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Abstract

In this paper, we investigate existence for a class of partial neutral functional integrod-
ifferential equations with infinite delay. Using the integrated semigroup theory and the
well known Banach fixed point theorem, we establish local existence and uniqueness
of integral solutions to these equations. To illustrate our abstract results, we conclude
this work by an example.
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1 Introduction

The purpose of this paper is to study local existence and uniqueness of integral solutions
for a class of partial neutral functional integrodifferential equations with infinite delay de-
scribed by the abstract form

d ‘
g@xt =ADx; + [y k(t,s,x(s))ds+F(t,x;), t>0, (1.1
X0 =9 € B,

where A : D(A) C E — E is a linear operator on a Banach space (E, |.|), the phase space
B is a linear space of functions mapping (—eo,0] into E satisfying axioms which will be
described below; for every ¢ > 0, the history function x; € B is defined by x;(0) = x( +0),
for 8 € (—o0,0]; D is a bounded linear operator from B into E defined by

Do = @(0) — Doy, for any @ € B,

Dy is a bounded linear operator from B into E; k : A(0,T) x E — E is a continuous function,
with A(0,7) ={(,s) : 0 <s <t < T}. F is anonlinear continuous function from [0, +eo) x
Binto E and ¢ € B is given.

In the literature devoted to equations with infinite delay, the phase space, the space of
initial data, is the space of continuous functions on (—oe, 0] endowed with the uniform norm
topology. When the delay is infinite, the selection of the phase space B plays an important
role in the study of both qualitative and quantitative theories. The study of partial neutral
functional differential equations with infinite delay has received much attention in recent
years, we refer the reader to [7], [8], [1], [2], [13], [14], [22] and [15], where the basic
theory is given. Note that in the case where k = 0 we get the following equation

0
= Dxi =ADx+F(t,x,), t>0, (1.2)
X0 =@ € B,

which has been studied by the second author of this paper in [7]. He has investigated local
existence and uniqueness of integral solutions using the integrated semigroup theory and
the well known Banach fixed point theorem.

In this paper, we use the basic theory developed in [7] for Eq. (1.2) to establish existence
of integral solutions to Eq. (1.1). We use the integrated semigroup theory and the strict
contraction principle to prove local existence and uniqueness of integral solutions.

As it was stated in [10], we point out that Eq. (1.1) can be transformed into Eq. (1.2)
by setting G(t,x;) = [° k(1 +5,%(s))ds + F(t,x;). However, we have to assume that k is
a function from A(0,7) x B into E which is different from our assumption that k is defined
on A(0,T) x E. In general, the conclusions in [7] cannot be applied to our case.

This work is organized as follows. In section 2, we recall some preliminary results and
make some assumptions that will be used throughout. In section 3, we prove local existence
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and uniqueness of integral solutions to Eq. (1.1). Moreover, some properties of solutions
are also studied. To obtain existence and uniqueness of integral solutions, in [6] we have
supposed that F' and k are globaly Lipschitz continuous. Here, we suppose that they are
Lipschitz continuous on the balls of B.

2 Preliminary notes

In this section we give some basic definitions, assumptions and preliminary results. Through-
out this paper, we suppose that (‘B,||.||5) is a (semi)normed abstract linear space of func-
tions mapping (—oe,0] into E, and satisfies the following fundamental axioms which have
been first introduced in [12] and widely discussed in [16].

(A) There exist a positive constant H and functions K(.), M(.) : R — R*, with K con-
tinuous and M locally bounded, such that for any 6 € Rand a > 0, if x : (—e0,6+a] — E,
Xs € B and x(.) is continuous on [G,6 + 4], then for every ¢ in [G,06 + a] the following con-
ditions hold:

(i) x; € B,

(ii) |x(¢)| < H ||x¢|| 5, which is equivalent to

(i)’ |@(0)] < H ||| 3, for every ¢ € B,

(iif) [l < K(t —0) sup |x(s)[+M (r—0)]}xo]]5

(A1) For the function x(.) in (A),  — x; is a B-valued continuous function for# in [6,6+a].
(B) The space B is complete.

Throughout, we also assume that the operator A satisfies the Hille-Yosida condition :

(H1) there exist M > 0 and ® € R such that (®,+o) C p(A) and
sup{(A=®)"||(M—A)"||: ne N, A>®} <M. (2.1)

Let Ag be the part of the operator A in D(A), which is defined by

D(Ay) = {x e D(4) :Axe%},
Aogx = Ax, for x € D(Ao).

