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Recurrence and transience of diffusions in a 
half-space 
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For non-degenerate diffusions in the half-space with oblique reflection, a dichotomy between 
recurrence and transience is established; convenient characterizations of recurrence and transience are 
given. Verifiable criteria for recurrence/transience are derived in terms of the generator and the 
boundary operator. Using these criteria, 'real variables proofs' of some results due to Rogers, 
concerning reflecting Brownian motion in a half-plane, are obtained. The problem of transience down 
a side in the case of diffusions in the half-plane is dealt with. Positive recurrence of diffusions in half­
space is also considered; it is shown that the hitting time of any open set has finite expectation if 
there is just one positive recurrent point. 
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1. Introduction 

Recurrence and transience of diffusion processes in ~d have been studied by several authors 
(see Khasminskii 1960; Friedman 1975; Bhattacharya 1978; Pinsky 1987; lchihara 1978); 
these authors give verifiable conditions on the diffusion coefficients (or on the generator) for 
recurrence/transience. One might consult Pinsky (1995) for an up-to-date review of the 
known methods and results for the recurrence classification for diffusion processes without 
reflection. (For corresponding recurrence classification results on Markov chains using 
martingale ideas based on stochastic analogues of Lyapunov functions, see Meyn and 
Tweedie (1993a; 1993b) and the references given therein.) 

In this paper, we study recurrence, transience and positive recurrence of non-degenerate 
diffusion processes in the half-space/half-plane, with oblique reflecting boundary conditions 
at the boundary. 

If the state space is a bounded smooth domain, then the reflecting diffusion, being a 
Feller continuous strong Markov process on a compact space, has an invariant probability 
measure and hence is positive recurrent (see Bhattacharya and Waymire 1990, p. 230). 
Therefore problems of interest would be in unbounded domains, like the half-space. 

*To whom correspondence should be addressed. 
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Another case which can easily be dealt with is the class of diffusions in the half-space 
{ Xt > 0} with co normal reflection at the boundary. Let L denote the generator. The 
coefficients can be extended in a canonical fashion to !Rd; and we shall denote once again 
by L the generator of the corresponding diffusion in !Rd. If { U( t) = ( Ut (t), Uz( t), ... , 
Ud(t)): t;;;;. 0} is the £-diffusion in !Rd, then {U(t) = (JUt(t)J, Uz(t), .. . , Ud(t)): t;;;;. 0} is 
the diffusion in the half-space with conormal reflection at the boundary (see Bhattacharya 
and Waymire 1990). Clearly [; is recurrent if and only if U is. 

We now outline briefly the organization of the paper. In Section 2 we establish the 
dichotomy between recurrence and transience (starting, of course, with the natural 
definitions), and derive criteria for recurrence and transience. We give proofs only when 
they differ from the case of diffusions (in !Rd) without boundary conditions. (See case (ii) 
in the proof of Lemma 2.2(a) and the proof of (c) ~ (d) in Proposition 2.3.) The main 
difference is the following. It is not clear if an analogue of Lemma 2.3(b) of Bhattacharya 
(1978) holds in the case of reflecting diffusions. (Of course, maximum principles under 
stronger differentiability conditions are available as in Protter and Weinberger (1967).) 
Applying the results of Section 2, in Section 3 we study the case of Brownian motion in the 
upper half-plane with variable skew reflection; this leads to a real variables proof of some 
results of Rogers (1991) concerning the same problem (Rogers had used complex analytic 
tools, in particular the so-called Pick functions). 

In Section 4 we consider the diffusion {(X1(t), X2(t))} in the space {x1 > 0} with 
{Xt(t)} being recurrent; we give conditions for {X2(t)} to go to -oo a.s. Positive 
recurrence is considered in Section 5; it is shown that if one point is positive recurrent then 
the hitting time of any open set has finite expectation, and in particular the diffusion itself 
is positive recurrent. Miscellaneous examples and comments are given in Section 6. 

2. Criteria for recurrence and transience 

Let D = {x E !Rd: Xt > 0}, d;;;;. 2, and lJ = D U 8D. We have the coefficients a, b defined 
on lJ, y de:(ined on 8D satisfying the following conditions: 

(Al) For each x E b, a(x) = ((aij(x)))t.;;i,f<;;d is a d X d real symmetric positive 
definite matrix; there exist At, A2 > 0 such that, for any x E b, any eigenvalue of 
a(x) E [A1, A2]; and a!i(·) are bounded and Lipschitz continuous. 

(A2) For each x E lJ, b(x) =(hi (x), b2(x), ... , bd(x)) is a vector in !Rd; b;(·) are 
bounded Lipschitz continuous. 

(A3) For each x E 8D, y(x) = (1, y2(x), y3(x), ... , Yd(x)) is a vector in !Rd, and each 
y; E Ct(8D). 

Let the generator L and the boundary operator J be given by 

1 d & f(x) d 8f(x) 
Lf(x) = :2 L a!i(x) 7i7): + L b;(x) ~, 

i,j=l x, JC.J i=l x, 
xED, (2.1) 
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Jf(x) = 8f(x) + t Yi(x) 8f(x)' 
axl i=2 axi 

xE 8D. (2.2) 

Let Q = C([O, oo ): !Rd) be endowed with the topology of uniform convergence on compacts. 
Let X(t) denote the tth coordinate map on Q, that is X(t, w) =: w(t); let {.J3'1} be the natural 
filtration. 

Let {Px: x E l>} be the (L, .I)-diffusion on l>, that is, 

(i) Px{w: X(O, w) = x, X(t, w) E iJ, 'Vt ~ 0} = 1; 
(ii) for each f E C~(!Rd) with Jf ~ 0 on 8D, 

f(X( t)) - t I n(X(s))Lf(X(s)) ds is a Px-submartingale. (2.3) 

Moreover, there exists a continuous, non-decreasing, progressively measurable process ~( t) on 
Q such that 

(i) .;( t) = J~ lan(X(s)) d.;(s); 
(ii) for each f E C~(IRd), 

f(X(t))- t I n(X(s))Lf(X(s)) ds- t Ien(X(s))Jf(X(s)) d~(s) is a Px-martingale. (2.4) 

The (L, .I)-diffusion {Px:x ED} is strong Markov and Feller continuous; or equivalently 
under { Px} the process { X(t): t ~ 0} is strong Markov and Feller continuous. By the 
existence of a continuous transition density under the conditions (Al)-(A3), the strong Feller 
property follows: see Ramasubramanian (1996). 

For any open set V in l>, define the stopping time 

Tv=inf{t~O: X(t)~V}. 

