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Abstract

Instead of using white noise analysis, we use abstract Wiener measure to define the
Chern-Simons path integral over R3. One rigorous and the other, not so rigorous, def-
initions will be given. The latter will be used to compute the Wilson Loop observable
in the abelian case, which gives us the linking number of a link.
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1 Introduction

Witten in his paper [4] showed that the Chern-Simons path integral can be used to obtain
knot polynomials in a 3-manifold. The authors in [1] used white noise analysis to make
sense of the path integral Equation (2.2) on R3. They began with a Hilbert space, consisting
of L? functions. Using Minlos theorem, they complete this space, using a sequence of
inner products, to define a (Gaussian) probability space E* consisting of distributions and
L?*(‘E*,u). The Chern-Simons path integral is now realized as a distribution acting on test
functions contained in L?(‘E*, u).

A similar approach was adapted by Hahn in [3]. Furthermore, he computed the Wilson
Loop observables Equation (3.1) for the abelian and non-abelian gauge group. When the
gauge group is abelian, the theory agrees very well with the known knot literature. For the
non-abelian gauge group, there is a slight discrepancy.

More recently, the authors in [9] defined the Chern-Simons integral on a 3-manifold
using Wiener measure.

Before we begin on the math proper, we will use the following notation, to make the
writing easier. This is helpful when the reader encounters unfamiliar notation used in this
article.

*E-mail address: adrian.lim@uni.lu
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Notation 1.1. (Ser Notation.) For any vector space S, S will denote the direct product S x S.
§ will denote an element in S, written as (s4,5_). Addition will be component-wise addition.
Define a product, §x ii := (s,ut,s_u"), € R? and ii € S. + as superscript or subscript
do not make any significant difference.

Given a Hilbert space (H,(-,-)), consider the direct product H := H x H. An element
in H is usually denoted by u and an element in H x H is always denoted by a 2- component
vector, ii. Let P*:H xH — H (P~ : Hx H — H) denote the projection onto the first
(second) component.

Let P: H x H — H x H be an orthogonal projection. Let Q- = P*P:H xH — H
denote the composition of 2 projections and let Ay = Q1 (H x H) denote the range of Q.
Note that Ay is a subspace in H. Define for each orthogonal projection P, an orthogonal
projection P! whose range is equal to (A, ®A_) x (AL ®A_), a subspace inside H x H.

The inner product (-,-) is extended to an inner product, {{-,-)) on the direct product by

(((A1+B1),A2+Bo)) := (A1,A2) + (B1,B2).

Givenii = (uy,u_) € H x H, denote (ii); == (uy,u_).

The standard coordinates on R3 will be denoted by x = (xq,X1,x2).

My (C) will denote the vector space of N x N matrices with complex entries. A* will
denote its hermitian conjugate of A. AT will denote the transpose. Tr will denote the matrix
trace.

Ok will always denote a 1,2 or 3 dimensional Gaussian density function with mean 0
and variance 1/x* and ¢; = k/(8%), ¢y := k/27.

Remark 1.1. There is a dependence on K in most of the definitions in this article. To simplify
the notation, reference to ¥ is omitted in most of the definitions, but the reader should bear
in mind that there is a K dependence in the definitions used.

2 Chern-Simons Path Integral

Only for this section of this article, we will set Kk = V2.

Let E be a trivial bundle over R? and G a (compact) connected Lie subgroup of U(N),
N € N. Denote the Lie algebra of G by g and identify g with the Lie subalgebra of the Lie
algebra u(N) of U(N).

Remark 2.1. In general, given A,B € g, (A,B) = —Tr[AB] is degenerate. However, if g is
semisimple, then this bilinear form is non-degenerate.

Let x = (xg,x1,x2) be the usual coordinates on R3. The Chern-Simons action is given
by

2
CS(A) = %/}RSTr[A/\dA—i—gA/\A/\A] dvolgs, k # 0. 2.1)

A is a connection on R3, which decays to 0 fast enough for it to be integrable on R3.
Now, we want to make sense of an expression

Zes = / &CSAIpA. (2.2)
Aed
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Here, <7 is the space of g-valued connections on the bundle E and DA is some heuristic
Lebesgue measure on .7
Every connection over R? can be gauge transformed into the form

A = apdxy+ adx,
where ag and a; are g-valued functions over R* and
aj (XO,)C],O) = 07 ao(x0,0,0) =0. (2.3)

This is called Axial gauge fixing in [3]. Assume agp and a; are smooth and decay fast enough
for the integral to be defined.

With this gauge the cubic term in the action drops out and we are left with (Dot means
matrix multiplication.)

2
2(:',1 /R3 Tr[aza() ay—ap- azal]dVOIR3, Gl = % = ;g (2.4)
Consider the Schwartz space S(R%), with the Gaussian measure Oy, /g (x) = e < /4 (12 /27)3/4,

e
ay(x) =x2p—(x) - /O« (x) will satisfy Equation (2.3). Write ap(x) = p+(x) - /O (x). p+ are
g-valued, with each component being a polynomial over R>.

Let T := x,0; and define an inner product

(ax= () i ABECT(R = g) x C(R = g) = ¢ | Tr(AB)dudvolgs.
R.
Then Equation (2.4) becomes

<x282P+7P7> - <p+>p*> - <p+’x282p*>
=(tpy+1p_,p-—py)—(py,p-) + (TP, py) — (P, p-). (2.5)

Now, let a* = —0d, +x3, a = 0 +x2. Apply 2xy = (x +y)? — x> —y* + [x,y], 2T =
260007 =a*— 3 —x3— 1 =a* - 2% +a*a.
Now, 20, =a—a*:=a ,2xs =a+a* :=a". Let

Define

F(p) :==(2u(ps+p-),p- —pP+) = 2(ps,p-) + {Lp+,p+) — (Lp-,p-).
Then, Equation (2.5) becomes F(p) + (a*ap,p+) — (a*ap—,p—), which is equal to
—CS(A).
The idea now is to split the expression into

/ﬂﬁ e_iF(ﬁ)e—K+(a*ap+7P+>—K—<a*“p*7p*>Dp+Dp7,
[)659 (R’;)

for x; > 0 and then do an analytic continuation, followed by x; — i and Kk_ — —i.
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For ¥ = (k,K_),

A}ﬁexp[—m (a*apy,p+) —x-(a*ap—,p-)|DpiDp-

should be interpreted as a product of 2 infinite dimensional Gaussian measure, with vari-
ances Kjrl and x~! respectively and 1 /Ny is some normalization constant. Such a measure
does not exists on C*(R?); one has to complete the space to define a sensible Gaussian
measure.

