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The number of iterations required to estimate accurately the stationary distribution of a Markov chain
is determined by a preliminary sample to estimate the convergence rate, which is related to the second
largest eigenvalue of the transition operator. The estimator of the second largest eigenvalue, along with
those of two nuisance parameters, can be shown to converge to their true values in probability, and a
form of the central limit theorem is proved. Explicit expressions for the bias and variance of the
asymptotic distribution of this estimator are derived. A theoretical standard is derived against which
other estimators of the second largest eigenvalue may be judged. An application is given involving the
use of the Gibbs sampler to calculate a posterior distribution.
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1. Introduction

Markov chain Monte Carlo algorithms have become widely used in statistical inference,
especially in Bayesian analysis (Gelfand and Smith 1990; Smith and Roberts 1993) but also
for solving non-Bayesian problems involving latent variables (Geyer and Thompson 1992).
Particular attention has been paid to the Gibbs sampler (Geman and Geman 1984), though a
more general approach is through Hastings’s (1970) generalization of the Metropolis et al.
(1953) procedure. A related idea is data augmentation (Tanner and Wong 1987). In recent
research on these methods, a recurrent theme is the use of diagnostic tests to assess the rate
of convergence or, more broadly, when to stop sampling. Contrasting approaches are
presented by Gelman and Rubin (1992) and Geyer (1992), and a comprehensive review of
convergence issues is in the paper by Tierney (1994).

Our aim in this paper is to introduce a new method of assessing the rate of convergence
of Markov chain samplers, based on estimation of the second largest eigenvalue of the
Markov transition operator. The largest eigenvalue is always one, but the second largest,
when it is well defined and strictly less than one in modulus, determines the rate of
convergence. A feature of our method is that it is based directly on data generated by the
sampler, in contrast with methods based on analytical bounds (see, for example, Lawler and
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Sokal 1988; Sinclair and Jerrum 1989; Diaconis and Stroock 1991; Frigessi et al. 1993;
Rosenthal 1993). However, there are precedents for a data-based approach, notably the
papers of Raftery and Lewis (1992) and Roberts (1992). Intermediate between the data-
based and analytical approaches is that of Mykland et al. (1995), which is based on the
regeneration principle.

Our own approach is based on a two-stage sampling procedure, in which data from the
first stage are used to estimate the rate of convergence and hence to determine the length of
the second stage. This idea was motivated by Raftery and Lewis (1992), who adopted a
similar point of view but whose analysis was based on an assumption that the process,
reduced to suitable indicator variables, could be viewed as a two-state Markov chain.
Although the method seems to produce good results in practice, the justification for treating
the two-state reduced process as Markov remains doubtful. The only other approach we are
aware of that is based on direct estimation of the rate of convergence is Roberts (1992).
However, Roberts did not consider the sampling properties of his proposed diagnostic
procedure, whereas a considerable part of the present paper is devoted to obtaining such
properties for our procedure.

In Section 2 we define the class of Markov chains we are considering — essentially, ones
for which the transition operator is Hilbert—Schmidt — after which we define the estimators
and prove sampling properties including consistency and asymptotic normality. Section 3
provides further discussion, including our main result: a theoretical standard is derived
against which other estimators of the second largest eigenvalue may be compared in terms
of mean square error and the number of iterations. An example based on Bayesian analysis
of actual data is given in Section 4.