It is well known that D(Ag) = D(A) and the operator Ay generates a strongly continuous
semigroup (7o(t)),>o on D(A).

Recall that ([19]) for all x € D(A) and t > 0, one has [j T(s)x € D(A¢) and

<A /Ot To(s)xds> +x=To(t)x. (2.2)

We also recall that (7y(r)),~, coincides on D(Ag) with the derivative of the locally Lipschitz
integrated semigroup (S(¢)),~, generated by A on E. Which is, according to [5] and [17], a
family of bounded linear operators on E, that satisfies

(i) S(0) =0,

(ii) for any y € E, t — S(t)y is strongly continuous with values in E,
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(iii) S(s)S(t) = [5(S(t+r)—S(r))dr forallz,s >0,
and for any T > O there exists a constant /(t) > 0 such that

IS() = S(s)|| <I(t)|t—s|, forallz,se[0,1].

This integrated semigroup is exponentially bounded, that is, there exist two constants M
and ® such that ||S(¢)|| < Me®™ for allt > 0.

We need to recall the following results.
Consider the following system

d
g@”t :A@Mt lf t 2 O,

u(0) =@(0) if 6 € (—oo0,0] with ¢ € B.

(2.3)

Using equality (2.2), we can see that a necessary condition for u : (—ee,b) — E, b > 0, to
be a solution of Eq. (2.3) is that it verifies the following integrated one on (—eo,b)

2.4)

{ Du, = To(1) Do, t >0,
uo =@,

where

(peof::{(peﬂzﬂ)(pe@}.

Proposition 2.1. [7] Assume that Condition (H1) is satisfied and ||Do||K(0) < 1. Then,
for given @ € Y there exists a unique function u which is continuous on [0,T) and solves
Eq. (2.4) on (—eo,T). Moreover, the family of operators (‘I (t));>o defined on Y by T (t)9 =
us (., Q) is a Co-semigroup on Y.

We now define a fundamental integral solution Z(¢) associated to Eq. (1.1). Consider for
given ¢ € E the following equation

{ Dz, = S(t)c ift >0, 25)

z(t) =0 ifr € (—e,0].
To our purpose, we make the following condition

(H2) There exists a continuous nondecreasing function § : [0, +e0) — [0, +o0), §(0) = 0 and
a family of continuous linear operators We : B — E, € € [0, +e0), such that

|Do® — De@| < 8(€) ||@]| 5. for € € [0,4c0) and ¢ € B,

where the linear operator 2 : B — E is defined, for € € [0, 4o0), by

€ :Wgofg,
Te(0)(0) = (0 —¢), for@ec BandO € (—,0].

Notice that Assumption (H2) means that the operator Dy does not depend very strongly
upon ¢(0). It is the infinite delay version of the one introduced in [4] and [3].



Partial Neutral Functional Integrodifferential Equations with Infinite Delay 153

Proposition 2.2. [8] Assume that Conditions (H1) and (H2) are satisfied such that K(0) || Do || <
1. Then, for given ¢ € E, Eq. (2.5) has a unique integral solution z:=z(.)c : (—oo,4o0) — E.
Moreover, the operator Z(t) : E — ‘B defined by

Z(t)c=z(.)c

satisfies, for any continuous function f : [0,+e) — E, the following properties
(i) For each T > 0, there exists a function o(.) € L™([0,T],R") and B € IR such that
1Z(1)|| < ou(t)e® for all t € [0,T];
(ii) Z(t)(E) C 9, forallt > 0;
(iii) For all © > O there exists a constant k(t) > 0 such that
|Z(t)c—Z(s)c||g < k(t) |t —s||c| forallt,se[0,7] andc € E.

(iv) For any continuous function f : [0,+e) — E, the functions
t'—>/Zt—s dsandt»—>/ (t—s)f(s)ds

are continuously differentiable for all t > 0 and satisfy

jt</otz(t—s)f(s >— hmh/ T(t—s)Z(h)f(s)ds forallt>0.

h—0t

@(i/{)tz(t—s)f(s)ds> hli%lw/ St — )S(h) £(s)ds

- 2 /O S(t —s) f(s)ds

Definition 2.3. [6] Let 7 > 0 and @ € B. We say that a function x := x(.,@) : (—oo,T) —
E, 0 <T < 4o, is an integral solution of Eq. (1.1), if

(i) x is continuous on [0,7),

(ii) [y Dx,ds € D(A) fort €[0,T),

(iii) Dx, = DO+ A [§ Dxyds+ [y [fo k(s,7,x(T))dt)ds+ [ F(s,x;)ds fort € [0,T),

(iv) x(r) = @(z), forallt € (—e0,0].