Note that we are not assuming V to be bounded. If V is bounded, by Lemma 3 m 
Ramasubramanian (1986), we have Px(Tv < oo) = 1 for all x E V. 

Lemma 2.1. Let V be a bounded open set in l>, g a bounded measurable function such that, 
for x E V 

g(x) = Ex[g(X(Tv))]. (2.5) 

Then g is a continuous function on V. 

Proof. In view of strong Markov, strong Feller properties of ( L, .I)-diffusions, Theorem 13 .I 
of Dynkin (1965) and Lemma 2.2 of Bhattacharya (1978), it is enough to show that 

lim supPx(jX(t)- xi> e)= 0, (2.6) 
110 xEK 

for any K ~ l>, K compact and e > 0. But this follows from the uniform estimate given in 
Stroock and Varadhan (197I, p. 18I ). D 
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Lemma 2.2 (a) Let U1, U2 be open sets in lJ such that U1 is non-empty and U1 n U2 = ¢. 
Let a;= inf {t ~ 0: X(t) rt (U;Y}, i =I, 2. Then Xf-+Px(a 1 < a2) is a strictly positive 
continuous function on ( U1 )c n ( U2)c. 

(b) Let U be an open set in D. Then Xf-+Px(Tu < oo) is a strictly positive continuous 
fUnction on U 

Proof. (a) Let g(x) = Px(a 1 < a 2), and x E [;~ n U2 be arbitrary. Let V be a neighbourhood 
of x such that x E V c V c (U1)c n (U2)c. Then we have 

g(x) = Ex[Ex(rv)0{a 1 <a2}] = Ex[g(X(rv))]. (2.7) 

Hence by Lemma 2.I, g is continuous on V. It remains to show that g is strictly positive. 
Case (i): X E D n [;~ n U2. Since (L, J) diffusion behaves like L-diffusion till hitting 8D, 

by the support theorem of Stroock and Varadhan (I972), it follows that g is strictly 
positive. 

Case (ii): x E 8D n [;~ n U2. Let o > 0 be such that B(x: 0) n U; = ¢, i = I, 2. Then by 
the strong Markov property, g(x) = Ex[g(X(r8 ))], where r8 = inf {t ~ 0: X(t) rt B(x: 0)}. 
Suppose g(x) = 0. Then Px(al < a2) = 0, PxX(r8 )-1-a.s. Since (L,J)-diffusion does not hit 
8D n 8B(x: 0), which is a (d- 2)-dimensionai manifold (see Theorem 3.7 of Rama­
subramanian I988), it follows that Pz(a 1 < a 2) = 0 for some z E D n 8B(x: 0). This 
contradicts case (i). Hence g is strictly positive. 

(b) Follows directly from (a) by taking U1 = Int(Uc) and U2 = ¢. 0 

Definition. (a) A point x E lJ is said to be a recurrent point for (L, J)-diffusion if, for every 
c>O, 

Px(X(t) E B(x: c) for a sequence oft's j oo) = I. 

(b) A point x E lJ is a transient point for the (L,J)-diffusion if 

Px(lim IX(t)l = oo) =I. 
l--->00 

If all the points are recurrent (transient) then the diffusion is recurrent (transient). 

Proposition 2.3. Assume (Al)-(A3). The following statements are equivalent. 

(a) xo E lJ is a recurrent point. 
(b) PX<>(X(t) E U for some t ~ 0) = 1, for all non-empty open sets U CD. 

(2.8) 

(2.9) 

(c) There exist z0 E lJ, 0 < r0 < r1, y E 8B(zo: rJ) such that Py(T < oo) = 1, where 
r = inf { t ~ 0: X(t) E B(z0 : ro)}. 

(d) There exists a compact set K C lJ such that Px(X(t) E K for some 
t ~ 0) = 1,for all x E lJ. 

(e) Px(X(t) E U for some t ~ 0) = 1, for all x E lJ and for all non-empty open 
sets U CD. 

(f) Px(X(t) E U for a sequence of t'sjoo) = 1, for all x E lJ and for all non-empty 
open sets U C D. 

(g) (L, J)-diffusion is recurrent. 
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Proof. We will prove only (a)=> (b) and (c)=> (d); proofs of other implications are either 
trivial or analogous to the corresponding implications in Bhattacharya (1978). 

(a)=> (b). Let .xo E lJ be a recurrent point, and assume, without loss of generality, that 
.xo rf'- U Let B be a ball such that l3 c U Choose E > 0 such that B(.xo, E) n l3 = r/J. Let Vi 
be a bounded open set such that B(.xo, E) U l3 C U1. By Lemma 2.2, and as the diffusion 
exits out of bounded sets in finite time, we have 

inf Py(GJ < Gz) > 0, 
yE au1 

(2.1 0) 

where a1 = TIJo and az = rB(X;),r)c· The rest of the proof follows as proof of (a)=> (b) in 
Proposition 3.1 of Bhattacharya (1978). 

(c)=> (d). Let K = B(zo: r0 ); y E aB(z0 : rJ). By (c) we have Py(T < oo) = l. 
Case (i): y E D. Define 

V(x) = 1- Px(T<oo). 

By Lemma 2.2, V is continuous on K_C. By the strong Markov property 

0 = V(y) = Ey[V(X(rJ))], 

(2.11) 

(2.12) 

where 17 is the exit time from B(y: o) with B(y: o) n K = r/J, B(y: o) c D. By (2.12) we 
have V(z) = 0, PyX(rJ)- 1-a.s. Now by the support theorem for L-diffusions (see Stroock and 
Varadhan 1972), and continuity of V, V(z) = 0 for all z E aB(y: o). This holds for all 
sufficiently small o < (r1 - r0 ) 1\ d(y, aD). If z E D n Kc, then one can find points 
yo, YI, ... , Yk+I ED n Kc such that Yo= y, IYJ+I - YJI < (/Yi- zol- ro) 1\ d(yJ, aD) and 
Yk+I = z. By repeating the above argument, we find 

V(yo) = V(yi) = ... = V(z) = 0. (2.13) 

Thus V = 0 on Kc n D. By continuity, V = 0 on K_C and hence on D. 
Case (ii): y E aD. As in equation (2.12) we have 0 = V(y) = Ey[V(X(rJ))] by the strong 

Markov property. Hence V(X(17)) = 0, Py a.s. Since (L, .])-diffusion does not hit 
aD n aB(y: o) (see Ramasubramanian 1988) we have V(z) = 0 for some z E D n Kc. 
Thus the problem is reduced to case (i). Hence the proposition is proved. D 

For any compact set K define a K = inf { t ;;:;. 0: X 1 E K}. 