2. A Markov chain method for sampling algorithms

Consider an irreducible Markov chain {X,, n = 0} on a state space Q, where X, is sampled
at time n. Let X, have a known initial distribution H*(-), and let {X,, n = 0} have an
unknown stationary distribution I1(-) as » — co. The Radon—Nikodym derivative (assumed
to exist) of IT with respect to some measure v on the measurable space, (2, F) evaluated at
y is denoted by 77(y) or I1(dy)/v(dy), and the Radon—Nikodym derivative of IT* with respect
to v evaluated at y is denoted by 7*(y) or IT"(dy)/v(dy). Assume that one’s objective is to
estimate I1(D), where D is any fixed non-empty proper subset of Q. We are choosing a
specific D to focus on a particular problem and to simplify the procedure. Define

Z, = 1(X, € D),
where /() is the indicator function. Also, let
p:H(D)9 pn:E(Zi’l)s n:()y 19""

Assume throughout without loss of generality that p is strictly between zero and one. For
fixed My = 0 and Ny > M, one can estimate p by
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No
Pty = (No = Mo)™ >~ Z,. 1)
n=My+1

This estimate of p is performed in the second stage of the two-stage sampling procedure. Our
aim will be to choose My, and N, so that the variance and bias of py, n, are less than some
specified small numbers. This is done by estimating the second largest eigenvalue of the
Markov chain, as performed in the first stage of the two-stage sampling procedure.

2.1. Markov chains generated by Hilbert—Schmidt operators

We now make explicit the class of Markov chains we are considering, which is essentially the
Hilbert—Schmidt class on (2, F, IT). Let 2 denote the space of measurable functions
F:Q — R for which

17l = | IFeoPTi@n <oc.
Then, %47 is a Hilbert space with inner product
(F, G)ys = J F(x)G(x)I(dx), VF, G e £
Q

We shall assume that the Markov chain is reversible and the transition probability measures
are absolutely continuous with respect to the dominating measure v, with densities A(x, y),
x, y € Q. Assume the function y +— A(x, y)/a(y) is in 4?2 for each x. This defines an
operator A on %42, given by

mwr{gmwnwmw:Lumwmmwmmwy
Then A is self-adjoint. It is Hilbert—Schmidt if
[j|ﬂmwmwwnmwnmmzjj|mxmewﬁmmwmwmw<m. @
QJQ QJQ

Roberts (1992; 1994) has previously discussed self-adjoint Hilbert—Schmidt operators in
the context of Markov chain Monte Carlo methods. The Gibbs sampler is not, in general, a
reversible Markov chain, though with some simple modifications (for example, alternating a
forward and a backward order of updating) it may be made into one. Then (2) is automatic
if Q is compact, and can often be verified in non-compact cases. On the other hand, the
Metropolis—Hastings algorithm is typically not Hilbert—Schmidt, because there is positive
probability that the chain remains in the same state, so transition densities do not exist.
Smith (1994) has computed a specific example (the independence Metropolis chain) for
which discrete expansions of the form (3) below do not exist, and must be replaced by
integrals. Our theory does not at present cover such cases. On the other hand, condition (3)
below is the one that really matters, and it is conceivable that this could be satisfied for
reversible Markov chains without the Hilbert—Schmidt condition.

For a self-adjoint Hilbert—Schmidt operator A on 72, there exists an orthonormal basis
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{er(), k=1,2,...} of £? with eigenvalues {i;, k = 1,2, ...} (Dunford and Schwartz,
1963, pp. 1009—1034) such that

[Aer](-) = Arer(t), k=1,2,....

Since A is generated by an ergodic Markov chain, then an eigenvalue of A is A; = 1, and
e1(-) =1 I-a.s., and 4, is the largest eigenvalue in modulus.

For an ergodic Markov chain {X,, n = 0} satisfying the above condition, the Radon—
Nikodym derivative of the probability that X, is in state dy during the (n + m)th iteration
given that X, is in state x during the nth iteration with respect to v(dy) exists, and for
some » = (0 can be written

