dy, (1) = {(no,n’) eR™! 1 mo < —xp, (x, n’)}

and
Dy, = (0.1 €R™ 2 g < —xp, (1)} (4.12)
Then
Dy = ﬂ Dy, (2:10)- (4.13)
xeR+!

b) Note that for every point n = (19,7") € EXPO\{O} and for every € € (0,1) the point
(eno,en’) € Dy, -

It is easy to prove the following Lemma.

Lemma 4.3. Let operator (4.1) be uniformly 2m— parabolic. Then for any € € [0, 1) there
exists a constant C = C () such that the follows inequality holds

Ipo e+l = C ol + ol + "+ g ) (4.14)

where (x,&+in) € Q. X Tﬁ( holds.
Po

4.2 Invertibility of parabolic differential operators in exponential weighted
spaces

We consider the differential operator of the form

peD)=dy+ . aw(®)D +b(x), (4.15)

0<|a’|<2m

with symbol
P =igo+ Y| aw®E’+b(x).

0<|e’|<2m
As above (see (4.1)-(4.3)) we set
Po(tE) = iEo+ Y aw(VEY = ifo+ Qan(x,€). (4.16)
la’|=2m

We say that a polynomial of the form (4.15) belongs to the class >, (q1), where q; €
E (R””) if the following conditions holds:
(1) po(x,D) is uniformly 2m— parabolic (see (4.4));
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(2) aq € CRRY);

(3) b e C=(R™1),
b))
Jnf 5 =bo>0. (4.17)
and
|06 (x)] < Cpqi () (4.18)

for all multi-indices S.
Remark 4.4. 1t follows from condition (1) and (4.18), that p(x, D) € OPS ! (Agy.2m> R’fl ,P)and
p(x, D) = po(x,D) € OPS 12"y, 5, RIH, D),

for any convex domain D.

Let the function x, be defined by (4.7) and x,) be conjugate for xp,. It follows from
Lemma 4.1, c¢) that the above defined function v is of the form

_ /\/;0 (<X1 >y 3 eeey <-xl’l>v)

v(x) R (4 19)

(X0 + ) 7T

Let
wen(x) = " g€[0,1),h>0.

where v, j, (x) = ev(x) + hxp and v(x) defined by (4.19).

Theorem 4.5. Let p(x,D) € Pop (q1), Wen(X) € (Wzm(Z)XpO Jqm), €€(0,1),h<0and g(x) =
q1 () +[qm (x)]zm . Then for every s € R there exists hy = hg (s) < 0 such that the operator

p(x,D) : Hy(Agom R e (1)) = Hy ™ (Agom R e () (4.20)
is an isomorphism for all h < hy.

Proof. The case € = 0 was studied in Section 2, hence we suppose that € € (0, 1).In light
of Remark 4.4, and Theorem 3.6 to prove the invertibility of operator (4.20) it is enough to
prove the inequality:

|Po(x,&+iV (Ven ()| = Cgompn, (x,€) € RITT xR, 4.21)

with a constant C = C (&) > 0, and

12
Agamn (€)= 1+h+ |+ +q ().

Since wgp(x) € (Wz,n(Z))(p0 ,q) then for every ¢ € (0,1) and & < 0, Remark (4.2) a) implies

that Vv, (x) € Dxpo for every x € R’frl. It follows from estimate (3.16) that dgu (x) < 0, then

Lemma 4.3 yields that

|Po (x,& +iV (ven ()] =
po (x, &0 +i(e(@op (X)) + ), & +igV’ (u(x))))| = 4.22)

2m
B ) (x,€) e RYTI xR,

Ci (h+|fo|+|§'|2"1+[§j§—oi

for some constants C; = C; (¢). Hence (4.17) and (4.22) imply (4.21) O
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As an application of Theorem 4.5 we consider the differential operator

p(x,D) =iDg+ Z aj(x)D?m +a;(x)
1<j<l

Z D?] +b(x) (4.23)
=l

where

min inf a;(x)>0.
=L xR

Note that in the case / = 1 we obtain the operator

n

ZD?] +b(x)

=

p(x,D) = iDo +ay (x)

and in the casel = nwe obtain the operator

p(x,D) = iDg + Zaj(x)Dﬁm +b(x).
=1

It follows from [5] ( p.528) that for every fixed x € Rﬁ“

Xpo (&)= ) @@ +a‘z<x)[2n§] ,

1<j<l
where

1-2m
aj(x) = aj(x)(sin ) ,j=0,...,L

T
2(2m—1)

We introduce the function

m
n
Xpo (1) = sup xp, (x,77) = Z am" +ay [Z ’ﬁ] ;

xeRy! 1<j<l =l
where
aj= sup a;j(x), j=0,...,L
xeRH!
Then
2m
2m n 2m-1
£ 0 I\ * 2m-T * 2
X' (= Zaj|xj +al+1[2xj
0<j<l j=l
where
e 25
* ~ \1-2m = .
a;=(a)™" @m-1)@Em™", j=0,....1
and

1 T 2m n 2m=1
2m—1 * 2 n+1
v(x) = E ag7<x'> +a;, |1+ E X , xeRMT,
(X0+d) AN 1+1 J +

0<j<l
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Theorem 4.6. Let c€[0,1), h <0, and
,12m
Agom (6,6) = L+ |&| + €™ +q(x)

where q(x) = q1 (X) + [ (x)]zm. Then:

a) for every s € R there exists hy = ho(s) < 0 such that the operator p(x,D) defined
by formula (4.23) is invertible from HS(/lqﬁzm,RTl,wg,h) into Hs_l(/lq,RTl,w&h) for all
h< ho;

b)if s> % then there exists hg = hy(s) < 0 such that p(x,D) has the unique funda-
mental solution g, € Ha”l(/lq,zm,R”“,wg,h) where we p, (x) € (WZm(D,\/m Jqm) and h < hy.
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