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Efficiency of the empirical distribution for
ergodic diffusion
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We consider the problem of stationary distribution function estimation at a given point by the
observations of an ergodic diffusion process on the interval [0, 7] as T — oo. First we introduce a
lower (minimax) bound on the risk of all estimators and then we prove that the empirical distribution
function attains this bound. Hence this estimator is asymptotically efficient in the sense of the given
bound.
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1. Introduction

We consider the problem of estimation of a one-dimensional distribution function F(x) by the
observation of a diffusion process {X,, 0 < < T} as T — oco. We suppose that the process
X,, t =0, possesses ergodic properties with invariant measure P* and F(x) = P*((—o0, x]).
We introduce a lower (minimax) bound on the risks of all estimators, then we define the
asymptotically efficient estimators as estimators attaining this bound, and finally we show that
the empirical distribution function is asymptotically efficient in this problem. The same
program was already realized for several other models of observations. For independent
identically distributed random variables this was done by Dvoretsky et al. (1956) see also
Millar 1983, section VIII, and references therein); then Penev (1991) proved the asymptotic
efficiency of the empirical distribution function for exponentially ergodic Markov chains with
state space [0, 1] (the more general case was treated by van der Vaart and Wellner 1990) and
further generalizations were given by Greenwood and Wefelmeyer (1995). The difference
between these results lies in the types of model, the regularity conditions and the choice of
the definitions of asymptotic optimality, and common to all of them is the possibility of n'/2-
consistent estimation of the underlying distribution. An exhaustive description of such
situations has been given in Bickel et al. (1993). Our statement of the problem can be termed
semi-parametric because we estimate the one-dimensional parameter T = F(x), i.e., the value
of the unknown function at one point x only (Bickel 1993, p. 59).

The diffusion process X, t = 0, is supposed to be a solution of the stochastic differential
equation
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where {W,, t = 0} is the standard Wiener process. The trend coefficient S(-) is unknown to
the observer and the diffusion coefficient o'(-)? is a known positive function. Recall that the
diffusion coefficient can be estimated without error by the observation of (1) (see, for
example, Genon-Catalot and Jacod 1994).

We suppose that the functions S(-) and o(-) satisfy the global Lipschitz condition

IS(x) =S| +|o(x) —o(] =< Llx — y|;

so (1) has a unique strong solution (see, for example, Liptser and Shiryayev (1977, Theorem
4.6). This condition will not be used directly; so any other condition providing that property
of the solution can replace the given one. We assume for simplicity of exposition that the
functions S(-) and o(-) are continuous.

We suppose that

" S()
Jo o (0P dv — —o0, as |y| — oo,
and the condition
o0 _ 7 S(v)
6o 2 2J do)dy <
GS) =G Jimo(y) exp ( s v)dy<oo

are fulfilled. The class of such functions S(-) we denote by ©. These conditions provide the
existence of a stationary distribution

X y S
o= oo (o 25.0)

for the diffusion process (1) (Mandl 1968). Under this condition the random process X,
t = 0, has ergodic properties, i.e., for any measurable function g(-) with E|g(&)] < oo (£ has
F(-) as distribution function)

1 T
p( Jim ?L g(X)dr = Eg(® | = 1

(Mandl 1968, p. 93).
Below we are interested in the problem of nonparametric (S(-) is unknown) estimation of
the function F(x). The empirical distribution function (EDF)

R I
FT(X) = ?JO X{x, <x} dt (2)

is a natural estimator of the function F(x). Recall that the EDF
N 1 <&
Fu(x) = ;ZX{X/<X}
=
in the case of independent identically distributed observations {Xi, ..., X,} is uniformly

consistent, asymptotically normal and asymptotically efficient. In this paper it is shown that
for the ergodic diffusion process (1) the EDF (2) has similar properties.
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The density function will be denoted as

y
101 = 6 o0 2exp {2 S o}, )

0 0(v)?

2. Lower bound

To derive the lower minimax bound we shall follow the same approach which was applied in
the density estimation problem for this model of observations by Kutoyants (1995). The idea
of approximating this nonparametric bound by a family of bounds for parametric families and
then choosing the worst parametric family was suggested by Stein (1956) and was realized by
Levit (1973), and Koshevnik and Levit (1976) (see also the monographs by Ibragimov and
Khasminskii 1981, Chapter 4 and Bickel et al. 1993, Chapter 3). In the present work we take
the same approach.