The (physicists) Hermite polynomials {;};>o form an orthogonal basis on L?(R,u)
with the Gaussian measure du(x) = e*xzdx/ \/%. The operators a* and a are the familiar
raising and lowering operators, i.e. a*h, = h,4 and ah,, = h,_,. The operator a*a is the
Hamiltonian operator, a*ah, = nh,,.

There is a unitary isomorphism from L(R, u) — L?(C, e dxdp /T), given by the stan-
dard Geometric Quantization of the Harmonic Oscillator, which is also the Segal-Barmann
transform. Using Kahler polarization, the Quantum Hilbert space is the space of Holomor-
phic functions integrable with respect to e*‘z‘zdxdp/ T, z = x+ip. The quantized Hamil-
tonian is zd, and the orthonormal basis is {z"/v/n!}*_,. Note that Q : h,\/§1/v/2"n! —
7"/v/n! and Q : a*a — 7., is a unitary isomorphism.

Notation 2.1. For integers i,j,k > 0, p, will denote the triple (i, j,k) with i+ j+k=r.
prl:=1ijk! and p.!% := p,'k. (Note the extra k factor.) For z = (20,21,22) € C3, zPr =
ZBZ{Z’E. P, will denote the set of all such triples, i.e.

P ={(i,j,k)| i+ j+k=r}.

Let P =~ P

There is an ordering which we will adopt in the rest of the article. We will write p, < p,,
if in the order of priority, r <7/, followed by i <7, j < j and k < k'. H, precedes before
Hy,, if pr < py. Hp, will be defined shortly.

Definition 2.2. Let S3(R%) = S(R?) ® g. Define Sy(R?) 22 54(R?) x S4(R?) to be the
Schwartz space of all g x g-valued functions over R?, and denote the extension of (a*a-, )4«
to the direct sum as ((-,-)),, dropping the dependence on ¥ for ease of notation and let H'
be the Hilbert space using this inner product. The norm is denoted by || - ||1:= \/{{a*a-,")),.
We will let H! denote the Hilbert space containing .S;(R?) using the inner product {(a*a-, ) g .

Remark 2.3. Tn order for ((a*a-,-)), to qualify to be an inner product on H', we only
consider polynomials which vanish at x, = 0.

Let {E;;} be an orthonormal basis for g x g, using —Tr extended to the direct sum.
Let H,p, (x) := hi(x0)h(x1)he(x2) be a product of Hermite polynomials and H,,, will denote
H,, /\/2"p,"*. Here, H,, is normalized. Consider the tensor product set

U{Qfl/zﬁpr Oc: pr € B} @{E;;},
r=0

which forms an orthonormal basis for H'. Order this basis according to the ordering on p,.

Given ii € H!, write /
S G 1/2 4
=YYy ok,
proij
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and

((a*aii,ii)), = Y. Y e, e = (c)*.

pr ij
Definition 2.4.
1. Let F be a partial ordered set of finite dimensional orthogonal projections onto H',

ie. P> Qif QH' C PH'. Similarly let G be a partial ordered set of finite dimensional
orthogonal projections onto H'.

2. Let P € G. Given any Borel subset ' C PH', define for x > 0,

12
pe(ve P (F) = (5) [ e ay 2.6)

where [ is the dimension of PH'.

3. Let P=P" x P~ € F. Let F € PH' be a measurable set, such that F = F X F_,
F. C PH'. Define for ¥,

pp (x € PY(F)) = e, (xe PH(F})) xpe (x€PTI(F))

KNI /2 s1e N1-/2 . .
=) Ga) e MR 2y dy @)
27 27 yL€F,y_€F.
where /. is the dimension of P*H!.

4. Let D* denote the Borel c-algebra in PXH!, P* € G. Let P=P" x P~ and F C
PH' be in the c-algebra generated by D" x D~. Extend yg to be defined on the
measurable set F.

5. A semi-norm || - || in A" is called measurable if for every & > 0, there exists a Py € F
such that
(|l Px|>e) <e

forallP 1 Pyand P € F.

As explained in [2], this does not define a measure on H'. To define a Gaussian measure,
one has to complete H' into a Banach space B, using any measurable norm || - ||, defined as

follows. We will use Q : g;l/zflpr 2P [\/plx. Forany i =Y, cp ¥ c;f,gfl/zlflp, QE;; €
H'., 0 maps it to a g¢c x ge-valued function on C? by replacing each g;l/zﬁpr by 277 /\/prl*.
Note that 7’7 = zf)z{zlg, pr = (i, J,k). The sesquilinear complex inner product on gc-valued
functions over C? is given by

<Zpr ®Eij7zpr/ ®Ei’j’>

1 —
= — Tr[EijEi/j/] E /C'3 ZZaZZZPr . Zp;-/e_‘Z%‘_‘Zl |2_‘Z2|2dedp0dxldpldedp2'

Note that z; = x; +ip; and Z; means complex conjugate. We will use the same symbol H'
to denote the Hilbert space of gc x gc-valued functions over C3.
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Definition 2.5. (Measurable norm)
Leti=%,;Y,Y, 2" /\/p,'*. Introduce a norm by setting

li=sup sup YY)

ij ZEB(O 1/2 r pr
B(0,1/2) is the ball with radius 1/2, center 0 in C.
Proposition 2.6. The norm || - || is measurable.

Proof. Lete >0and A = A{k;,k_}. Choose a N large such that -y n*2™" < Ae* and let
P, be a finite dimensional orthogonal projection onto the span of {z”” ® E;; : r < N};;. Let
V be a finite dimensional subspace in the complement of the range of P, and let {B;,...3;}
be an orthonormal basis for V, using ((-,-));. Let P denote the projection onto V. Now,
there are at most n? triple (i, j,k) with i + j+k = n. It is possible to write each basis vector

as
Bo= Y ap’s"/\/plx®Ey,

przqs

with g1 < g2 < ... < ¢; and each ¢, is a triple (i, j,k) with i+ j+k > N.