IL,4 m(dy| X, = x)/v(dy) = Zak(y\x)(/lk)”’, MM-ae. xeQ,v-ae. yeQ, VVm=r, (3
k=1
where
1:ll>|lz|>‘l3|>|l4|>, 4)
and A, is real. The a(y|x) are real-valued and are defined by
ar(y|x) = ex(x)er(y)(y), M-a.e. x € Q, v-ae. y € Q, k=1,2,....
If (4) holds and
o0
> Akl < o0, )
k=1
then
o0
£2,-p=> 0w | axobomeni@n.  va= (©)
k=2 QJD
= amdy + O(|A]") as n — oo, for some x = 3 and some ay,
assuming that
sup J j (AT ()| < oo, ™)
{k=12..}1Jal)D
where
p=[ | aoiowanm@. ®)
elp
Note that (6) can be rewritten
EZ, —p=adi+ Y a()", ©)
k=K

for some ay.
If the Markov chain {X,, n = 0} is discrete and finite, then (5) holds for » = 0. If the
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Markov chain generates a self-adjoint operator of trace class, then (5) holds for » = 1. In
the more general Hilbert—Schmidt case, (5) holds for » =2, and (6) is satisfied since (7)
holds.

Notice that a, depends on IT*(-) and D, but A, depends on neither. The parameter p
depends on D but not on IT*(-). Assuming that the ergodic Markov chain induces a self-
adjoint Hilbert—Schmidt operator, (5) implies that the right-hand side of (3) is absolutely
convergent a.e. v(dy)II(dx), for all n= r =2. The result also holds for =1 if the
operator is trace class (Yosida, 1965, p. 281).

For the self-adjoint Hilbert—Schmidt case, the parameters Ay, 4, ... are the eigenvalues
of the operator A. Multiple eigenvalues of A, in modulus are not problematic, provided that
Ay # —Ay, for all k. It is assumed that

[A2] >|Ax| and ay #0 (10)

to avoid non-identifiability problems.
Under (6) one can write

Ay M7 (N — Mobias(par,n,) — aa(1 —A2)™' as No — My — oo an

Furthermore, for any stationary, ergodic, reversible Markov chain, Kipnis and Varadhan
(1986) show that

(No — Mo)var(pa, n,) — T as Ny — oo, (12)

for fixed M, and some finite constant 7. Geyer (1992) and Besag and Green (1993) state
that 7* can be bounded according to

T*[p(1 = p)I7" < [1+ |41 = 217" (13)

Also, (6) implies that |a,| can be bounded for Markov chains which generate Hilbert—
Schmidt operators since

j J w(yx)v(dy)rl*(dx)] — j j ek<x)ek<y>n(y)v<dy>n*(dx>'
QJD QJD

< U |ek(x>|n*(x)v<dx>} U |ek(y>|H<dy>}
Q D

< ||7* () /7()||us /TL(D)

by the Cauchy—Schwarz inequality, where |-||ys denotes the Hilbert—Schmidt norm. By
symmetry it follows that

|| < |7 /7llus\/min(p, 1 —p),  k=2,3,....

Hence, for fixed IT* both

|bias(p u, v, )| [min(p, 1 — p)] =72 and [p(1 — p)]~" var(p s, n,)

can be minimized uniformly for all non-trivial D € Q. To estimate (1) accurately, (11) and
(12) are made to be sufficiently small by choosing M, and Ny — M, sufficiently large.
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2.2. A least-squares estimator

We have seen in (6) that the key parameter in determining the rate of convergence is 4,
which under the Hilbert—Schmidt assumptions is also the second largest eigenvalue of the
operator A. We also see from (11)—(13) that a, and A, are the key parameters required to
bound the bias and variance of the estimator Py, n,. It will now be argued that preliminary
estimates of p, ap, and A, can be obtained in the first stage of a two-stage procedure. The
second stage will be (1), with M, and Ny chosen sufficiently large to obtain a much more
accurate estimate of the parameter p, which is the ultimate objective.

Assume that (10) holds, and generate L replications {X' (nl), 0<n=<N,1<[<L} of the
first N steps of the Markov chain. Similarly, let

1 1
70 = 1(x') ¢ D), 0O<n<N,l<I<L.

The estimator will depend on the values of Z\” for M <n< N, 1 << L. Here L, M and
N are integers, and the purpose of the following analysis is to give some guidance as to how
they should be chosen. For asymptotic calculations we shall let M — oo and write L and N
both as functions of M.