So as in the work of Kutoyants (1995) we fix some function S(-) € © and suppose that
the observed process is

dX, = [S(X,) + H(X)]dr + o(X)dW,, Xo = xo, 0<t=<T, “
where H(:) is such that S(-) + H(:) € ©. Introduce the set
Us = {H(): sup |H(x)| < 6, 8() + H() € O}
xe

and denote by {P(,?, H(-) € Us} the corresponding family of measures P(,? induced by the
process (4) in the space %[0, 7] of continuous functions on [0, 7]. The mathematical
expectation with respect to this measure will be denoted by Ep. Further consider the
distribution function

- 7 g2 " S(0) + H(v)
Fu(x)=G(S+ H) Jiooa(y) exp (2]0 o0 dv) dy,
with corresponding normalizing constant G(S + H) and put
-1
FEAD{1 - F(E vx)}>2
I« = {4E s 5
{ < c@f @ } )

where £ A x = min (&, x) and & V x = max (, x). Introduce the set

Ok ={S(): sup G(S+ H)<oo, S(-) € O}.
H()eUs
The set Ox is not empty. For example, if 0(-) =1 and S(y)sgn y < —y, for all large values
of |y| with some y, >0 then S(:) € O4 for any 6 <7y,.

We suppose that the loss function /(-) has the following ‘usual’ properties:
(v, 2)=/(y—2), y,z€R; /() is non-negative on R; /(0) =0 is continuous at z =10
but is not identically 0; /(-) is symmetric and non-decreasing on R, ; finally the function
/(z) grows as z — oo more slowly than any one of the functions exp (ez?), € >0 (see, for
example, Ibragimov and Khasminskii 1981).
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Theorem 1. Let S(-) € Ox and [+ > 0; then

1 (o)
: s or1/2 _ > o0 7= 1/2N a—x2/2
(lslir(l) Tlgilc 1}1}‘ H?ElEI)Ua Ey/[T/“{Fr(x) — Fg(x)}] = e Jioc/(xl* )e dx, (6)

where inf is taken over all possible estimators Frp(x).

Proof. The supremum on Uy is estimated from below by supremum on some parametric
family with a special parametrization passing through the model with S(-). For this parametric
model we apply the Hajek—Le Cam inequality, then maximize the right-hand side of the last
inequality and find the worst parametric family (with minimal Fisher information). This last
quantity (risk) is just the right-hand side of (6).

Let us introduce the parametric family of functions

Su(x) = S(x) + (h — DP(x)o (x)’,
where h € (t —y, T+ y), y>0, and the function ¥(-) has a compact support, S,(-) € ©.
Then, for small y,
(h — Dy(x)o(x)* € Us.
The corresponding family of stochastic differential equations is
dX, =[S(X) + (h =YX )o(X ) 1dt+o(X)dW,,  Xo=x, O0s<t<T, (7)

with he(r—vy,t+y) and the corresponding family of measures is {P(hT) ,
he(r—y,t+y)}. We can consider the problem of the estimation of % based on
observation of (7). In our assumptions the stochastic process (7) has also the ergodic
properties if 4 = 1; hence the family of measures {P(hT), he@@—y, t+y)} is locally
asymptotically normal at the point h = 17, i.e., the likelihood ratio admits the representation
(see, for example, Kutoyants 1984, Theorem 3.3.8)

ap? | 2

#(){) = exp (uAT - %11/) + rT>,

where u € R,

L= | weroersedn P fim =0

T
Ar=T [ oo AW, SiABr) 50 1),
0

Thus by the Hajek—Le Cam inequality

lim lim inf sup Eu/{T'"2(hy — h)} = E/(CI,")?), (8)
0—0 T—o0 hr |h—1| <o
with £~ .77(0, 1) and, as was noted by Ibragimov and Khasminskii (1981, p. 217), the

difference hy — h can be replaced by hr — h+ o(|h — 7|) without changing the right-hand
side of (8).
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We put

x y
Fi0 = 63! [ ot e (2] 20

y
0 0(v)? 0

do 4 2(h — r)J Y(v) dv) dy.

The function () has a compact support; hence we can expand F(-) in powers of 4 — 7 in
the vicinity of the point 7 and obtain

X v 0o [y
Fyx) = F) + 200 — 1) (j L () dof () dy — F(x)j J () dof (7) dy) 4 o(lh — 1)

—00J0

= F(x) +2(h — DE{[(e<) — FOIP(E)} + o(|h — 1),

where £ as before has the distribution function F(-) and

3
wE) = Lw(y) dy.