Theorem 2.4. Assume (Al)-(A3). 
(a) (Dichotomy.) (L, J)-diffusion is not recurrent if and only if (L, J)-diffusion is transient. 
(b) (L, J)-diffusion is recurrent if and only if there exist a compact set K with non-empty 

interior, a point x E Kc and a measurable function u such that 

(i) u(z)joo as /z/joo; 
(ii) Ex[u(X(a K))] ~ u(x). 

(c) (L, J)-diffusion is transient if and only if there exist a compact set H with non-empty 
interior, y E He and a measurable function u such that 
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(i) Ey[1{a H <oo}u(X(a H))] ::;; u(y); 
(ii) u(y) < inf u(z). 

zEH 

Proof. (a) If (L, .I)-diffusion is transient then it trivially follows that (L, .I)-diffusion is not 
recurrent. Now let us suppose that (L, .I)-diffusion is not recurrent. Let x E lJ be arbitrary 
and choose r0 , r 1 such that lxl < ro < r,. Put o, = supiYI=r, Py(ao < oo), where 
ao = inf { t ~ 0: X(t) f. B(O: ro)c}. Since no point in lJ is recurrent by the previous 
proposition, we have Py(a0 < oo) < 1 for ally such that IYI = r1. Now as yf--tPy(a0 < oo) is a 
continuous function, we have 0 1 < 1. Hence, proceeding as in the proof of Theorem 3.2(b) of 
Bhattacharya ( 1978), we get the result. 

(b) Necessity. Let u be a function such that u(z) = ft(lzl), where it is a strictly increasing 
function with lim,_.00 ft(r) = oo. Let K = B(O: I) and choose x such that lxl > 1. As the 
diffusion is recurrent, IX(aK)I = 1, Px a.s. Hence we have 

Ex[u(X(aK))] = it(l)<u(x). (2.14) 

Sufficiency. Suppose the diffusion is not recurrent and so by part (a) it is transient. Let 
A = {a K < oo }. By transience we see that Px(Ac) > 0; and again by transience and (b)(i) 
note that u(X(a K)) = oo on Ac. Hence we have Ex[u(X(a K))] = oo, which is a 
contradiction. 

(c) Necessity. Let H = B(O: 1). Put u(x) = Px(a H < oo), x E !J. Then we have 
u(x) = Ex[1{aH<oo}11 = Ex[I{aH<oo}u(X(a H))], since u(X(a H))= 1 on {a H < oo}. By 
transience u(x) < 1 for lxl > 1, but u(z) = 1 for all z E H. Hence (ii) is also satisfied. 

Sufficiency. Suppose the diffusion is not transient. Hence by part (a) it is recurrent. 
Therefore by (i) and (ii) of (c), 

u(y) ~ Ey[1{aH<oo}u(X(aH))] = Ey[u(X(aH))] 

~ inf u(z) > u(y), 
zEH 

and hence we have a contradiction. Therefore the diffusion is transient. 

(2.15) 

0 

We now derive some corollaries which are analogues of Proposition 3.1 and 3.2 of 
Pinsky (1987). 

Corollary 2.5. If there exist r0 > 0 and u E C2(1Rd\B(O: ro/2)) such that 

(i) u(x)joo as lxlioo; 
(ii) Lu(x) ::;; 0, lxl ~ ro; 

(iii) Ju(x)::;; 0, {lxl ~ ro} n fJD, 

then (L, J)-diffusion is recurrent. 

Proof. By Ito's lemma, the optional sampling theorem and by conditions (ii), (iii) above, we 
have 

Ex[u(X(t 1\ aK))]::;; u(x), (2.16) 
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where K = B(O: r0 ). Let A = { aK < oo }. If Px(Ac) > 0 then by dichotomy (Theorem 2.4(a)) 
the diffusion is transient and hence limt-+oo jX(t, w)l = oo, for wE Ac. Hence as u can be 
taken to be non-negative without loss of generality, 

lim Ex[u(X(t A a K))] ~ lim Ex[lAcu(X(t A a K))] = oo. 
t---+-oo t--+oo 

Note that (2.17) contradicts (2.16). Hence Px(Ac) = 0. 
Now letting t---+ oo we have 

Ex[u(X(a K))] :,;;; u(x). 

By Theorem 2.4(b) we have that the diffusion is recurrent. 

Corollary 2.6. lf there exist ro > 0 and a function u E CiOJ~d\(B(O: ro/2)) such that 

(i) Lu(x) :,;;; 0, lxl ~ ro; 
(ii) Ju(x) .::; 0, {ixi ~ ro} n 8D; 

(2.17) 

(2.18) 

0 

(iii) there is a point xo such that i.xoi > ro and u(.xo) < inflxl=ro u(x), then the diffusion 
is transient. 

Proof. Let K = B(O: r0 ). Without loss of generality let us take u ~ 0. By Ito's lemma, the 
optional sampling theorem and by conditions (i), (ii) above, we have 

Now 

Exo[u(X(t A a K))] :,;;; u(.xo). 

Exo[l{aK<oo}u(X(a K))] = limExo[l{aK,;;; 1}u(X(a K))] 
tfoo 

:,;;; lim{ExoP{a K,;;; 1}u(X(a K))] + Exo[l {a K > r}u(X(t))]} 
tfoo 

= limExo[u(X(tAaK))]:,;;; u(.xo). 
l->00 

Hence by Theorem 2.4(c) we have transience. 

(2.19) 

(2.20) 

0 

Now let us give some criteria for recurrence and transience of diffusions in terms of the 
coefficients of L and J. These are analogues to the criteria in Bhattacharya (1978). Let L, J 
be defined as in (2.1 ), (2.2). 

Define 
d 

"'"' X;Xj 
A(x) = ~ a!i(x)-l l2 , 

i,j=1 X 

d 

B(x) = L a;;(x), 
i=1 

d 

C(x) = 2 L x;b;(x). 
j=l 
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Put 

R( ) B(x) - A(x) + C(x) 
fJ r =sup 

lxl=r A(x) 

R _ . B(x) - A(x) + C(x) 
fJ(r)- mf A( ) - lxl=r X 

I(r) =Jr J3(u) du; l(r) = Jr (i(u)du. 
I U I U 

Proposition 2.7. Assume (Al)-(A3). 

(a) Let u(x) = Jjxl exp ( -I(r)) dr. If u(x) ---+ oo as lxl ---+ oo and Ju(x) :s:; 0 for 
x E oD, lxl > 1, then the diffusion is recurrent. 

(b) Let v(x) = t 1 exp ( -l(r)) dr. If limx->oo v(x) < oo and Jv(x) ;,;;. 0 for 
x E oD, lxl > 1, then the diffusion is transient. 