Any projected vector Px can be written as Px = Y. ¢s(x)Bs. By definition (See Equation
(2.7).), ¢s(+) - H' — R is a Gaussian random variable with variance 1 /K+. Let E denote the
expectation of / independent standard Gaussian random variables. Then

(|| Px || > €) =ug (Sup sup Y Y \csaﬁfgs\lzp’!>8>

ij z€B(0,1/2) s p,>gq;

<Xsup sup ZZE\ca’HHsz!« sp YE Y [

€ ij 2€B(0,1/2)5 pi>g, €B(0,1/2)"5 Pr>gs

_}\‘ Zn22 < €.

n>N
O

Complete H' into a Banach space B!, and forms a triple, an abstract Wiener space in
the sense of Gross. Thus, (i, H', B') forms an abstract Wiener space. Identify y € B!»*
H' C B' with an element in H! and denote the pairing ((#,)); = ¥(i#). Here, y € B'*.

Definition 2.7. (Gaussian measure on Abstract Wiener Space)

1. Define fiz, a measure on B! with covariance ¥, by

me{ie B (@50 (@) ) €F =i B (@500 (G5), ) €F .

The ¥,’s are in B!~

2. {ﬁe B (((ﬁ,j}'l))l,...,((ﬁ,f}n))l) € F} is called a cylinder set in B'. Let R be

the collection of cylinder sets in B
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Remark 2.8. 1. It was shown by Gross that fi; is 6-additive in the o-field generated by
K-
2. Extend fiz over the Borel field of Bl
3. It can be shown that the o-field generated by K, is equal to the Borel field of B

Now, any i € B! can be written as i = YiiXp, cp,zp’/\/pr'* ®EU, convergence in
the sense of || - ||. The space B! can be described explicitly. Let H. = H' ®g C and
%([l:’* = Bl ®rC.

Proposition 2.9. For w € C, define y(w) : ii € B'  ii(w). Then x(w) is in @é*

Proof. Let R > 2|w|. Choose M > 0 such that for all r > M, R" < /|(r/3)]!. Then,

1
|<sup Zc”w”’/\/p,‘* <RMsupZZ] ( )
ij r<M p, prlx
Rr
+ ) sup ]c ( )
rg/[ ij ; \% pr!*
<RM+1) i . (2.8)
This shows that x(w) : & — i(w) is a bounded complex functional on B'. O

Proposition 2.10. The support of iz is on continuous gc X gc-valued functions on C3.

Proof. Fix awy = (xo,x1,x2). Now for any w, ii(wo+w) —ii(wo) = (i@, x(wo +w) —x(wo))
for ii € B'. From Equation (2.8), it is clear that () is continuous at O using the operator
norm.

Fixazo#0Oandlet |z0| <R. LetD ={z€ C:|z—z0| < R/4} C C and ybe the boundary
of D. By Cauchy integral formula,

n

y<Z—20

Thus, for z; close to zg,

Z_Z
4= \/ ‘ 0) d]szn<2R><2R+1>"rzl—zOr.
(z—z1)(z—20)

Thus, if write p, = (ng,n1,nz) and w+wo = (¥o,y1,y2), then

[(w-Hwo)Pr —wh'| = | (" — ¥ x5 4 00 (6] = Y1)+ ygoy ! (52 — 52|
< 3(|lw—+wo| + [wo|)2"(Jlw + wol| + [wo|)"|w + wo — wo|. (2.9)

Leti =YY, | \wPr /T ® E;j. From Equation (2.9), choose R > 0 such that

[(w +wo)?r —wi'| < R'[wl
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for all w € B(wg,2|wp|). Then, if € < |wy|,

. . (w4 wo)Pr—whr
sup |i#(w+wo) —ii(wo)| < sup NZsup e} |
weB(0,€) weB(0,€) ij ; b VDrlx
1, 2"R"|w|
< sup N?supY —|c¥/
weB(0,€) ij ; 2r b Vv Prl*

<c(wo)-e | i |

for some constant c¢(wy).
Thus for any € > 0,

/?tr<< sup Iﬁ(wO+W)—ﬁ(WO)|>8>=ﬂr<< sup (ﬁaX(WO+W)_X(WO))‘>8>

weB(wo,1/k) weB(wo,1/k)

~ c{wo -
< (G pane) — o

as k goes to infinity. Let

Ex={ii: sup |(id,x(wo+w)—x(wo))| > e}
WEB(wo,1/k)

Choose an increasing subsequence {r};>_, in N such that Y fi(E,,) < co. Then, by the
choice of ry, Y4 fi(Ey, ) < oo and hence by the Borel Cantelli Lemma,

o oo

NUE,

q=1p=q
has probability 0. Hence with probability 1, for each i, there exists a r¢ (i) such that

sup  |u@(wo+w)—ii(wo)| <Ee.
weB(wo,1/rx)

O

Any i € B! in the support of fiy is continuous. Since it is actually given by a power
series, by Morera’s Theorem, it is analytic in each of its variable. Hence, the support of i
in the Banach space B is the space of entire ((gc X gc)-valued) functions on C3.

Now, the problem is to interpret F on @L x Bl . Recall Q: gfl/ ZI:Ipr — 277 [\/prlx.
Under this map Q,

av 0,, a*— 2z, T 822 —2(z2 +az2)2 +220;,

and

(azz + Z2)2

— 5

These operations make sense on holomorphic functions. The problem is that the holomor-
phic functions are not integrable with respect to Gaussian measure.

L|—>8§2—
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Write
H(p,q)=p+allP=IlpIP=lql?)/2

Then F is extended to F,
F(p) = (2v(pa+pp), pp— Pa) —H (Pa, pp) +H (Lpa; Pa) — 7 (Lpp, pp), P = (Pas P)-

Given a continuous function G : &/ — R, suppose it has a continuous extension G :
B! - R.