The criteria for estimating p, a,, and A, in the first stage are as follows. Define the
vector

00 = (p, a2, 12)",
which are the true values p, ay, and 4, to be estimated. Moreover, define the dummy vector
0= (61, 6, 05",

where 0y, 6, and 05 denote generic values of the parameters p, a, and 4, being estimated,
respectively. Also, define

pa(0) = 61 + 6,07,

and the sum of squares

N L 2
Su® = [lezg“—pn(e)] : (14)

n=M+1 =1

It will be shown that there exists a value, 0 M say, such that SM(ﬁ M) 1s a relative minimum of
Sy(-) and 0, — @, in probability as M — oco. Furthermore, the probability that 0,
absolutely minimizes Sy,(-) converges to one, within some open symmetric sphere which
converges to 0, as M — oo.

The conditions on N and L as a function of M are now to be determined. First, choose
A1x such that

[A2] <A1 <1 and |A] <Aixl|da|. (15)
Furthermore, choose N sufficiently large such that
N—-—((+e)M — o0 as M — oo, for some gy > 0. (16)
Also, choose L such that



Estimating the second largest eigenvalue of a Markov transition matrix 221

1/VL = O(A 15| /[M*N])  as M — oo. (17)
Define the matrix

, (18)

1</,k<3

n=M+1

X 9p.(0)9p.(0)
JM(B):{Z > 90, 00,

||| to be the L? norm, and t to be a three-dimensional dummy vector. Before showing that a
consistent estimator of @, exists as M, N, and L tend to infinity, the following lemma will be

proved:

Lemma 2.1. Under conditions (15) and (16),

{ Hfl}tTJM(eo)t = KoA3M M2, VM >0, some Ko > 0.
t:||t||=

Proof. From (18) one can write

13 1(89)
I Ny L a[M(1 —A) + 114
1—4 (1 —Ay)?
B Ay Mt a[M(1 —2A3) + 113!
- 1—1, 1-73 (1 — A%
a[M(1 =)+ 14 alM1 -2+ 0B @M + 29 M + )43
(1 -4 (1 — 2% (1— 223
0 O(|A2|") O(N|A2|)
+ 1 0(A")  O(*™)  O(N[A[*Y) as N — M — oo,

O(N|A2|Y)  O(N|2*N)  O(N?|A2]*Y)
where
qlzl—lg, qzzl—i—/l%.

The eigenvalues of %J 1(0p) are the zeros of the function

A 0 O
gu(N) = JTu@)— [0 A 0
0 0 A

For any &, >0, by direct expansion of the determinant, we can show that
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’ 8g§4/£A) c1(N — M)MZAZM, V|A] <ell§MM’2, for some c¢; < oo.
Hence,
|gn(N) — gu(0)| < [e1(N — M)M?*25"]e 25" M2
<ere(N - MM, VA <e 3" M2
Since
(N = M) "2, "M gp(0) = a3(1 =243 as M — ocoand N — M — oo,
then

gu(A) >0 whenever |A] <el/12MM*2 as M —ooand N — M — oo,

for sufﬁmently small €. Hence, the smallest elgenvalue of lJ u(0p) is at least as large as
J.ZM 2as M — oo and N — M — oo. Now, since —J M(Oo) is symmetric, it can be written

11(8) = ETAZ,

where X is orthonormal, and A is a diagonal matrix consisting of the eigenvalues of %J 1(00).
Therefore, since ||Xt|| = 1 whenever ||t|| = 1, then

. ﬁan 1}tTZ‘.TAZ‘.t = el/IZMM 2 as M — oo and N — M — oo. O
t:t

Now, using A;x as defined in (15), define the sphere
O = {0: (10— 6yl| = 1,7},
and define the interior of @,, by
0f;" = {0: 10 — 0] <27} (19)

Lemma 2.1 can be strengthened to include a wider range of values of (6;, 6,, 03) as shown in
the following lemma:

Lemma 2.2. Under conditions (15) and (16),

inf inf '3, (0)t = K (|1,] — lg)zMMfz, VM >0, some K;>0.
{00 ,ueiM} {tt]=1}

Proof. The infimum of |65 for all € @), U O(mt) is |42] — /IM The proof then follows from
Lemma 2.1 by replacing 4, by all 6 € @, U G)('m) when determlnlng how large M needs to
be. ]

Consistency can be shown after using the following lemma, which is stated without
proof:
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Lemma 2.3. Under conditions (15)—(17), if Oy — 00)TVSy(04)>0,V0, € Oy, then there
exists GM € @(lm) such that GM is a relative minimum of Sy().

An asymptotic expression is established in the next lemma to aid in proving Theorem
2.1.

Lemma 2.4. For any sequence {b,, n>0}, one can write

N N
—Z Z b [ZD — p,(80)] = O (Z |b,,||/1h.|">+op< > |b,,|/\/Z) as M — .
n 1

=1 n=M+1 n=M+1 =M+

Proof. Observing that one can write

L N
—Z S 62D~ p o) =100 B2 - B2+ [EZ - (00T}

=1 n=M+1 I=1 n=M+1

:_Z Z b[Z') —EZD]

=1 n=M+1

N
+0< > |bn||i,<|”> as M — oo

n=M+1
from (6), and that the Cauchy—Schwarz inequality implies that
var{li XN: bn[Z(’)EZ”)]} le{ XN: B, |Z<1>Ez“>}2,
L= .45 " ! LS " !

the result follows from Chebyshev’s inequality since |Z(D —EZ(D| < 1 as. O

As an immediate consequence of Lemma 2.4, we note that

L N
%Z > 12 = pa(80)] = O(A") + Op(IN — MI/VL)  as M —oo.  (20)
n=M+1

=1

Furthermore, if |A| <1, ¢y = o(1/M) as M — oo, and v = 0, then Lemma 2.4 also implies
that

L N

%Z > 1G4 )12 = pa(80)] = O(M°|2e|") + Op(MP M /VL)  as M — oo
=1 n=M+1
1)

Now, consistency of 0, is proved in the following theorem:
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Theorem 2.1. Under conditions (15)—(17), the probability that there exists a unique relative
minimum 0, of Sy (+) in the set 9("“) tends to one as M — oo. Uniqueness implies that this
relative minimum is also an absolule minimum over the set (')(lm) The rate of convergence is
governed by

100 — 00| = Op(A))  as M — oo.

Proof. We first prove that 0,/ exists. Observe that
0 0 0
62,0n(9) -1
=10 0 07 =M+1,...,N.
5’9j5’9k n 3 s n + 9 ’
0 n0y ' n(n— 16,072

Define the set
Ay ={0€0y:(0) — p| < [A1:da| M},

and let 0, € @,. Using a Taylor series expansion about 0, there is a 074 on the line
segment connecting 0y to 0,, such that

(01— 00)" VSu(84) = (01 — 00)" VSi(80) + (81 — 00) [V2Su(03)1(01r — 00).  (22)
By Lemma 2.3, it suffices to prove that the above expression is strictly positive on @, with
probability tending to one as M — oo. We do this splitting by into two cases.
Case 1. Assume that 0, € Ay,. The right-hand side of (22) is equivalent to
01 + 0> + Qs, where
01 = (8, — 00)" VS (80),

0y = =28 — 8))" i L ZLj ZD = pu(®3) | V2 (87301 — 8),
n=M+1 1
and
05 = (87 — 00)"J11(07)(0,, — B).
The objective is to show that O; dominates O; and O, as M — oco. Lemma 2.2 implies that
03> K| Ay sda M M2, VM >0, some K, > 0.

The bound for Q) can be split into three terms, corresponding to the three components of 0.
It follows from (20) that

[0 — 8011 [VSy(00)]1 = O(A1 A2 |™) + Op(|A1 52| [N — M1/VL),
VOy € Ay, as M — oo.