Proof. This easily follows from Corollories 2.5 and 2.6 and the proof of Theorem 3.3 in 
Bhattacharya (1978). 0 

Remark 2.8. Note that (L, .f)-diffusion can be transformed to (I, &/&x1)-diffusion through a 
C2-diffeomorphism of D (see Ramasubramanian 1986). Let a, b denote the coefficents of l. 
Define A, B, C analogous to A, B, C above with a, b replaced by a, b. 

Define 

a.( ) B(x) - A(x) + C(x) 
fJ r = sup--'--'--~---'----'--'--

lxl=r A(x) 

Jlxl ( Jr /J(u) ) 
u(x) = I exp - I ---;-du dr 

Note that &u/&x1 = 0 on &D. Thus if u(x)---+ oo as lxl ---+ oo, we have that (L, .f)-diffusion is 
recurrent. Similarly we can also have a condition for transience. 

Remark 2.9. The boundedness assumptions in (AI), (A2) can be relaxed to linear growth 
conditions on a, b. Under such conditions the (L, .f)-diffusion is conservative. As in Lemma 
2.5 of Bhattacharya (1978), the strong Feller property can be established. It is now clear that 
the analysis of this section can be carried through under the relaxed assumptions. We omit 
the details. 
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3. Reflecting Brownian motion in the upper half-plane with 
variable skew reflection 
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In this section we will deal with recurrence and transience of reflecting Brownian motion 
(RBM) with variable oblique reflection in the upper half-plane. Rogers (1991) has dealt with 
this problem but has used complex analytic techniques to get the results. Here we will give a 
real variables proof of these results, using in particular Corollaries 2.5 and 2.6 above. 

In this case it is convenient to deal with the problem in polar coordinates. Therefore we 
shall describe the set-up in Cartesian coordinates as well as in polar coordinates. 

Let 

S = {(XJ, X2): X2 > 0, -00 < XJ < 00} = {(r, 0): r > 0, 0 E (0, .n)} 

a1S = {(XJ, 0): X1 > 0} = {(r, 0): r > 0, 0 = 0} 

a2s ={(xi. 0): XJ <0} = {(r, 0): r>O, 0 = .n} 

as= a1s u a2s u {(O, o)}; s = s u as. 

Here the generator L is the Laplacian, viz., 

L = ~~ = ~ (::i + ::~) = ~ (::2 +~:r + r~ :02) · 
For X E as, let y(x) be the direction of reflection and let 'f/(X) be the angle that y(x) makes 
with the normal at x, clockwise direction being taken to be positive. 

As in Section 2, we will assume that the normal component of y is bounded away from 
0; Hence without loss of generality, we may take the normal component to be 1. So we may 
write y(x) = (y 1 (x), 1) = (tan rJ(x), 1 ). As y is bounded, and bounded away from the 
tangential direction, note that there exists a f3 > 0 such that 

-.n/2 + f3 ~ rJ(x) ~ .n/2- {3. 

Also, we assume that rJ(x) E C1(aS). 
Now the boundary operator J can be written as 

Jf(x) = YI(x) aj(x) + aj(x) 
ax1 ax2 

{
tan 'f/(·) aj(·) + ~ aj(·), 

ar r ao 

-tan rJ(·) aj(·) _ ~ aj(·) 
ar r ao ' 

on als 
(3.1) 

For x E a1s, note that rJ(x) = rJ(!x!, 0), and for x E a2S, we have rJ(x) = rJ(!x!, .n). We will 
use this notation in the sequel. 

Theorem 3.1. (a) If lim inf r--+oorJ(r, .n) +lim inf r--+oo( -rJ(r, 0)) > 0, then the RBM is 
recurrent. 



106 S. Balaji and S. Ramasubramanian 

(b) lf lim supr_,00 1'J(r, .n) +lim supr_,00 ( -q(r, 0)) < 0, then the RBM is transient. 
(c) lf q(r, 0) is non-decreasing and q(r, .n) is non-increasing, and if 

lim q(r, 0) = lim q(r, .n), 
r-+oo r-+oo 

then the RBM is recurrent. 

Proof. (a) Let liminf,_,00(-q(r, 0)) = £'J and liminfr_,00 q(r, .n) = £z. By hypothesis 
£'J + £z = E > 0. Put £'J - t:/4 =OJ, £2- t:/4 = Oz and a= (OJ+ Oz)/.n. Note that 
OJ + Oz > 0 and hence a > 0. Now define the function u on the set B(O : 1 )c n S in 
terms of polar coordinates as follows: 

u(r, 0) = ra cos (aO- OJ). (3.2) 

Clearly ~~u = 0. Note that -.n/2 <-OJ ,;;;; aO- OJ ,;;;; Oz < .n/2, for all 0 E [0, .n]. Hence 
{cos (aO- OJ): 0 E [0, .n]} is bounded away from 0. Therefore u(r, 0)---+ oo as r---+ oo since 
a> 0. On OJS we have 

Ju(r, 0) =a ra-J cos OJ tan q(r, 0) +a ra-J sin OJ. (3.3) 

But since lim inf r->oo( -q(r, 0)) = £'J, there exists an SJ such that for all r ;;;. SJ, 
q(r, 0) ;;;. £'J - t:/4 = OJ. Hence tan q(r, 0) ,;;;; tan (-OJ). Consequently as a> 0, by (3.3), 
we have on 8JS n {r > si} 

Ju(r, 0),;;;; 0. (3.4) 

Similarly, on ozS 

Ju(r, .n) = -ara-J cosOz tanq(r, .n) + ara-J sin Oz. (3.5) 

But as lim inf r->oo 17( r, .n) = £z, we have, for some Sz > 0, for all r ;;;. sz, 17( r, .n) ;;;. 
£z- t:/4 = 02. Substituting in (3.5) we see that, on 8zS n {r;;;. sz} 

Ju(r, .n) ,;;;; 0. (3.6) 

Hence by (3.4) and (3.6), we have on [8JSn{r;;;.so}]U[8zSn{r;;;.so}],Ju,;;;;O, where 
so= max {sJ, sz}. Now by Corollary 2.5 the process is recurrent. 

(b) Let lim supr_,00 ( -q(r, 0)) = £'J and lim SUPr->oo q(r, .n) = £z. By hypothesis £'J + £z = 
-E < 0. Put £'J + t:/4 =OJ and £z + t:/4 = Oz. Note that OJ + Oz < 0 and let 
a= (OJ + Oz)/.n < 0. Define 

u(r, 0) = ra cos (aO- OJ). (3.7) 

Proceeding as in the proof of part (a) with obvious modifications and using Corollary 2.6, it 
can be proved that RBM is transient in this case. 