We recall the following definition.

We deduce from [1] and [21] that integral solutions of Eq. (1.1) are given for ¢ € B such
that D@ € D(A) by the following system

Dx, =58(t)Do+ % Jo St —s)[J5 k(s,t,x(t))dt] ds

+%f65(f—S)F(s7xs)ds, t€[0,7),
X0 =¢pcB

(2.6)

We also suppose that B is normed and satisfies one of the following two extra axioms.
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C1) If (¢n),>¢ is a Cauchy sequence in B and if (¢,),, converges compactly to ¢ on

(
(—o0,0], then ¢ is in B and |9, — || 5 — 0, as n — oo.
(

D1) For a sequence (@,),>0 in B, if ||@,|| 5 — 0, as n — oo, then |@,(0)| — 0, as n — oo,

for each 6 € (—o0,0].

Lemma 2.4. [18] Let B be a normed space which satisfies Axiom (C1) and f : [0,a] — B,
a > 0, be a continuous function such that f(t)(0) is continuous for (t,0) € [0,a] x (—e0,0].

Then

anf(t)dt} (6) :/Oaf(t)(e)dt, 0 € (—co,0].

We can obtain a similar result by using Axiom (D1).

Lemma 2.5. [[1], [9]] Let ‘B satisfy Axiom (D1) and f : [0,a] — B be a continuous func-

tion. Then for all © € (—e0,0], the function f(.)(0) is continuous and

[ o] @ = [ 0@ oe .

Proposition 2.6. Let B be a normed space which satisfies Axiom (C1) or Axiom (D1). If
there exists an integral solution x := x(.,@) : (—oo,T) = E, 0 < T < +oo, of Eq. (1.1), then

fort €10,T), the function t — x, € B satisfies
W =T+ S 20— 5) [ ks, T x(D)de ds
+% Jo Z(t — s)F (s,x5)ds
=T (1)o+ hlirg% Jo T (t =5)Z(h) [[o k(s,7,x(7))dt] ds
+hlir(r)1+% Jo T(t —$)Z(h)F (s,x5)ds.
Conversely, if there exists a functiony € C([0,T),B) such that
W) =T+ 5 32— (s, (5) (0))de] ds
2 S)F (5,y(s)ds, ref0.7),

then y(t) = x; forallt € [0,T), where

and x(.) is an integral solution of Eq. (1.1).

2.7)

(2.8)

Proof. We use similar arguments as in [8]. First, by Proposition 2.2, it is immediate that

for any continuous function f: [0,7) — E,

W(t) = /0 "Z(t —5)f(s)ds.
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is continuously differentiable and W’(0) = 0. Set

[ W()(0)ifr >0,
W(I)_{ 0if € (—o0,0].

By use of axiom (A — (ii)’), w(¢) is continuously differentiable. Lemma 2.4 or Lemma 2.5
implies that for all 7 € [0,T)

w(t) = ( /0 "Zi—s) f(s)ds> (0)
= [ @=956) s
= /Otz(t—s)f(s)ds.

In general, forall 7 € [0,7) and 6 € (—eo,0]
wi®) = ([ ze-ss6)as)©

= [ Za=s)5) ®)ds
_ /Otz(t—i—e—s)f(s)ds.

Besides, since z(s) = 0 for all s € (—o0,0], we get

t 146
/ 2(t+0—1s)f(s)ds :/ Z(t+0—1s)f(s)ds, (2.9)
0 0

and (W(z))(0) = w(t +6). Which is equivalent to W(¢) = w,. On the other hand, we can
see that for all 7 € [0,7) and 6 € (—e0,0]

(W'(1))(0) =w'(t +6).

Hence W'(r) = (W), forallz € [0,T).
Now, suppose that y(.,@) is a solution of Eq.(2.8). The function 7 (¢)¢ = u, with u :
(—oo,T) — E is the integral solution of Du, = §'(r) D such that uy = @. Set

w(t) = /O () [ /O k(s,1, y(t)(O))d‘c] ds+ /O 2t — $)F (5,y(s))ds. 2.10)
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From (2.10) and (2.10), we have for all t € [0,7) and 6 € (—oo, 0]
w(t+8) = /O " v [ /0 k(s 7, y(’c)(O))dT} ds
1460

[ 0= 9P (sy(0)ds

_ /Otz(t +0—s) [/Osk(s,t,y(‘c)(O))dt} ds
+ /Ot Z2(t+0—s)F(s,y(s))ds

o ERCI RS
+ /O o J(O)F (s,y(s))ds

= [ (z0-9] /Osk<s,r,y<r><o>>dr]> (0)ds

+/0t (t—s)F(s,y(5)))(0)ds
_ ( Joz(t— 5) Lo k(s,7.y(1) (0))d] ds ) (©).