Definition 2.11. (First definition for Chern-Simons path integral)
The CS path integral, is now interpreted as

1 i 1 - -
I G(A)elCS(A)DA — lim _ . G(ﬁ)e_lF(u)dﬂf((ﬁ), (210)
Zcs Jaeo Ky —i, K_—>—iZk» e B!
Zz is defined as
Zeim lm [T
Ky—i, Ko——I Jjepl

Remark 2.12. It is not at all clear that such an analytic continuation exists in this definition.
We will not address this issue, as in the rest of this article, we will not use this definition at
all. Instead, we will give an alternative definition, based on the approach used in [1].

3 Wilson Loop Observables

Note that for the rest of this article, k > 0 is allowed to vary.
Let G be a Lie group. Let {px} be any set of finite dimensional representations of G.
The interest in Chern-Simons path integrals is the evaluation of

. 1 ! .
Z(R*,Cpisq) == Zes /A WHW(Ck,pk;q)e’CS“)DA, 3.1)
< k=1

where L = {C*}; is a link in R? with non-intersecting (closed) curves C* and

W (C*,pi;q)(A) := Trp, T exp [q/CkAidxi] . (3.2)

Here, Trp, is the matrix trace in the representation p; and 7 is the time ordering operator.
W(C*,pi;q)(A) is the holonomy operator of A, computed along the loop C*. The integral
in Equation (3.1) will be known as the Wilson Loop observable (associated to the link L). ¢
will be called the charge of the link. When L consists of only one curve, the link is termed
a knot. We will write Z(R?,L;q) = Z(R3,C', p; q), when p; = p for some representation p.

When L is empty, then Z(R3,0;¢) = 1. The completion of H' is the space of 2-tuple
entire (gc X gc-valued) functions on C3, which defines a space of 2-tuple C”(R3) (gc X gc-
valued) functions, i.e.

AeB = Alp € (C*(RY) ®gc) x (C*(BY) @ gc).
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Using the canonical embedding of R? into C3, we could use Equation (3.2) to define a
function on B! and this would give rigorous meaning to Equation (3.1).

There is a second approach to define Zcg, which was used in both [1] and [3]. Continue
the same setting as from the previous section. From Equation (2.4), an integration by parts

gives,
K

—go/ Tr [ag - d2a1]dvolgs, Go = —. (3.3)
R3 21

Define (A, B)o := —¢o [ Tr[AB]dvolgs and (H?, (-,-)) = H := L%(R3,V01R3), the Hilbert
space of g-valued, integrable functions. The Schwartz space S(R?) ® g is dense inside H°
and thus {¢, 1/2 H, O} p,cr @ {E;;} forms an orthonormal basis.

Remark 3.1. Let Hp,, /\/p,! be the normalized Hermite polynomials with respect to the
Gaussian measure e~ (Wl +li*+1)/2 /(07)3/2gx0dx, dx,. Thus,

g(;l/zH XO,X] x2 V q) _g() S12 H KXO,K'Xl,KX'Z V q)K/ V Pr

Making use of Equation (2.3), let f; = dya;. If i = (ap, f1), then the Chern-Simons
path integral is defined as

lim [ i@ 5 {(E10) )~ 2<<ﬁﬁ>>0Da0Df1 (3.4)
0—iJiicS, (R3)

Define A°, the completion of Sy(R?) using ({-,-)),, using the same symbol to denote
the space of gc x gc-valued functions over C3. Define a Gaussian measure g on PH" for
any P € ¥ as in Equation (2.7). Define || - |[o:= /((,-)), and complete the space into B0
using a measurable norm as before and define a Gaussian measure fig on B°. Denote the
paring ((¥,i))o := y(ii) € R for y € B+,

To make sense of (i) + ((i,i)),/2 on B°, one can define it using polarization and
hence define a measure on B°. However, in this case, we will use a different approach.

Definition 3.2. Let 6 > 0.

1. Suppose F : (0,€) — C. Do an analytic continuation on F and write /' : U C C — C
for some open and connected set U. Suppose i € U. We will write

limF(0) = F(i).

0—1i

2. Let P € ¥, the set of finite dimensional orthogonal projections and let {€ ¢,é_ x }«
be an orthonormal basis in P*H°. Let yi" = ({-,é4 x)), be the coordinates with respect
to &1 . Let the dimension of P*H be 21.

3. Foreachk, ¥ = (v ,y; ) € R%. Let | -| be the Euclidean distance norm in R?. Define
foreach P € 7,

N PP T
Z(P*,0) = <27t> /Rz[ o/ The1 O+ 3 9l o= § Xy el [Ty ave

and Z(P%,i) = limg_; F ().
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4. For any continuous cylinder function G € C(PI_-i 0_, R), define
, I
G{Mie1) =G| Yyiein+yie-x |-
k=1

5. For any continuous cylinder function G € C(PH? — R), let

Z(G,P*,0)
1 9 1/ G({7 )eiZizl@)ﬁ%lﬁ\ze*%ﬂﬂ 5l lild)ﬁdyf (3.5)
" Z(Phe) \2n RY k=1 il k %Yk - .

Proposition 3.3. Ler P!, Q" € F be orthogonal.
1. Z(P*+ Q% 8) = Z(P%,08)Z(0",0).
2. Foreach® >0, Z(P%,0) = (1/1/1—2i/6)'. | was defined in Item 2 in Definition 3.2.

3. For each © > 0, there exists a complex measure Vg such that [._z, G(ii)dve(ii) is
given by Equation (3.5) for any cylinder function. Furthermore, |Vg| is a probability

measure on BY.

4. Let§=(s",s")eRYandii= (u",u~) € B C H C B". Define a product § x ii :=
(sTu™,s"u"). The Fourier transform of Vg is given by

SVG(S+M+,S7M7) :[ ei(('jXﬁ))Odve
B
_ —i(s*u* + S7u7)2/262 L (s Ut s 20 2)
—=exp ( 1— (21/6) e 26 . (36)

The RHS can be analytically extended to over C/{0,2i} and thus

lim Fve (¥ x ) = e iy (3.7)
—1
Remark 3.4. 1. If one is interested in only the moment generating function, then
- i(stut +s u)%/202 | (22 2,2
((~,s><u))0dV _ l(S u'ts u ) / 56 (s 2ut s %u2)
/nge ) exp( =216 e
and
lim Fve (¥ x ) = !5 H)s (3.8)
—1

2. Compare the result of [4] in Proposition 3.3 with Equation (2.5.3) in [1], it appears
we are off by a minus sign. However, note that the L? inner product used in that
article is negative of the one used here.