(c) Let limr_,00 q(r, 0) = -OJ and lim,_,00 q(r, .n) = Oz. By assumption q(r, O)j- OJ and 
q(r, .n)lOz. Define 

u(r, 0) =log r + OtanOJ. (3.8) 

With u defined by (3.8) and using Corollary 2.5, recurrence of RBM in this case can be 
established along similar lines as in part (a). D 
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Remark 3.2. Parts (a) and (b) of Theorem 3.1 have been proved by Rogers (1991) using 
complex analytic methods. It may be mentioned that Rogers obtains other results as well 
concerning RBM with variable reflection field, using Pick functions from complex analysis; 
see also Rogers (1990). Since two-dimensional Brownian motion is well behaved under 
conformal mappings, the complex analytic approach as considered by Rogers is a natural tool 
to use. Observe that Brownian motion in IR2 is a critical case as far as recurrence/transience 
is concerned; that is Brownian motion in IR2 just fails to be transient! (The authors thank 
Prof. Varadhan for this remark.) This aspect is also manifest in part (b) of Theorem 3.1, in 
the sense that a mild perturbation by a suitable 'reflection field' is enough to make the 
process transient. Our 'real variables' approach enables us also to consider other critical cases 
like Example 6.3. 

A particular case of part (c), viz., when y(x) =constant, has been dealt with by Williams 
(1985). In fact our choice of the function u in the above proofs has been inspired by 
Varadhan and Williams (1985). 

Proposition 3.3. Let YJ(X) be the angle of reflection on the boundary as such that it satisfies 
YJ(x1) = YJ(x1 + 1 ), that is, we consider periodic reflecting conditions. Now let 

YI = inf {YJ(xi): x1 E [0, 1]}, 

Y2 = sup { rJ(xi): XI E [0, 1]}. 

Then if YI = 0 and YI < Y2· then the REM is transient. 

Proof. Put u(r, ()) = ra cos (a() -17)- ()tan y2, where a= -yz/2 and 17 = ()z/2. Then, 
along the same lines as in the proof of Theorem 3.1 (b), we have transience of the 
process. 

Note. The condition in Proposition 3.3 above is not covered by the inequalities of Theorem 
3.l(a)-(b). 

Remark 3.4. Consider the generator and boundary operator as follows: 

L-f( ) = ( 2 1) & f(x) 2 ()2 f(x) & f(x) 
x m+ !l 2 +m!l!l+!l 2 , 

ux1 UXI UX2 ux2 
xED, 

J f(x) = 8{(x), 
UX2 

xE 8D. 

where m is a positive constant. That is, we consider diffusion with generator L and 
normal reflection at the boundary. By a transformation of the upper half-plane as in 
Ramasubramanian (1988), we see that (l, ]) diffusion is transformed to (il, .f)-diffusion, 
where 

Jf(x) = m 8f(x) + 8f(x). 
8x1 8x2 
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By Theorem 3.l(c) we see that (~, .I)-diffusion is recurrent. Hence (I, })-diffusion is 
recurrent. It is interesting to note that Proposition 2.7 does not yield any information 
concerning the recurrence of (I, })-diffusion. This is not altogether very surprising because 
both Theorem 3.3. of Bhattacharya (1978), and Proposition 2.7 work well when the generator 
and the boundary operator preserve the class of radial functions. 

Our proof of Theorem 3.l(a) and a theorem due to Menshikov and Williams immediately 
suggest the following result concerning passage-time moments. 

Proposition 3.5. Suppose the hypothesis of Theorem 3.1 (a) holds. Let a be as in the proof of 
Theorem 3.1 (a). Then there exists a positive constant c < 1 such that r > 0, 

(i) Ez(rf) < oo, for p < a/2, lzl > r; 
(ii) Ez(if) = oo, for p > a/2, lzl > rc, where ir = inf {t;::,; 0: IZ(t)l = r}. 

Proof. Let u be the function as in the proof of Theorem 3.l(a). Then the proposition follows 
by applying Theorem 4.1 of Menshikov and Williams (1996) to the function u. As Ju ~ 0, 
the proof of Theorem 4.1 essentially goes through, with minor changes. 0 

4. Transience down a side in the half-plane 

In this section we revert to the notation of Section 2. Let 

D = {(x1, x2): x1 > 0, -oo <x2 < oo}. 

Let 

2 Ef2 f(x) 2 af(x) 
Lf(x) = L aiJ(x)BE-+ Lb;(x)~, 

i,j=l X, XJ i=l X, 
xED, (4.1) 

Jf(x) = a~(x) + Y2(x) a~(x), x E aD. (4.2) 
UXJ UX2 

be respectively the generator and boundary operator. Let (X1(t), X 2(t)) denote the (L, .I)­
diffusion on D. Suppose {X 1 ( t)} is recurrent (that is, for any open set U in [0, oo) and any 
xED, Px(X1(t) E U for a sequence of t'sjoo) = 1). We give conditions for {X2(t)} to go to 
-oo a.s. Similar conditions can be given for {X2(t)} to go to +oo. In this regard let us prove 
the following proposition. 

Proposition 4.1. Let there be a function u E C2(~2) with the properties 

(i) u ;::,; 0 and u(x) = u(x2); 
(ii) u(x2) decreases as X2l - 00; 

(iii) u(x2) increases to 00 as X2 joo; 
(iv) Lu ~ 0 on D and Ju ~ 0 on aD. 
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Then the dif.!Usion is transient, and furthermore 

Px(Iim X2(t) = -oo) =I, 
l->00 

Proof. Let r E IR be arbitrary but fixed. Let 

Vx E lJ. 

'rr = inf {t;;;;. 0: X2(t) = r}, 

S1 = {(XJ, X2): X2 > r}, 

Step 1. We will show that 

S2 = {(XJ, X2): X2 < r}. 

sup Px(rr < oo) < 1, 
xEL 

109 

(4.3) 

for any horizontal line L ~ S2. This, in particular, implies that the process is transient. 
Suppose (4.3) does not hold; then SUPxEL Px('rr < oo) = 1. So given e > 0, there exists an 

x<0) E L such that 

(4.4) 

u(x<0)) ;;;;. Ex<o>[u(X(t 1\ 'rr))] 

= Ex<o>[l{T,,.;t}u(X(r r))] + Ex<o>[l{T, > t}u(X(t))]. (4.5) 

Let A= {rr<oo} and Ar = {rr.;;; T). Choose Tsuch that PxO(Ar)> I- e. This is possible 
as AriA. Consequently as u ;;;;. 0, we get 

u(x<0));;;;. Ex(O)[I{T,,.;T}U(r)] + Ex(O)[I{T,> nu(X(T))] 

= u(r)PxO(Ar) + Ex<o>[IAJ.u(Xr)] 

> u(r)(I -e). 