T2~ $)F(5,5(s))ds
Hence
, - (e DO
vt = w( 82— $)F (5, ¥(5))ds >(e)
_ [ ke k@ oms )
2= )F (s, 5(5))ds
Then by the definition of y(¢) in (2.8), we obtain
y(0)(6) o)+ (5 320 =9 U k(s, 5.0 0)als ) 0
<dtfo 20 -5)F (53(5))ds ) (6
=u (0)+w(t+90).

then
() =u+ (W) = W+W)
If we set x(r) = u(t) +w'(t), we obtain y(r) = x,

=T+ S 52— 5) [ ks (D)0 >>dr]ds
T2 5)F (s, y(s)ds
= T()g-+ 5 [y 2(—3) [ ks,7x(0)de] ds

d
+E Jo Z(t — 5)F (s,x5)ds.
Since D(7T (1)) = S'(¢) D and by Proposition 2.2
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D <jt JoZ(t =) g k(s v, x(x) )dn] ds + 4 S Joz(t— s)F(s,xs)ds>
= & fasto—) U kst x(0)ad + 5 fo S(t —$)F (s.1)ds,

x(t) is an integral solution of Eq. (1.1).
Conversely, let x(., @) be an integral solution of Eq. (1.1) on (—oo, T'), then

Dx, =58(1)Do+ % Jo St —s)[J5 k(s,T,x(t))d] ds
+% Jo S(t —$)F (s,x5)ds.
By definition of 7'(¢), we get
D, = DIT()0) + D [12(t ) i ks, x(0)dT ds
—|—% féZ(t —8)F (s,x5)ds)
= D(T()0) + 5 fi 201~ 5) [y s, 7. 3(0))de] s
+% Jo Z(t — 5)F (s,x5)ds)
=D (ur + (W)),

where u : (—oo, T) — E is the integral solution of Du, = §'(t) D@, and w(t) is defined by

w(t) = /Otz(t—s) [/Osk(s,‘c,y(’t)(O))d‘C] ds—i—/otz(t—s)F(s,y(s))ds.

We deduce that, D[(x— (u+w"));] =0, and hence x — (u+w') = 0. Consequently,

Xy =u+ (W/)t

= T+ 5 201~ 5) [y s, 7. 3(0))de] ds

d
o Jo Z(t — $)F (s,x5)ds.

Which ends the proof of the proposition. 0

Remark 2.7. The proof of the above proposition needs computing integrals in B from in-
tegrals in E. That is why we suppose that B is normed and satisfies one of the two extra
axioms (C1) or (D1). See [18], [1] or [8] for more details.

3 Main Results

To obtain our main results on local existence and uniqueness of integral solutions to Eq. (1.1),
we make the following assumptions.

(H3) F : [0, 4o x B is Lipschitz continuous with respect to @ on the balls of B, i.e., for each

ro > 0, there exists a constant Ly(rg) > 0 such thatif 7 > 0, @1, @, € B and ||@1|| 5, [|Q2]l5 <

rp then

|F(t,01) = F(t,92)| < Lo(ro) [|[@1 — 92| 3-
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(H4) k: A(0,T) x E — E, with A(0,T) ={(t,s) : 0 <5 <t < T}, is continuous and satis-
fies the local Lipschitz condition:

For each r; > 0, there exists L;(r;) > 0 such that

x| —x2 ],

(t500) —k(ts)| < L(r)
S T) and |x1\, |)C2’§I’1.

1(r
for (z,s) A(0,

Theorem 3.1. Let B be a normed space which satisfies Axiom (C1) or Axiom (D1). Assume
that (H1), (H2), (H3) and (H4) hold. Let ¢ € B such that D@ € D(A). Then, there exists
a maximal interval of existence (fw,b(p) , by > 0, and a unique integral solution u(.,®) of
Eq.(1.1), defined on (—w,b(p) and either by = +oo or

limsup |u(z, )| = +oo.