Proof. 1. Ttfollows from (ii +V); = (id); + (V);, i € P* and V € OF.
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2. The integral

0

Zizﬁ

/]R2 eixy+i(x2+y2)/2679(x2+y2)/2dxdy _ IE[ez‘Zz/G]7 7~ N(O, 1).
But N? ~ 2, and the characteristic function E[ei’Nz] =1/v1-2it. Thus,z=1//1—-2i/8
and hence the result follows from [1].

3. LetI': G € Lz(%o7 fie) — Z(G,P*,8) € R for any bounded continuous cylinder func-
tion G. [1] says that for any cylinder function G, Z(G,P*,0) is well defined for any
PH® such that G is defined on. Since cylinder functions are dense, this linear func-
tional I" can be extended to all of L2(%0,i:{9). From Equation (3.5), I" has operator
norm 1, using the L? norm on L?( @0,[19). By Riesz representation theorem, there
exists a complex valued function Ye, |Ye| = 1 such that I'(G) = [5, GYedle.

4. SetsT =5~ = 1. Note that ¢/{(-#)0 is a cylinder function on P?H®, where P is projec-
tion onto . First assume that P* = P, i.e. il = (u*e,u"e), u™,u~ € R and e is a unit
vector in HC. Then, a straight forward computation gives

. TN
i) Y raary g(N+%+%) (a2
/,0 e 0dvg =+/1 ZZ/GE |:e 20 " V28 e (26 6 ,

B

N is the standard normal distribution. The quantity Q = (N +A)? is a non-central >
distribution and the characteristic function for Q is given by

A2
€xp <1l}2tit>
V1=2it

Plugin A = i(ut +u~)/v/20,t =1/,

o, —i(ut +u)?/26% -

Observe that uu~ = (ii);. Take the limit as 6 go to i in the sense of Definition 3.2,
we have the result.

Now assume that ii = (u! p,u?p +1q), with p, g orthonormal vectors in H” and u™ 1 €
R. Associate + with 1 and — with 2 for convenience. P is now spanned by
{Pj>qj}i=12, P1,p2 = pand q1,q2 = q. Then it = u' py +u?py + 1.

For any arbitrary vector };0;p; +Bjq; =y € PE, ((y,ii))y = u'oy +uPop +1By. If
w=(u',u?), & = (o, 01) and p= (B1,B2), then the integral becomes

2 - o .
(1-2i/6) 8 / o P (@ /2) =00*/2 g gy / QB Bl B /2) 0B 248 48,
21 R2 R2

Note that (ii); = u'u®. Apply the calculations above, we get the result.
O
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Definition 3.5. (Second definition for Chern-Simons path integral)
Suppose a bounded continuous function G € C(FIO) can be extended to G € L'(B°, jug).
Define the Chern-Simons path integral as,

1 . .
o G(A)eSADA :=lim [ Gadvs. (3.9)
CS JAco/ 6—1i.JBo

The existence of vg was proved in Proposition 3.3.

From Remark 3.4, we note that such an analytic continuation exists, at least for G of the
form ¢/((:)o_j; € BO* C HO C BO. The Chern-Simons path integral is then interpreted as a
linear functional acting on (a possibly subspace of) L!(B°, V).

3.1 Some Important Comments

Definition 3.5 of the Chern-Simons path integral, is not exact. Write d; = a —a*. In terms
of Hermite polynomials, 9, : hy — khy_1 — hxr1. If one does a change of variables, 9, :
a — f1 = dray, then Expression (3.4) should become

1
detd,

/ et 3ED) 0= GEi)o pa D . (3.10)
ieS, (R3)

Of course, detd, does not make sense. It is either O or .

Since we are only interested in defining a probability measure, one can just divide out
this indeterminate. But the problem is that there is no way to rigorously justify this division.
The bottom line is that in the second definition of the path integral is far from exact.

Because of this change of variables formula, the definition of the path integral should
be

s G(A)eS™WDA :=lim | _ G((ao,0; " ar))dve(a). (3.11)
Zcs Jaew 01 JaeB0

and the Fourier transform should yield expli{(uo,d5 'u1))s]. (The adjoint of 3, ' is —9,'.)

Unfortunately, given u; € H 0 85 lul is not in HP.

This change is necessary to get the right knot invariants later on. Actually, one is not
interested in the measure. What one is really after is the Wilson Loop observable. As will
be shown later, it is simply a Fourier transform. But Equation (3.6) is not well defined if we
make this change.

Fortunately, Equations (3.7) and (3.8) are well defined if ((u0,d, 'u1))s = (uo,0; 'uy) is
defined, even though 0, 'y is not in HO. Let us be more precise about this statement. We
mean that
dx;dp; <o

- 2
(u9®A,9; ' u; ® B) := —Tr[AB] /@(uo-az_lul)ze_‘z'zn -
i=0

Here, z = (Z(),Z],Zz) and Zj =Xj —i—ipj.
Therefore, we will make the following definition:

ECS [e((-,fxﬁ))0:| = e*i<s+uo,578271141>7 (312)
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for any (uo,u;) € B%* with (19,05 'up) < oo,

A word of caution: On the space of Hermite polynomials, d, = a —a* and 0, la) =
[ wai(x2)dxy — [T ay(x2)dx;. However, on the space of holomorphic functions, d; +—
0, — z2. The inverse of the operator is (9., —z2) ™'

If (up,uy) € B%* C HY, then u; € H°. Under the map Q~', a; = 0~ 'u; isin L*(R? — g).
If a; is in L>(R3 — g), then

a;lal :/ al(XQ)de—/ al(xz)dxz
is bounded, but unfortunately it is not L? integrable. But,
(ap,d 'ar) :/ ap-9; 'aydvolys < oo,
R3

if ag is L' integrable.