Also, (21) implies that
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[0 — 0012[VSu(00)]2 = O(A1xA2dc|™) + Op(|A15A2|M VL), YOy € Oy, as M — oo,
and
[0 — 0013[VSu(80)]s = O(M|A1 5422 |M) + Op(M|A1 542 /VL),
VO €Oy, as M — .

From (15) and (17) it follows that
O1=0(0) as M — oo
The term O, is equivalent to R;+R,, where

L
LY 70 — pu(8o)

=1

N
Ri=—2(0y —0)" > V20,4(83)(0 1 — 00)

n=M+1

= O(M?|13 Jode|™) + Op(M*|A2 oM /NL),  VOy € Oy, as M — oo, from (21),

and
N
Ry = =20y — 00)" > [pu(B0) — pu(0F)1V?p,(075)(0,1 — 0)
n=M+1
= OM3\ 3 A5M), Yl €Ay, as M — oo,
since

pn(00) — pa(07) = O(M| 11542, V0 € Ay, as M — oo, Vn>M.
Again, from (15) and (17) it follows that
O, =o0(0;) as M — oo

Case 2. Assume that 0, € @)/\A),. As in case 1, decompose the right-hand side of (22)
into Q) + 0> + Os. Note that

0;=2 zﬂt: 1{[9M — 0011 + [0, — 0012([07,13)" + n[0,1r — 001307, 12([07,15)" ' }.
n=M+
Recalling (16), we ignore the terms in M <n < M(1 + &/2). For n> M(1 + &y/2), we have
[0 — 061a([07,15)" + 01 — BT [07, ([07,15)" " = O(M|A1AS /M) as M — oo,
(23)
Since
103 — 8011 | > [A1sA|Y,

then [0, — 0p]; dominates the left-hand side of (23) for all M sufficiently large, and for
some K3 >0,
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03> KsM([0y — 60]1)°, VM sufficiently large.

The term O3 dominates R; and the last two terms of Oy, using the same argument as in case
1. The first term of Q) is bounded by

[0s — 8l {OUA™) + Op(IN — MI/VD)}  as M — oo,
which is 0o(Q;) as M — oo from (15) and (17). Since
Pn(80) = pa(83) = O[Oy — 8oli| + MA1xa| ) as M — o0, ¥n> M,
then
Ry = O(|[04 — 0011 | M?|27 | + MP[23,25|™) = 0(Q5)  as M — oc.

Hence, O3 dominates Q) and O, as M — oo.
Combining cases 1 and 2 results in

P( inf (0 — 00)TVS)(0,) >0> 1 as M — . 24)
{GMEOM

Therefore, if one defines

b any value € @S‘l}“) which locally minimizes Sy,(+), if 3 such a value,
M =
any estimator of 0, otherwise,

then
100 — B0]| = 0p(A))  as M — o,

which follows from (19), (24), and Lemma 2.3.

Finally to prove uniqueness of 0, we show that the probability that 0y absolutely
minimizes Sy(0,,) for all 0, € 9(”“) tends to one as M — oo. If 0, € G)(mt) but 0, does
not absolutely minimize Sys(0 /) for all 0, € (9(;;”, then there exist at least two values of
0, € @(}:;t) such that VS),(0,,) = 0. By continuity there must exist a value ', @(}{;t) such
that V2S,,(8',) = 0. Recalling (22) and the fact that Q; dominates O, in both cases 1 and
2, it follows that

P(V2S)/(8,) = 0, some 0, € ©") as M — oo. O

2.3. The bias of the asymptotic distribution of the estimator

The goal of this section is to determine the bias of the limiting distribution of 0, as
M — 0o, where 0, is used to estimate 0. Throughout this section assume that (6), (10) and
conditions (15)—(17) required by Theorem 2.1 hold. One can determine the asymptotic
distribution of 0, — 0y as M — oo by noting from a Taylor series expansion about 0, that
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01 = 0) — [V2S)(8],)] ' VSy(0y), (25)

where 0;4 lies on the line segment connecting 6 to 0. Establishing (25) is the motivation

for first proving consistency of @,, in Theorem 2.1. Observe from Chebyshev’s inequality and