t—bgy

Proof. Let b €]0,T]. Note that (H4) implies that for each r; > 0 there exists L;(r;) >0
such that

k(5] < [k(t,5,%) — k(t,5,0) |+ [k(t,5,0)
Ly(r1) x| + [k(t,5,0)],

riLi(r1)+ sup |k(t,5,0)|,  for |x| <ry.
0<s<t<b

From (H3) it follows that for each ry > 0 there exists Lo(rp) > 0 such that

ININ A

|F(t,9)| <roLo(ro)+ sup |F(,0)|, forz € [0,b], ¢ € B and ||¢||z < ro.

t€[0,b]
We set
co = roLo(ro) + sup |F(t,0)], (3.1)
t€[0,b]
and
Cl :I"1L1(7‘1)+ sup ‘k(l,S,O)‘. (32)
0<s<t<b

Let ¢ € B, with Do € D(A), ro = ||¢||z+ 1 and r; = H(||@|| 5+ 1).

We define the set Q¢ by

Q= {ye C([0,6],B) : sup [ly(s) —ollg < 1},

0<s<b

where C([0,b],B) is endowed with the uniform convergence topology. We can easily see
that Q is a closed set of C([0,b],B). Consider the mapping

J:Q¢— C([0,b],B),
defined for y € Q¢ and ¢ € [0,b] by
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TO) @) = TW0+ 5 52 —5) i s %.0(0)(0)d ds
2= 5)F(5,y(5))ds.
= T(1)g-+ lim - 3T~ 5)2(8) [ (5, 7.3(2) (0))drT] ds

+hlir(r)l+% Jo T (t —$)Z(h)F (s,y(s))ds.

Next we show that
J(Qq) € Q.

One can remark, as in the proof of Proposition 2.2 of [17], that

1
limsup— [|Z(h)|| < 0.
h—0+ h

Then we can set

1
¢ :=limsup—||Z(h)||. (3.3)
h—0T h

We have for suitable constants M and ®

WO O-0ls <ITEe— ol
M f5 e L Z(R)]| f5 k(s T, y(1)(0))|dnds
e fi e L Z(h)|[|F (s.y(s))] ds.

We can assume here without loss of generality that @ > 0. Thus we obtain the estimate

O O-0ls < IT00—0ls+Mee [ [ ks xy(@)(0)]drds
+Mce™ /Ol |F(s,y(s))|ds.

Since [|y(s) — @||5 < 1, for s € [0,b] and ro = || @|| 5 + 1, we have that ||y (s) || 5 < |[y(s) — 0|5+
|@l|.5 < ro, for s € [0,b], then

[F(5,5(5))] < Lo(ro) lly(s) [l + [F (5,0)| < co.

From Axiom (A —ii), we have

@O <H|y(®)s

<H ([ly(s) — ol +l0ll5)
<H(1+|9l4), for0<t<s<tr<bh.

Since r; = H(||@||z+ 1) then
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|k(s,7,y(7)(0))]

IN

Li(r1) [y(1)(0)[+ sup [k(s,7,0)]

0<t<s<b

Li(r)H|[y(V)llg+ sup [k(s,T,0)|

0<t<s<b

Li(r)H (1+]0ll3) + sup [k(s,T,0)]

0<t<s<b

INIA

IN

Cl.
Consider b > 0 sufficiently small such that

sup {[|T(s)¢ — @||5+Mce®cys* +Mce™cos} < 1.
0<s<b

Note that lir% |'T (s)@ — ¢|| 5 = 0 since B is normed.
S—
Then, we deduce that for 7 € [0, ]

1) (1) =0l < |T{)o— 04 +Mce™cit? +Mce® cot < 1.

Hence
J (Qq) € Q.

On the other hand, let u,v € Q¢ and t € [0,b]. Then we have

k(s,7,v(1)(0))
+Me®™ 5= L Z(W)[F (s,u(s)) — F(s,v(s))| ds.

W@ @) —T0)(0)llg < Me™ et |Z(h WO\ K. mu(m0) ) gy

We can assume here without loss of generality that ® > 0. Thus we obtain the estimate

1 () (1) =T (v) (1)l g < Mce®™ [ fo |k(s,7,u(1)(0)) — k(s,7,v(1)(0))| dds
+Mce®™ [5|F (s,u(s)) — F(s,v(s))| ds
< Mce®” Ll(rl)fo Jo lu(?)(0) — v(7)(0)| dds
+%Ce‘°’Lo(ro)fo|| u(s) —v(s)|lgds
Sl‘jcethl(rl)Hfo Jo llu(t) = v(7)[| g dds
+Mce™ Lo (ro) Jo llu(s) —v(s) 5 ds
< (Mce‘”bL (r1)Hb?
+Mce® Lo(r0)b) [|lu vl ¢(0.61.5) -

Since rp = ||@||z+ 1 > 0, by definition of ¢y in (3.1), we have L (ry) < co. Similarly,
since c; =riLi(r;)+ sup |k(t,s,0)| withr; = H(||@||z+1), then we have HL; (r1) <c;.
0<s<t<b
Consequently

Mce®Ly (r))b*H +Mce® Lo (ro)b < sup {||T(s)9— 9|5 +Mce®cs?