So far, we considered the Lie algebra g as a Lie subalgebra in su(N). One can view it
as a representation of g in u(N). In fact, our method can be generalized to any semisim-
ple Lie algebra, if there is a representation p of g such that the bilinear form (A,B)s :=
—Tr[p(A)p(B)], Tr is the usual matrix trace, is positive and non-degenerate. In this repre-
sentation, (A, B) := —¢y [ Tr[p(A)P(B)]dvolgs, for A,B: R? — g.

Definition 3.6. (Third definition for Chern-Simons path integral)

Let G be any complex (gauge) Lie group for a trivial bundle E. Let p be any finite-
dimensional representation of G, such that the bilinear form (-,-)s defined above is positive
and non-degenerate. Define a bilinear form (-, -) on H" as above. Ifo: B° — R is a bounded
linear functional, define

ESS [e(('vfxq;))o} — e*i<s+<l>o757351¢1>7 (3.13)

§=(st,s7) e R, if

(s0,57 95" 01) < oo.
There is a k dependence in the RHS of the definition, which is not obvious from the notation.
The term 95 ! is actually dependent on k. When the representation is clear, ECS[.] = EG3[]-

Note that e((:5*®)o i in L1 (@30,\79). Similar to Definition 3.5, Eg‘; is viewed as a linear

functional, defined only on a strict subspace of L' (%0,\79). Since we only need Equation
(3.13), we will not find the largest possible subspace in L! (%O,Ve) for which Eg‘% can be
defined on.

For the rest of this article, our Chern-Simons path integral will be computed using
Definition 3.6.

4 Abelian Gauge Group

The next thing we want to compute is the Wilson Loop observables for an abelian gauge
group using Definition 3.6 for Chern-Simons path integral. Write

W(20,21,22) = exp[— (2§ +21 +23)/2], (20,21,22) € C.
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We will write
dx;dp;
T

- 2
(w005 ) = [ (-5 ur)ee

i=0

for ug,u; : C* — C. Here, zj = xj+ip;. We will also write

(.80 = [ S0)gx)dvol.

Here, f,g:RF 5> R, k=1,2,3.

We will work out the case for N = 1 for an abelian gauge group G. Let L = {C*};
be a link, and embed R? into C?. We assume L is smooth and let /¥ : [0,1] — R? be a
parametrization of C¥. We need to do the following 2 scalings:

a The link L in R? C C? is scaled by a factor /2.
b Given d = (ap,a;) € B0, we will scale it by VoV, ¢ i=x/(4V2m).

The reader might question why do we need to make these scaling. These factors are
necessary in order to obtain the knot invariants. With these scaling factors, the holonomy
operator of d computed along the L is given by

—

[TW(C") =exp [q\@Z/ v (aodx0+a1dx1)] , d=(ap,a1) € B
k k ch/2

The map
av— 1/g22/ \|I-(a0dx0+a1dx1)
k ch/z

is linear. Suppose it can be written as d@ — /G ((d,M(L)))o, whereby 1{(L) € B0+ € H° and

((+,-))o is a pairing.
Using Equation (3.13), the Wilson Loop observable, Equation (3.1) now becomes

Z(R?,L) = B [V CAED] = expl—ig’er (n(L)0.d; (L))ol

M(L) = (M(L)o,M(L)1). There is a k dependence on the RHS. We will work out the RHS
explicitly in the following calculations. To obtain the knot invariants, we will have to take

the limit as x goes to infinity.

Lemma 4.1. Continue with the discussion as above. Then,

RGP 1 1 o b
Z(R3,L) = exp [_ = m}; /0 ds /O ar 8 (1351 (1) = 15 (1] 5)|
() (1(R1(5).25 (510 |

with 8 = 8] = 1— (8;/2) and & = /2.



16 Adrian P.C. Lim

Proof. Let {I* = (1§,1%,15)} and I* : [0,1] — R3 be a parametrization of C¥. Write Af(s) =
hi(s) = exp[—k%1%2(s)/8] and k = k/2. Let {so =0 < s; < ...s, = 1} be a partition of
[0,1] and A;s = s5; — si_1. Let A = sup; A;s. Then, doing a Riemannian sum approximation,

| [ modaa(R )1 (91 + ) ()1 ()

~lim& [th Dao (K1 ()18 (s ,-)Ais—i-th(tj)al(f(lk(tj))l]f’/(tj)Ajt

Ziiif%)K(( <th X (RI(51))lg ”<si>Az-s,;hm)x(w"(m>z’f”<rj>A,-r)))0.

x(I*(s)) was defined earlier, a linear functional x (I*(s)) : @ — a(I*(s)), i.e. evaluate a at the
point I*(s) € R3.
) 0

Define an operator F such that
We need to show that F is bounded. Since B%* C H°, we can represent F as F = (-,M(L))o,
(L) = M(L)o,n(L)1). n(L) € B,

From Equation (2.8), since the link L is bounded, thus we can find a M; such that
Ix(¢)] < M, for all t € L. Let M, be a constant such that |I*/(s)| < M,. Hence,

(( (St v’<s,~>Al-s,zhk<rj>x<f<zk<tj>>z{‘7’<rj>Ajr)))
J

for any partition. Thus, F' is a bounded linear functional on B0 and we can write

N——

F(Ei) = limK (( <th S, Klk s, )l v’(sl-)Ais,Zhk(tj)X(f([k(tj))lf”(tj)Ajl‘>

A—0

< 4kM M |d|

0

K [ /0 1 I (8)ao (RI*(5)) 1y (s)ds + hy(1)ay (klk(t))l’f”(t)dt} =(@7(L))o.

Note that Tj(L) € B%*, which is embedded in a Hilbert space. Using the unitary map Q,
we can represent 1(L)o as a function in L?(IR?, vols). Likewise for n(L);. Recall that

9y ' f (x0,x1,%2) :/_2f(xo,XhJ’)dy—/wf(xomay)dy‘ 4.1

Let w(I*(s)) = Q~ 'y (ki¥(s)), a real-valued function on R?. Later on, we will show that
w(I¥(s)) is in L'(R3,volgs). See the proof of Lemma 4.2. Under the map Q~ ', fj(L) is
represented as

1
N =F [ mlshwl()4s) s,
1
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Using Equation (4.1), by Fubini’s Theorem,

9; /hk w(lk ()1 ( ds_/hk )35 w(ik(s)) -1 (s) di.