But this contradicts (ii) above. Hence (4.3) holds and step I is complete. 
Step 2. We will show that, for all x E S1, 

Px('rr < oo) = 1. 

Put 

'l2k = inf { t > TJ2k-1: X1(t) = I}; 'l2k+J = inf {t>TJ2k: X 1(t) = 2}. 

(4.6) 

(4.7) 

Since the process {XJ(t)} is recurrent note that Px(TJk < oo) = I for all k. Hence by 
condition (iv), Ito's lemma and the optional sampling theorem we have 

Ex[u(X(T}k 1\ 'rr))]:,;;; u(x), (4.8) 

for all k. Let A = { r r < oo} and B = { TJ k < oo for all k}. Suppose ( 4. 7) does not hold. Then 
Px(Ac) > 0, and hence by recurrence of { X 1 (t)} we have Px(Ac n B)> 0. By transience of the 
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process (by step 1) and as X1 and X2 are bounded below by r 1\ 0 on Ac, note that for a. a. 
wE Ac, 

X 1(t, w) + X2(t, w)-+ oo as t-+ oo. (4.9) 

This implies that, for a.a. w E Ac n B, 

X 2(r/k(w), w)-+ oo ask-+ oo. ( 4.1 0) 

Now by ( 4.8) and condition (iii) 

u(x);;, lim Ex[u(X(t]k 1\ 'Tr))];;, lim Ex[lA'nBu(X(rr 1\ t]k))] = oo, 
k->oo k->oo 

which is a contradiction. Hence (4.7) holds and step 2 is complete. 
Step 3. Let x = (x1, x2) be arbitrarily chosen. Choose r, r1 such that r1 < r<xz. Define 

Or1 =sup {Py(ir1 < oo): y such that Y2 = r}. 

By step 1 , o r 1 < 1. By the strong Markov property, 

Px(X2(t) = r for a sequence oft'sjoo) ~ Px(~2i+I < oo) 

= Ex[l~,_ 1 <ooPx(~2,_J)(rr<oo)] ~ Or1 Px(~2i-I <oo) ~ ... ~ o~,, (4.11) 

where 

~2; = inf { t > ~2i-l: X2(t) = r} 

~2i+I = inf { t > ~2;: X2(t) = ri}, i = 1, 2, .... 

As Or1 < 1 note that 0~1 -+ 0. Hence Px (lim sup1_, 00X2(t) < r) = 1. As r < 0 is arbitrary, the 
proposition is proved. D 

Example. Consider the function u(x) = ex2 • Let L, J be defined as in (4.1). Then 
Lu(x) = (an(x) + b2(x))ex2 and Ju(x) = Y2Cx2)ex2 • Hence, if an(x) + b2(x) ~ 0 and 
y2(x2) ~ 0, we have, on assuming the recurrence of X 1, that the process is transient down 
to -oo. 

Note. Conditions for recurrence of X1 are being investigated. In this connection one may 
consult Ramasubramanian (1983) for conditions for recurrence of projections of diffusions in 
[Rd (without boundary conditions). Such conditions (together with appropriate modifications 
required to ensure that the derivatives along the reflecting directions are negative) in the 
present context are not difficult to prove. 

5. Positive recurrence of diffusions in the half-space 

In this section we will deal with positive recurrence of diffusions and the existence of 
invariant measures. First, let us define some stopping times which will be used below. We 
consider diffusions in the half-space D, where 

D = {(XJ, X2, . •. , Xd): XI> 0}. 
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Let U be an open set in D. Define 

Tu = inf {t:;;;. 0: X(t) ~ U} =exit time fromU. 

au = inf { t :;;;. 0: X( t) E U} = entrance time into U. 

For c > 0, define 

Tc = inf {t:;;;. 0: IX(t)l = c}. 

Definition. A point x E lJ is said to be positive recurrent if there exist bounded open sets [0, 
u2 such that X E ul c;;; [JI c;;; u2 and 

(5.1) 

The diffusion is said to be positive recurrent if all points are recurrent. 

Lemma 5.1. Let x be a positive recurrent point; let U1, [h. be open balls such that (5.1) 
holds. Let u, v be balls such that OI c;;; u c;;; [J c;;; u2 c;;; 02 c;;; v. Then 

sup {Ez(auJ: z E 8U} < oo (5.2) 

sup {Ez(auJ: z E 8V} < oo. (5.3) 

Proof. By the strong Markov property, Lemma 3 ofRamasubramanian (1986) and by positive 
recurrence of x, we have 

sup Ey(au1 ):::;;; sup Ey[1au1 <ru2 • au1 ] + sup Ey[1au1 >ru2 • au1] 

~u ~u ~u 

:::;;; sup Ey(Tu2 ) + sup Ey[Ex(ru2 )(auJ] 
yEaU yEaU 

<oo. (5.4) 

By Proposition 2.3, the existence of a positive recurrent point implies that the diffusion is 
recurrent and hence we have a u2 < oo, Pz a.s. for z E 0~. Therefore we have 

sup Ez(auJ = sup Ez[Ez(au1 l.11'au)l 
zEaV zEaV 

:::;;; sup Ez(au1)<oo. 
zE8Uz 

(5.5) 
0 

Proposition 5.2. If there exists one positive recurrent point, then the diffusion itself is 
positive recurrent. 

Proof. Let .xo be a positive recurrent point and let y be an arbitrary point. We will show that 
y is positive recurrent. Since xo is a positive recurrent point, we can find two balls u~. U2 
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such that (5.1) holds. Let U3, U4 be balls such that 02 ~ U3 ~ 03 ~ U4 and y E U3. By 
Lemma 5.1, 

supEz{au1 : z E 8U4} < oo. (5.6) 

Since a u3 < aUt' Pz a.s. for z E a U4, we have 

sup {Ez(au3: z E 8U4} < oo. (5.7) 

Combining (5.6) and (5.7), we see that y is a positive recurrent point. As y was chosen to be 
arbitrary, the diffusion is positive recurrent. D 

Our next objective is to obtain an upper bound for the expected hitting time of a 
bounded open set. For this we need the following lemma. 

Lemma 5.3. Let A be a bounded open set in D, and let r > 0 be such that A ~ B(O: r). Then 
there exist M > r, 0 < PA < 1, such that, for all x E B(O: r), 

Px(X(l) E A and !X(t)J ,;;; M, Vt E [0, 1]);;;.: PA· (5.8) 

Proof. Since the diffusion has a continuous positive density and A is an open set, note 
that 

Po:= inf {Px(X(l) E A): x E B(O: r)} > 0. (5.9) 

Let f = po/4. By tightness of measures { Px: x E B(O: r)} on C([O, 1]: !Rd), we can find a 
compact set Ke ~ C([O, 1]: !Rd) such that, for all x E B(O: r), 

Px(K,) > 1 - f. 