0<s<b
+Mce®cys}
<1,
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then
17 () () =T (v) (D)l < [l =Vl (10,5, -

This means that J is a strict contraction in (Qg, |.||5) -We conclude that there exists a
unique function y € Qg such that J(y) = y. Then, Eq. (1.1) has one and only one integral
solution x : (—eo,b) — E defined by

_{r00. 1P
x@‘{ ot), 1€ (~e,0].

Let (—oo, b(p) be the maximal interval of existence of x. Assume that by < +eo and

limsup [x(7, Q)| < -co.

t—bg

Consider 7, +h € [0,bq) and h > 0,

1
Yop = T(+h)e+ lim - ST (t 4+ h—$)Z(d) [ 3 k(5,7,%(t))d7] ds

. 1 t+h
—|—d1ir(1)1+2 Jo "T(t+h—s)Z(d)F(s,x5)ds
=T(t+h)e

L JoT)T(
d—0+d _i_fé‘*‘hq‘(t-l-h—s)z( ) o k(s,7,x(t))dt] ds
lim1< Jo T ()T (h—5)Z(d)F (s,x;)ds

+d

(
+ lim —5)Z(d) [fo k(s,7,x(7))d] ds )
-+ )F

+ [T (¢ 4 h— 5)Z(d)F (s, x,)ds

and

X = ‘I()(erdlLrgull T(t—s)Z [/ks’tx d’t}d

o1
+dliI(r)1+3 A ‘T(t —5)Z(d)F (s,x5)ds.

Since
t-+h t
/ T(t+h—5)Z(d)F (s,x,)ds / T(t —$)Z(d)F (s + h,xo10)ds,
h 0

and

T (t 4+ h—5)Z(d) [ k(s,7,x(7))d7] ds
= [T (1 —5)Z(d) [ fg+hk(s+h,z,x(r))dr} ds,

we have

Xern—X = T(t+h)o—T ()
L TORT0-9Z(@) [k 7.x(x))deds
fi Tt -92 (d)[ RGO L G4

Flim ( T(1) o T(h—s5)Z(d)F (s,x,)ds )
d—o+d +f(§ T(t—s)Z(d) (F(s+h,xs) — F(s,x5))ds

li
+dir(r)1+ d
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From (iv) in Proposition 2.2, we know that

dlir})1+$ Oh T(h—s)Z(d)F (s,xs)ds = % /OhZ(h —8)F (s,x5)ds,
and
Jim T (= 5)2(d) L3 s, %x(8) e s
_ % 1 Z0h— 5) [ ks, x(x))dx) ds.
Then (3.4) becomes

Xiph =X = ‘T(lerh)q)—‘T( )
+ lim, ‘T()fo T (h—s)Z(d) [ fo k(s,7,x(7))dT] ds

S k(s +ha(o)dn |
— Jo k(s,T,x(1))dt S (3.5)

+ ] hm ’I( ) T (h— 5)Z(d)F (s, x;)ds

+ lim — fo T (t — 5)Z(d)

+dli%l+afo T(t—s)Z(d) (F(s+h,xs1n) — F(s,x5))ds.

Now we estimate the above four limits

HT(r) BT (h— 5)Z(d) [} k(s,7,%(t) )] dng
<M [F1|Z(d)|| f3 k(s,7,x(7)) | deds

SMe“’(”h)HZ(d)HW<r1L1(r1)+ sup k(m,O)!)-

0<1<5<bq

Notice that  sup |k(s,7,0)| < oo since by < co. Hence the first limit is estimated as
0<t<s5<by

< Me®e®bo ch? ey

lim () J 7 (h—$)2(d) L k(s 7, (%)) o] ds

d—0t

B

where
c3=rLi(r1)+ sup [k(s,1,0)|.