By abuse of notation, using the same symbol d; !to refer to the operator acting on the space
of holomorphic functions, we will write

/hk )35 w(ik(s)) -1 ds—/hk SR (s)) 1 () ds.

In a nutshell, we are justified in exchanging the operator 0, ! with the integrals.
Now, Equation (3.13) gives

Z(R3,L) — EES [e((‘-,ﬁ(L)))o}
Tiq LS ! k k/ 1 / k())&
= h ! s) ds,05 hy (s)x (k" (s))17"(s) d
exp[ T <z ((RS) Ym0 ) as

=exp [— lzl;]\;ﬁ <Z/ R () (RI* (s )lk/ ds Z/ Iy (5)95 'y (k- I¥(s ))lk/( )ds>] .

Further simplification gives

3 1 1
.o K / / k[j,/ kJ ki }
exp | —mi ds de &5 |12 ()17 (t) =15 ()1 (s
P[ q167t TRJ;O 0 j 0()1() 0()1()

() (1(R1(5).25 (1) |

with 8% =8/ =1— (8/2) and & = /2. O

The term

3 1 1 , .
o o s [ e [ OO 0 )] (e 9).05 1® 0)) )
4.2)
should be the linking number between curves /% and 1/, provided both curves do not inter-
sect. To check this, we have to first compute (x(ki/(s)/2),9; 'x (k¥ (t) /2)) e —R ()08,
This is where we need to digress a bit. Here, one has to be careful. The Banach space
B0 is the space of C(C3,R) @ g x C*(C?,R) @ gc. We identify using Q : L2(R?, volgs ) —
L*(C3, e*‘z‘zdm/ 73), o is the standard symplectic form on R® and

,1/2H

Q' \/ ¢K®Eu*—) \/7®Eij- (43)
See Remark 3.1. Recall Q sends a* — 7z and a — d_,. 82’ as an operator on B is not the
same operator as on L*(R?, volgs).

Furthermore, the linear functional a € R? : f € L2(R3,volgs) — f(a) isnot g, € B**. In
fact, the completion of L?(R?, volgs ) will no longer be functions, but generalized functions,
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hence such a linear functional does not make sense on the completion of L?(R3, volgs).
Recall we complete the Hilbert space into a Banach space using a weaker measurable norm.

However, one can do an approximation to this functional. When integrated with respect
to the function 0x(- —a) € HY, for large enough «, (f,d«(- —a)) gives a value close to
any function f evaluated at the point a € R®. In fact, it tends to the Dirac function as K
approaches infinity. However, one has to check that it is in the dual of the Banach space
containing L?(IR3, volps ).

Now, X = Y20 X, 27"WP" / p;!. Since our links lie in R3, we will only consider w real.
An intelligent guess will suggest that /(- —a) should somehow be connected to %. Thus,
we need to find the corresponding function of , in L?(R3, volgs).

Lemma 4.2. Continue with the discussion as above. Then,

13

m(;c(xlf(s)/z) S (kb (1) /2))e —K2 (12 (s)+142(1)) /8

LK PP OR/8 <

K ()2
8n e Y /4’2‘I’l§<z),ﬂ/v<('>_1>’

Varn

where @, 5 I is the cumulative distribution function of a normal distribution, mean x;
and variance 2/x>. P is the projection on R?.

Proof. Q™' maps Xk /2 tO

o Vo) X Y Hy (0 LI 2 12 g s

|
r=0 pr Pr:

for ¢ real, which upon simplification gives g, 1 2\/¢K(' — t)e"ztz/ 8. Here, x -t is the usual
scalar product in R3.
In other words, for each ¢ € R3,

_ tpr
0:6 1/2\/ Oul- =) = 1/2 ‘ ¢KZ()Z P 2r pr!
r=0 pr
- K'tPr
o Y Y =T € B
r=0 pr 2 p

This shows that ¢, 1/ 2\/(17K (-—1t)e ¥**/8 is in the dual space of the completion of L> (R3, volgs).
Now 9, ' f:= [ f(x2)dxa — [ f(x2)dx>. Thus, Equation (4.2) simplifies to

13

16nm< XK1Y (s)/2), 0 0 (kI (1) /2)) 7 (208

16nm<Q (kT (5)/2),05 1 @ x(t¥ (1) /2))e OO

1 . ) . .
— —lGs)-thOP /8 [ K~ (—()7/4 / _ / K Rla-h0P /4y >
azoz\/ﬁe <\/zﬁe o) Var® 2

2 .
__ X i) -Pro)P/s [ K @(—1(5)?/4 A
T sn’ \/47ce ’ ’chlé(t%ﬁ/K() 1)
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where CIDX2 Va/x is the cumulative distribution function of a normal distribution, mean x, and

variance 2/x>. P is the projection on R2. Note also that in the first equality, we made use
of the fact that Q~! preserves the inner product between the two Hilbert spaces. O

The term exp|[—>(x —y)/8] will vanish as k goes to infinity unless x = y. If lg (1) >
I4(s), then the integral gives a +1; if lé. (t) < I&(s), it gives —1. This amounts to giving a +
sign to overcrossing and — sign for undercrossing. Otherwise it is zero. Hence the integral
along the arcs contribute negligibly to the double integral for large enough «.

As x goes to infinity, the integral in Equation (4.2) reduces to a finite sum, assigning +1
to overcrossings and -1 to the undercrossings. It computes the linking number between 1/
and I*.

However, there is more. One has to take into account of the sign of the orientation at
each crossing. When projected down onto R?, lé’/ and llf” form a frame at p. The orientation
is given by sgn(Pl/ X PI¥), where X is the vector cross product in R?,

Definition 4.3. (Link Diagrams)

Assume that a link L= {I',/?,...1"} € R? is C! and the individual curves do not intersect
one another, i.e. I/ NI* = 0 for any j, k. Parametrise each curve, I/ = (IJ,1{,13) : [0,1] — R?
such that |///| # 0. Note that in the following definitions, it applies if L is just a knot.