Let us put T = F(x), T, = Fj(x) and introduce the class .7 of functions y(-) satisfying the
equality

E{lxz<yy — FOIP(E)} =3
Then for 1(-) € 7% we have the expansion
Fi(x) = F(x) + 2(h — DE{[x(e <} — F)IW(E)} + o(|h — 7))
= h+o(lh—1)
or 74 = h+ o(|h — 7|). Let the function 1(-) € 7% then

sup Ep/[T'2{Fr(x) — Fu(x)}1= sup E,/[T"2{Fr(x)— Fy(x)}]
H()eUs |h—t| <y

= sup E,/[TY*{hy —h—o(h— 1},
|h—1| <y

where hy = Fr(x) is an arbitrary estimator of 4. So we can choose y = y(0) — 0 as 0 — 0
in such a way that for any estimator Fy(x)

lim lim sup Ey/[T'*{Fr(x) = Fu(x)}]
0—0 750 H(")eUs

= lim lim sup E,/[TY*{h;y —h—o(lh—1)}]
770 T—00 [h—r| <y
1

> WJ /(I 7y e dx.

The last integral is a monotonically decreasing function of 7, = Ey(&)?0(E)?; hence to find
the worst parametric family (defined by (-)) we have to minimize /,, on the class . %"
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Fubini’s theorem allows us to write

X

B(Dc(E <}~ FOMP@} = [ {1 FIPOI 0 dy = F0| 010y

X

0 0
~rw -1 [ seporowe
1= Py o np@rodoay

~F@{1 - FE}W() - F(x)J j Ko=) () dody
— (F) - 1}L Y(O)F(0) do — F(x)J Y1 - F)} do
_ J_ YO F() — 1N FO)0< 5 + {F©) = 1P j0myy] do.

The function 1(-) belongs to the class .77 hence by the Cauchy—Schwarz inequality

= [E{ye<y — FOOIPE)

~ 2
= (J YO){F@wVx)—1}F@Ax) dv)

* [{F@Vx)—1}F@©Ax)P

<[ verewrrow| DAL g,
B 5 g {F(&w)—l}F(&m))z
=B Er o6 E( VG :

Therefore

-1
_ {1- F(&w)}F(&m))z B
= {4E( HEIE) } =l

for all ¥(-) € % and we obtain the equality for the function

Yi(v) = {1—-F@Vx}F(vAx),

¢
0(0)2/(0)

with some constant C > 0. This function does not have compact support but we can introduce
a sequence Y (v) = Yx(0)x{jo|< N}, N — oo to obtain (6). O
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The inequality (6) suggests that we introduce the following definition of asymptotically
efficient estimator.

Definition. Let the conditions of Theorem 1 be fulfilled then we say that the estimator Fy(x)
is locally asymptotically minimax (LAM) for the loss function /(-) if for any x € R

lim lim sup Ey/[T"*{Fi(x)— Fu(x)}] =E/(EI;"?)
0—0 T—o0 H()eU,
where £(8) =.17(0, 1).

We shall show below that for the polynomial loss functions /() the EDF is LAM.

3. Empirical distribution function

By the law of large numbers the EDF is a consistent estimator of the value F(x) and even
uniformly consistent.

Theorem (Glivenko—Cantelli).

P{Tli_IEO sup |Fr(x) — F(x)| =0} = 1.

Proof. The proof is well known and coincides with the proof of this theorem in the i.i.d.
case. ]

The normed difference

. 1 (7
Wr(x) = T1/2[Fr(x) — F(x)] = WJO x, < — Fo)}dt

is asymptotically normal by the following central limit theorem.

Lemma 1. Let the integrals

BAE = | h0/(0)dy =0
and
00 0 s
0< 4GJ h(y)J J h(z)f(z)p(s)f(y)dzdsdy = D(h, h) < oo,
—00 yJ—c0
where

S
ror=on (4 3500

converge absolutely; then
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1 (7 .
V{WJ h(ngr) = (0, D(h, h)). 9)

0

Proof. For the proof see Mandl (1968, pp. 93 and 94) (see also Lanska 1979 for this
formulation). O

Hence the EDF is a uniformly consistent and asymptotically normal estimator of the one-
dimensional distribution function F(x). Below we calculate its limit variance and compare
with the bound (6).

By Lemma 1 the limit variance of Wy(x) is D(hy, hy) with

hy(y) = X{y<x} — F(x)
This quantity is calculated in the Appendix and is equal to

{1- F(évx)}F@m)z: o
o0&/ (@) .

Therefore, if the convergence is uniform, then the EDF is LAM for the bounded loss
functions.

D(hy, hy) = 4E(

Remark. The central limit theorem (9) was proved by Mandl (1968) with the help of the
central limit theorem for sums of independent identically distributed random variables and
the conditions of uniform asymptotic normality for such sums can be found in Ibragimov and
Khasminskii (1981, Appendix 1).