0<1<s<bg

Let us make the following decomposition

T (t - 5)Z(d) [ S k(s + hy 7, x(T))dT — fgk(s,c,x(r))dc} ds

g [ k(s +h,t,x(1))dn S
=Tl )Z(d)[ﬂ“o (s+h,r+0h,x(r+h))dr—fgk(s,r,x(r))dr ]d

= 1T (t—5)Z(d) [ s+h,c,x(r))dr} ds (3.6)
F LT (e — $)Z(d) [ (k(s+ R, T+, x(t)) — k(5,7,%(t))) d] ds

+ Jo T (t—5)Z(d) [ J§ (k(s+h,T+h,x(t+h)) — k(s +h, T+ h,x(T))) dt] ds
=L+b+5.
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Then, the first integral /; is estimated as
| il < Jy e | Z(@)] | Jy Wkls + . w,x(%))] ] ds a7

< Me® || Z(d)|| bohcs.
For I, we have

1Bl < PP [ Z(d) | f3 Vel + T+ h,x(x)) — k(s5,7,x(%)) | dvds
< M 1 Z(d)| J3 J3 1k(s+h, v+ h,x(3)) — k(s5,7,x(x))| dvds.

Set

t S
g(t,h) = / / k(s B, T+ h,x(1)) — k(5, 7, x())| dTds.
0 Jo
For I, from (A — (ii)"), we have that |x;14(0) — x¢(0)| < H ||t — x¢|| . then

il < e 2@ | 1O )

Me® || Z(d)|| boLi (1) Jo sup |x(t+h) —x(t)|ds

0<t<s

< Me®% ||Z(d)||boLi(r1)H [y sup [[Xcin —xc[| g ds.
0<1t<s

dtds

IA

Then we have the estimate for the second limit

dli%h JET (e —5)Z(d) [ TS k(s + by, x(t))dT— 3 k(s,r,x(r))dr} ds

< Me®boc (b hes +g(t,h) +bgLi (r)H [g sup wah_xfnﬂds)

B

0<t<s

Similarly, for the third and fourth limits, we can see that

< Me®e®oche,,

Jim T (1) [T (h = 5)Z(d)F (s,u)ds

B
where
c2:=roLo(ro) + sup |F(s,0)],
s€[0,bg)
and
1
dlirg+2 Jo T(t—$)Z(d) (F (s +h,usin) — F(s,us))ds
< Me®oc (Lo(ro) fy |t —usl| ds + £(1,h))
where

Ft.h) = /Ot\F(s+h,us)—F(s,us)\ds.

Thus we infer
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Xetn —xllg < sup ||Xorn — ol 5
0<o<t

< Me®% || T (h)@ — @|| 5 +Me® e®och’cs +Me®Pocf(t,h)
+Me®echghcs +Me®ocg(t,h) +Me® e®oche,
+Me®PochoLy(r1)H sup [§ sup ||xgin — x| ds
L 0<o<t 0<t<s
+Me®ocLy(ro) sup [y ||Xsin — Xs|| 5 ds.
0<o<t

We can see that

(9 t
sup [ sup s —xclpds = [

sup ||xn —xc|| g ds,
0<o<t/0 0<t<s 0<1<s
and
(6] 3
swp [ xcin—xllgds = [ Inin—xlgds
0<o<t/0 0
!
< [ swp frean—xilpds
0 0<t<s
We set
Ji = Me® | T (h)o — @5 +Me®e®ech?c; + Me®ocf(t,h)
+Me®Pochbohcs +Me® e cg(t, h) +Me® e®eches,
and
b = Memb‘Pqu)Ll (rl)H +M€mb(PCL()(}’Q).
Then
%40 —%llg < sup |xoin — %ol
0<o<t ,
<Ji1+J [y sup ||xepn—xc|gds.

0<t<s
By Gronwall’s lemma, it follows that
e =1l < Jrexp ().
The bounded convergence theorem by Lebesgue implies that
li be,h) =0 and limg(by,h) = 0.
ﬁg%f( (03] ) an ]iE%g( (O3] )
Therefore,
%i_{% %41 (- @) =% (-, @)l g =0
uniformly for ¢ € [O, b(p) . Consequently, Axiom (A —ii) implies that
lim |x(z +h, @) — x(1,9)[ = 0.

Using the same reasoning, one can show a similar result for 2 < 0. We deduce that x is
uniformly continuous on [O,bq,), and lir}? |x(¢,9)| exists. This implies that the solution
t—bg

x(.,¢) can be extended to the right in by, which contradicts the maximality of (—oo, b(p) .
This completes the proof of Theorem 3.1. O
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4 Application

Let E := C (][0, 7];R) be the space of continuous functions from [0, 7] to R endowed with
the uniform norm topology and define the operator A : D(A) C E — E by

D(A) = {y € C*([0,x],R) : (0) = y(r) =0},
Ay =y".