1. Let : R? — RR? be the projection on the x — y plane. Define a standard projection of
the link onto R? if the following conditions are satisfied:

a for any point p € R?, n=!(p) intersects at most 2 distinct arcs in L. p is called a
crossing if 7! (p) intersects exactly 2 distinct arcs.

b ateach crossing p =1/ (so) = I*(ty), there exists an & > 0 such that for all |s —so| < &
and |t —to| < €, the vector cross product 7t/ (s) xntl¥(¢) # 0, i.e. the 2 arcs at the
crossing p are linearly independent.

Denote the set of crossings between curves I/ and /¥ by DP(1/,1%). DP(1/) = DP(l/, /)
will denote the set of crossings in /. We will write DP(L) to denote the set of cross-
ings of the standard projection of the link L.

2. For each curve I/, write the interval [0, 1) as a union of intervals U?S{)A(lj ), where
in each interval A(l/), s € A(I/)! — (I](s),1{(s)) is a bijection. Write C(I/) :=
(lé(A(lj)i),l{(A(lj)i)) € R? be the image of the interval A({/)’ under /. Without
loss of generality, further assume each interval C(1/)i, = IJ,(A(1/)") contains at most
one crossing which is an interior point in C(I/)j,.

3. Given 2 arcs C(14)!,C(IF) which intersect at p, define sgn(J(C(14)!,C(*)')) to be the
1 1 1 i\i k ; j',/ ks/ k7/ j?’
sign of the determinant of the Jacobian J(C(I/)",C(I*)") = Iy (s)I;" (t) — 15" (s)1{"(¢)
at the crossing p = (I (s),1(s)) = (I(¢),15(t)). Otherwise, define it to be zero if the
2 arcs do not intersect at all. We will also write sgn(p; 1/ : I¥) = sgn(J(C(19),C(IF)1)),
p=C(/)'NnC(1*)" and call this the orientation of p.
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4. Using the same notation as the previous item, for each crossing p € C(I/)'NC (lk)f,
define .

> 1k

<

sen(C(17) - C(14)) = { :

If the 2 arcs do not intersect, set it to be 0. We will also write sgn(p;lé : l’2‘) =
sgn(C(17)": C(I¥)") and call this the height of p.

Remark 4.4. The set DP(L) only makes sense for a link diagram projected on R?. Different
link diagrams will give a different set of crossings. Thus it is not well defined for a link L,
but rather on a link diagram.

Lemma 4.5.

3 . . .
B @ [y 0 [ O~ 0 0)] (05,05 20 0)

e W) +()/8
— —sen(J(C(F) ,C(1%)))sgn(C(H)" : C(1*)))

k
Proof. Write Afgm(-) = 2q)1§(t),\/§/1<(‘) — 1. Then the integral becomes

1 ) . . . k(
- /O s [ ar [l @015 O] 6)] 0521 (5) = PEO) (g2~ B AE").

Make a change of variables: Pl/ : s € A(I)! +— xo = (lé(s),l{(s)) €R?andy; :xo — lé(s).
Similarly, PI* : t € A(IK)' +— x; = (I8(¢),15(t)) € R? and y : x; — I5(t). Then the integral
becomes (d®w = dxg Ndx;.)

sen(J(C(F),C(14)) /c(m,«xcuk): 02 (30— 31) (O (- = ¥5(0)), L) doo

:sgn(J(C(lj)i,C(lk)f))/

e S92 000 310 a2 =30 DAY () dade

4.4
When C(14)! N C(1F)i = 0, the integral goes to 0. The only case is when p € C(1)' N C(I¥)i,

We will only consider the case when y;(p) > yk(p). The other case is similar. Then Equa-
tion (4.4) becomes

sen(J (€Y, C) [

C(L)ixC(IF)ix

+sen((c)),c) [

C(1)i xC(I%)ix

o 2 (30 = x1)0y /3 (x2 = ¥;(x0)) deodiey

IR<T>1</z(xo—xl)q)K/ﬂ(xz —yj(x0)) [ A" (x2) — 1] dodx;
— e sE(J(C(), C(IFY).

The last step requires the following explanation: For any |x; —y;(xo)| < , 8 small enough,
x2 > yr(x1) by assumption. Furthermore, there exists a 6(8) such that for all k > G,

‘q)yk(m),ﬁ/c()@) —-1l<e

for any given €. O
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Definition 4.6. (Algebraic crossing number.) _
For each crossing p € DP(1/,1%), the quantity sgn(p;l/ : I¥)sgn(p;13 : 1) is actually well
defined on an oriented link diagram, independent of the parametrization used. Denote it by

e(p) e {+1,—-1}.

Corollary 4.7. (Linking number between I/ and I¥.) For j # k,

[ [ [0 - O )] (70005 ) e RO
K_"x’ T T

=— Y sen(ysl : M)sgn(yisds  15) = 1k (1, 1),
v:€DP(1/,I¥)

the linking number between 1/ and 1.

There is a problem when j = k. In this case, one has to integrate over the arcs. Thus,
the linking number between I/ and itself is ill-defined. The solution as explained in [4]
would be to consider a framing v/ whereby v/(-) € R? is a normal vector field along the
curve C/ that is nowhere tangent to C/. Define [I€ .= I/ 4 g/, € is some small number.
Essentially, /7€ is a small shift of // in a direction v/. The framing v/ chosen depends only
on the topological class of v/. Then, one computes 1k (1/, [ *#) and take € going down to zero.
Explicitly, the limit is computed as

lﬂ’)iﬂlmm/ ds/ dt l” V(1) =B ()1 (s)
(x(l(s)),0; x(l’(z))>e“‘z(""z(8>+lk‘2(t))/8'

We will define the above expression as the self-linking number of I/, written as 1k(1/,v/).
Remark 4.8. The self-linking number of // depends on the framing 1/
Taking the sum over all pairs of curves, the Chern-Simons path integral, when N = 1,

will give the linking number of the link for large enough x.

Corollary 4.9. For an abelian gauge group G with N = 1, the Wilson Loop observable
Equation (3.1) for the limit as K goes to infinity, is given by

Z(R%,L; / W (C*;q)e" S DA
“ 2  Zcs Aeq{kII
:exp[ i Zlk (1,7) ]exp lmq Y Ik z"]
J>k
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