The asymptotic efficiency of the EDF can be also proved for the polynomial loss
functions /() = |u|? with p = 2. To show this we shall use another form of Lemma 1 and
we have to strengthen the conditions.

Let us introduce the functions

FuEnx) - FH(x)FH<5)>2 B
@)/ ()

1+(H) = {4fH(x)2EH<

and

P FaA®) - Fa@Fu()
g0) = ZLO (@2 u(®)

and introduce the following condition.

(Cy) There exists a number p, >2 such that
sup Ep[g(§)]"* <o,

H()eUs

<FH(§ A X) — FH(E)FH(X)> P -
o0

sup Egy
H()eHs

(&) /u(é)
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and the law of large numbers

1 JT<FH(XtAx) — Fu)Fu(X))

P =i 7 o(X)fu(Xy)

2
_ —1
Jim — ) dt = I+(H)

0

is uniform on H(-) € Us.

Theorem 2. Let the condition (Cy) be fulfilled, and let S(-) € Ox, Ix>0 and Ix(H) be
continuous at the point H(-) =0; then the EDF Fr(x) is LAM for the loss functions
/(u) = |u|? with p< p,.

Proof. By the Ito formula we have

T1/2

Lo ) gD - g(Xe) 2 [T Fu(X,Ax)— Fa(X)Fa(x)
J“”‘” Faoldr = L o (X f (X))

0 T1/2 T1/2
The last stochastic integral is, by condition (C;), asymptotically normal, uniformly on
H() e Us:

th.

AW, = 170, Ix(H)™")

2 JTFH(Xt/\x) — Fu(X)Fpu(x)
T2 ], o(X)fu(Xy)

(Kutoyan:cs 1984, Theorem 3.3.3) and the random  variables #7(x) =
/[TV?{Fr(x) — Fy(x)}|] are uniformly integrable; for any p < py,

sup  Eylnr()|P/? < O\ TP Ey{g(X1) + g(Xo)}**

T,H()eUs
T Px
Fu(X;Nx)— Fg(X)F
- CzT*‘EHJ ( # X Ax) — Fal(Xo) H(x)> dt<C.

0 o(X)fu(Xy)

Therefore

sup Ep/[TV?{Fr(x) = Fu(x)} — sup E/{CI«(H)'/*},
H(-)eUs H()eUs
and the LAM of EDF now follows from the continuity of /4(H). O

4. Concluding remarks

It is interesting to have the similar lower bound for loss functions such as
/(sup, TV 2Fr(x)— F (x)|) and to prove the LAM of EDF in this situation as was done in
ii.d. case.

Another problem closely related with this model of observations is the density function
f(x) estimation. As was shown by Castellana and Leadbetter (1986) the rate of convergence
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of kernel-type estimators is 7''/2. It can be shown that the lower bound is similar to that

given above in (6) but with
—1
B ro (A=) — F(&))z}
- {4f ) E( 0&f @

and the kernel-type estimators as well as an unbiased estimator

2 T
f;(x) = T(X)ZJ.OX{X,<X} dX,

of the density are LAM in this problem (Kutoyants 1995).
All these results, including those given in the present paper, were given (without detailed
proofs) in Kutoyants (1996).

Appendix
Below we calculate the limit variance D(ky, hy) of EDF Fy(x) as follows. First we have

JS h(2)f(z)dz = F(s A x) — F(s)F(x).

Then
0
Dy, hy) 4j {1 - FGx >}2j )ﬁ f)() ds /() dy
2 O F(s A x) — F(s)F(x)
—4 dsd
F (X)L & )L o) W
because

Gp(s) = o (s) > f(s)”"

and for all y <x in the first integral we have s A x = s.
Exchanging the order of integration we obtain

0 F(s) NN F(s)
J s )J o2/ BV ‘Lof (y)J,oo’““?”o(sz(s) dsdy

[0} ren ez o

0% % F(s){ F(x) — F(s)}
—— ds — d
Lo a2 f(s) L o2 fs
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and
o O F(s)F(x) — F(s A x)
dsd
L S )L OGS
> TF(s){1 - F(x)} YF){1 — F(s)} )
— A S 2 A S T s ) d
L /O (L owrfs) BT J o) B
e[ F© {1 -FOY
= Feo} L orfm BT (X)L oS &
Therefore
X 2 1 — 2
D(hy, hy) =4{1 — F(x)}zji‘ % ds + 4F(x)2J % ds
[ F(s Ax)*{1— F(sV x)}?
= 4J N (RS (s) &
el —F(&w)}F(&m))Z_ "
= ( HEYE) =T
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