Lemma 4.1. [11]. (0,+) C p(A), (M—A)AH < %for?y > 0, and

D(A) ={y€E:y(0) =y(n) =0} #E.

Let y > 0. We choose the phase space

= {q) € C((—0,0], E) such that lim ¢™¢(8) exists in E}

0——o0

Lemma 4.2. ([16] and [20]). ‘B with the norm |||z = supe™ |0(0)]| for ¢ € B, satisfies
8<0
the axioms (A), (A1), (B), (C1) and (D1) with K(0) = 1.

Consider the following equation

0
g@xt = ADx; + [y k(t,s,x(s))ds + F(t,x;), t>0,

Xo = O,

“4.1)

with

{ x(1)(§) =u(t,8), 1>0,Ee[0,q],
©(0)(8) =uo(8,8), 6<0,&e0,7],

and for all § € [0,7] and ¢ € B

{ k(t,5,x(5))(8) = g2 (t —5,x(s)(§)), 1

F(1,0)(8) = ¢ [2..21(0)0(6)(§)d0 + ( ) (¢ ( ) (&) +ha(1,8), 120,
where r and ¢ are positive constants, g; is a positive integrable function, g; : [0,00) X R — R,
a: [0,00) >R, hy :R— IR, hy :[0,00) x[0,1] = R and ug : (—,0] X [0,7] — R are
continuous functions and D : B — FE is a bounded linear operator defined by D¢ =
¢(0) — Doy for any @ € B, Dy is a bounded linear operator from B into E.
The part Ay of A in D(A) is defined by

D(Ag) = {yeCz([O n),R) : y(0) = y(n) = y"(0) ="(m) = 0},
Aoy =",
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with D(Ag) =D(A) .
Eq. (4.1) is the abstract form of the following model

2
£ 0.8) — (2) )] = 55 0(19) — (Do) (8] + k(1)

+e [0, g1(8)u(t +0,E)d0 + [ g2 (t —s5,u(s,E)) ds 42)
+a(t)hy (u(t—rk)), t>0,0<E<m, :
u(t,0) — (Dour) (0) = u(t,m) — (Douy) (1) =0, ¢ >0,

[ u(0,8) =up(8,§), —2<B8<0, 0<E<T.

Lemma (4.1) implies that assumption (H1) is satisfied.
We assume that

) hy is locally Lipschitz continuous,

ii) g1(.)e™" is integrable on (—eo,0],

(i

(

(iii) lim [ " sup |uo(8,E) |> exists.
B——co 0<g<n

(iv) a is bounded on [0, +<0),

(v) g2: [0,00) x R — R is locally Lipschitz continuous with respect to the second argument.

We have, for every ¢,0, € B,

sup [..21(8)]01(6)(5) — 92(8)(§)|d6

0<E<n
= sup [.e7®%1(8) (¥ [01(6)(E) — 92(0)(E)]) a6,

0<E<m

< (/0e 51(6)d0) 01 — 02|

Let op > 0 and 01, 92 € B such that ||¢1]| 5, [|92]|5 < .
Then, |[¢1(—r)(E)|, [02(—7)(E)| < ape™ for every & € [0,m]. Thus, from Assumption (i),
there exists a positive constant by(cty) which depends only on oy such that

supa(s)| sup |h1(¢1(=r)(§)) — /1 (2(=7)(8))]

520 0<é<m

< lalo, bo(t0) sup [91(=r)(E) — 02(=r)(E)],

0<t<m
< lalobo(00)e (|01 — 02| 5 -

We conclude that assumptions (i), (ii) and (iv) imply that F satisfies the hypothesis (H3).
Moreover, assumption (v) implies that for o; > 0, there exists a positive constant b (o)
such that

|k(t,5,x1) —k(t,5,%2)] :oilgg g2 (t —5,x1(8)) — g2 (t — 5,%2())|
< oilglé by(ou)[x1 (&) —x2(8)]

<bi(o)|x1 —x2],
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forr >0,t>s5>0and xj, x, € E, with |x;], |x2| < oy. It follows that condition (H4) is
satisfied. From assumption (iii) we have ¢ € B.

Finally, if operator D satisfies assumption (H2), with D¢ € D(A), then Theorem 3.1 ensures
the existence of a maximal interval of existence (—oo,b,,) and a unique integral solution
u(t,&) of Eq. (4.1) on (—oo,b,,) x [0, 7].
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