By Arzela-Ascoli's theorem, there exists M > 0 such that Jw(t)J ,;;; M, for all t E [0, 1], for 
all w E Ke. Hence, for all x E B(O: r), by (5.9) we have 

Px(X) 1(A) n K,) = Px(X) 1(A))- Px(X)1(A)\K,) 

>Po - f = iPo =: PA 

whence the lemma follows. 

Now with M, r as in the preceding lemma, let YJo = 0 and put: 

'Y/t = inf { t;;;.: 0: IX(t)J = r} V (I A TM); 

'Y/2i = inf {t > 'Y/2i-t: X(t) rt B(O: M)} A ('Y/2i-t + 1); 

'Y/2i+t = inf { t > 'Y/2i: X(t) E 8B(O: r)}. 

(5.10) 

D 

Let F ={a A,;;; I, TM > 1}, where A, Mare as in the preceding lemma. By (5.10) note that 

Px(F)> PA• (5.11) 

Proposition 5.4. Let A, r, M. PA be as in Lemma 5.3. For any x E B(O: r1 
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E (a ) ~ __!__ [2 + sup Ez(r,)J + E (r) x A ~ PA lzi,;;M x r • 
(5.12) 

Proof. If suplzi,;;M Ez(r,) = oo, note that (5.12) trivially holds. So assume 
suplzi,;;M E2 (r,) < oo. Then note that any point in B(O: r) is positive recurrent and hence 
the diffusion itself is positive recurrent. This, in particular, implies that the diffusion is 
recurrent. Therefore all the stopping times involved in the proof are well defined. 

Clearly, 

,;;; 1 + Ex(r,). 

Next, by the strong Markov property for i;;;;. l, 

As {a A >q,} ~Fe, we have 

Now observe that, for i ;;;;. 3, 

Px(aA >1Jzi-!) = Ex[l{aA>1J2•-dl{aA>I'/2i-J}] 

,;;; Ex[l {a A> I'/2H}EX(I'/2i-J)(l{a A >(TMIII)})] 

,;;; Px(aA >7J2i-3)sup Pz(aA >(rM 1\ 1)) 
lzl,;;r 

,;;; (1 - PA)Px(a A> 1J2i-3)· 

As 1]3 > 1]1 a.s., by (5.16) we have 

Px(a A> 1]3) ,;;; (1 - PA)· 

By (5.17) and (5.18) we have 

(5.13) 

(5.14) 

(5.15) 

(5.16) 

(5.17) 

(5.18) 

(5.19) 
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Combining (5.15), (5.16) and (5.19), we have 

Ex L ds ~ - + (1 - PA). [ JaAA'12• l } 
;;;.J a AA'I2i-l PA 

~ Px(aA >q2;) sup Ez(r,). 
lzi.;;M 

As 'Y/2i > 'Y/2i-I a.s., we have 

(5.20) 

(5.21) 

Px(a A> 'Y/2;) ~ Px(a A> 'Y/2i-I) ~ (1 - PAi- 1. (5.22) 

Combining (5.21) and (5.22), we obtain 

Ex[I::[AA'I2i+ldsl ~_!_ [:~~ Ez(r,)J· (5.23) 
;;;.J a All'12• PA I I 

Now combining equations (5.13), (5.14), (5.20) and (5.23), we have the proposition. D 

Corollary 5.5. If the diffusion is positive recurrent then Ey(a A)< oo, for any y E D and for 
any non-empty open set A C D. 

Proof. Without loss of generality take A to be bounded open. Let y E D be arbitrary but 
fixed. Let x E A be arbitrary. By positive recurrence there exist open balls u~. U2 such that 
x E U 1 ~ 0 1 ~ U2 and (5.1) holds. Now chooser> IYI such that AU 01 ~ B(O: r). For any 
M such that B(O: r) U 02 C B(O: M), SUPizi.;;MEz(auJ < oo by Lemma 5.1. Hence we have 
suplzi.;;MEz(r,) < oo, by continuity of sample paths. Choose a suitable M, such that Lemma 
5.3 and Proposition 5.4 hold. Now the corollary follows. D 

Proposition 5.6. Let r0 > 0, € > 0, u E C2(~d\B(O: ro/2)) be such that 

(i) Lu(x) ~ -E, lxl ~ ro; 
(ii) Ju(x) ~ 0, {lxl ~ ro} n 8D; 

(iii) u(x) ~ 0 for all x such that lxl ~ ro. 

Then the diffusion is positive recurrent. 

Proof. Let r~0 = inf {t ~ 0: IX(t)l rj; (ro, n)}. Then by Ito's formula, 

Ex[u(X(t 1\ r~))]- u(x) ~ -EEx(t 1\ 1"~0 ). (5.24) 

So Ex(t 1\ r~0 ) ~ [u(x) - Ex(u(X(t 1\ r~0 )))]/c. Hence Ex(r~0 ) ~ u(x)/c as t ~ oo. But since 
r~0 jr ro as n ~ oo, we have 
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(5.25) 

From (5.25) it follows that suplzl=r Ez(l' r0 ) < oo for any r > ro. Hence we have that the 
process is positive recurrent. 0 

Remark 5.1. If the diffusion is recurrent, then, by the argument and results of Maruyama and 
Tanaka (1959), there exists a unique (up to scalar multiplicity) a-finite invariant measure. 
Furthermore, if the diffusion is positive recurrent, then, by the same arguments, the invariant 
measure is a probability measure. (Note that the Condition 6 of Maruyama and Tanaka 
(1959) is needed just for open balls.) 

Remark 5.1. In Bhattacharya (1978) a point x is said to be positive recurrent if, for all 
0 < ro < rt, we have Ez(a B(x:ro>) < oo, for all z E aB(x: rt). However, to prove the existence 
of an invariant probability measure a condition similar to (5.1) above is needed. 

Remark 5.3. Estimate (5.12) is stated (with a brief indication of proof) in Dupuis and 
Williams (1994), in the context of semimartingale RBMs in the orthant. As this estimate is 
likely to be very useful we thought it appropriate to write up a proof. 

Note. Our analysis concerning recurrence, transience and positive recurrence can easily be 
extended to unbounded domains that are C2-diffeomorphic to the half-space. 

6. Further comments and examples 

Example 6.1. Let D = {(x1, x2): Xt > 0}. Put L = l:l/2- 1-lafaxt. f-t > 0. Note that in IR2, 
L-diffusion is transient as the diffusion is (B1(t)- f-tl, B2(t)), where B1 and B2 are Brownian 
motions. 

But let us consider (L, ./)-diffusion where J = ajax1• Now by taking u(x) =log lxl, we 
see that 

Lu:,;;;; 0 
Ju:,;;;; 0 

on D; 
on aD. 

Furthermore, u(x)--+ oo as lxlfoo. Hence the process is recurrent, by Corollary 2.5. 

Example 6.1. Now consider 

D = {(Xt, X2): X2 > 0}. 

Let Pt. P2 be negative constants, and 

aj(x) aj(x) 
Lf(x) = l:lf(x) + Ptxt -a-+ Pzxz -a-

Xt Xz 

~if( ) _ ( )aj(x) aj(x). 
Jj x - Yt x1 a + a , 

Xt X2 
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that, is we consider an Ornstein-Uhlenbeck process in the upper half-plane with reflection 
field (y1(x1), 1). We can have positive recurrence of the process in the following cases. 

Case (i). Let y 1(x!).;;; 0, for x, ~ 1, and y,(x!) ~ 0, for x,.;;; -1. Then with the function 
f(x) = log jxj, applying Proposition 5.6, we can see that the process is positive recurrent. 

Case (ii). Let {3 1 = {32 = {3. Now consider the upper half-plane in polar coordinate form, 
that is, 

D = {(r, 0): r>O, 0 E (0, .n)}. 

Then the diffusion and boundary operators transform to 

f) 18 18 f) 
Lr,O = 8r2 +-;.or+ r 2 8()2 + {3r or 

J= or roO {
tan rJ(·)!_ + ~_Q_ 

f) 1 f) 
-tanr](·) or- -;.ae 

on()= 0 

on()= n. 

Now if the reflection field satisfies the condition in Theorem 3.1(a), then by Proposition 5.6 
applied to the function u(r, ()) as in the corresponding proof, we have positive recurrence of 
the Ornstein-Uhlenbeck process. 

Similarly, if the reflection field satisfies the condition in Theorem 3.1(c), we have positive 
recurrence of the Ornstein-Uhlenbeck process. In particular, we see that the Ornstein­
Uhlenbeck process with constant angles of reflection is positive recurrent. 

Example 6.3. Let S be the upper half-plane as in Section 3. Let 

where 

2 & f(x) 
Lf(x) = L aij(x)~, 

i,j=l x, ~ 

g(r) 
a!i(x) = o!i + - 2-x;Xj, 

r 

in which g(r) is a bounded Lipschitz continuous function. Note that S = {(r, 0): r>O, () E 

(0, n)}. Let J be given by (3.1). In polar coordinates L above is transformed to 

& 1 f) 1 & 
L = (1 + g(r)) f)r2 +-;.or+ r2 f)()2. 

Case (i). Let the reflection field satisfy the condition in Theorem 3.1(a). Assume 
g(r) ~ 0. Take a, so and u as in the proof of Theorem 3.1(a). Note that 0 <a< 1. Then on 
[81S n {r ~ s0 }] U [82S n {r ~ s0 }] we have 

Ju.;;; 0. (6.1) 

As g(r) ~ 0, we have 

Lu.;;; g(r)a(a- 1)ra-2 cos(a()- 01).;;; 0, 
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and in this case the process will be recurrent. 
Case (ii). Let the reflection field satisfy the condition in Theorem 3.1(b). Assume 

g(r) < 0. Take a, u as in the proof of Theorem 3.1(b). Since a< 0 we choose so> 0 such 
that, on [aiSn{r::a.so}]U[azSn{r::a.s0}], we have 

Ju ~0. (6.2) 

As a< 0 and g(r) < 0, note that 

Lu ~ 0. 

Hence the process is transient. In particular, if g(r) = -1/(1 +log r), we have recurrence in 
the unrestricted case (see Friedman 1975, p. 202). But in the upper half-plane with the 
reflection as above, the process is transient. 

Example 6.4. Let D =(xi, xz, X3, x4): XI> 0} and let (1, yz, y3, Y4) be the reflection field on 
aD, where y2, y3 and y4 are constants. Consider Brownian motion in D with reflection field 
as above. The equation can be explicitly written for reflection Brownian motion in D, 

ZI(t) = BI(t) + ~(t) 
Zz(t) = Bz(t) + Yz~(t) 
Z3(t) = B3(t) + Y3~(t) 
Z4(t) = B4(t) + Y4~(t) 

where ~(t) is the local time at 0 for the Brownian motion BI(t), and the Brownian motions 
BI (t), Bz( t), B3(t) and B4( t) are independent. Without loss of generality, assume that 
y~ + y~ + y~ = 1. Let 0 be the orthogonal transformation in ~3(~ aD) taking (yz, y3, y4) to 
(1, 0, 0). Hence 

O(Zz, Z3, Z4)T = O(Bz, B3, B4)T + O(yz, y3, Y4)T~(t) 

= (Eh, fh, B4)T + (~(t), 0, O)T 

where (Bz, B3, B4) is again a three-dimensional Brownian motion. Consider the trans­
formation T: ~4 -+ ~4 such that T(xi, xz, X3, x4) =(xi. )'2, )13, y4), where ()'2, )13, Y4)T = 
O(xz, x3 , x4)T. As Tis a smooth transformation, it would preserve recurrence and transience. 
Let T(ZJ. Zz, z3, Z4) = (ZJ. Zz, z3, Z4), where 

ZI(t) = BI(t) + ~(t) 

Zz(t) = Bz(t) + ~(t) 
Z3(t) = B3(t) 

Z4(t) = B4(t). 

Now note that (ZI, Z3, Z4) is a three-dimensional reflected Brownian motion with normal 
reflection in the space E ={(xi, x3 , x4): XI ::a. 0} and is transient. Hence the diffusion 
(ZJ. Zz, Z3, Z4) is transient. In general this result is true for dimensions greater than 4. 
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To conclude, we mention two cases in which the asymptotic behaviour of the diffusion is 
not clear to the authors. 

(a) Brownian motion in three dimensions with reflection field y(x), where y is bounded 
smooth. One would expect this process to be transient; however, even when y := constant 
we do not know the result. 

(b) For the Ornstein-Uhlenbeck process in the half-plane with drift coefficients 
{3 1x1, {32x2, ({31 < 0, {32 < 0) we do not know whether the process is recurrent. In particular, 
we do not know the behaviour of the process when y is such that (x, y(x)) > 0, for all 
x E 8D. Also we are not able to say anything about positive recurrence. 
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