(9) that

VS (80) = E{VSu(80)} + [Op(N/VL), Op(|42|" /L), Op(M|Io|¥ JVD)T"  as M — o0,

where

E{VSu(09)}

r 00 ak(lerl _;L;CVJrl)
D T

B = a[(AA)M ! = (oA ]
— —2; v . (26)

z"c‘: “2aa;{[M(1 — AoAx) + 1](A2A)" " — [N(1 — Aadi) + 1J(22An) '}

= Ao(1 = AaA)? |

Furthermore, defining

2(N — M), if j=k=1,
[ (O] = o~ 0pa(0) 9pa(0) -
2 , otherwise,
i 00 00k

it follows from matrix algebra that

0 Op(M|A1522 M) Op(M?|A15A2|M)
V2Su(0)) = 33100) + | Op(Mldixda|™)  Op(MIAis3|™)  Op(MP|MxA3|™) | (27)
Op(M?|A1:20|M)  Op(M2[A1:A5|M)  Op(M3|31545|M)
The determinant of J57(0¢) is strictly greater than zero for all M sufficiently large. Also,
the probability that the determinant of VZSM(O ) is strictly greater than zero converges
to one as M — oo. Approximating [VZSM(O WI7 by [ (80)]™ ! plus the order terms,

when these inverses exist, the asymptotic distribution of 0, now can be expressed as
follows:

Theorem 2.2. Under conditions (6) and (15)—(17),
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0, — 0,

(1 — 1) Z ar(Ay — Ag)PAdH!
(N = M)(1 = 22) = 2(1 + A2) = (1 = Ap)(1 — Aady)?

(N = M)(1 = 22)%(1 + A2) i apdy™

2
_ [(N — M)(1 = A2) — 2(1 + Ao)A" " = (1 = Aody)? {M(1 = 25)(%2 — A1)

+ (L +A3)(1 = Aadp)}

—(1 = 22)3(1 + 22)X(N — M) ahy™!
| @l(N = M)(1 = 25) — 2(1 + 2 A0 Z(l Tt (MU~ A = d) 1= A |
Op(M* N~ A5 4| M + 1/V/L)
+ | Op(M? Ay s /22| M + MP|Ao| =™ /L) as M — .

Op(M* |2 xic/22|M + M |22| = //L)
Proof. The proof follows from (25) and matrix calculations. O

We have shown in Theorem 2.2 that 6, — 8, can be written in terms of the asymptotic
bias plus higher-order terms as M — oo.

2.4. Evaluation of the covariance matrix of the gradient vector

Section 2.3 involved determining the asymptotic bias of 0, via (25) and approximating
[VzSM(O )]~ by [J55(00)] ! plus higher-order terms. In order to determine the asymptotic
behaviour of the covariance matrix of 0, the asymptotic covariance matrix of the vector
VS (0p) also needs to be determined as

N(l —&)—2M — 0 as M — oo, some 0 <eg, <1, (28)

where (28) is a stronger condition than (16): that is the goal of this section.

Assume that (3) holds for » = 1. This condition is always satisfied for chains which
induce self-adjoint trace class operators and for discrete, finite Markov chains. Also, assume
that (6) and (10) hold. Since A; =1 and the stationary distribution of the Markov chain
{X,, n =0} is independent of the starting state, then (3) implies that

ai(y) = a1(y|x), M-a.e. x € Q, v-ae. y € Q,

so that (8) may be rewritten
p=| woman.
D

Thus, one can write
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1 (1)
COV(Z(n)> Zner)

=P(Z) = 2}, = 1) = P(Z) = DP(Z3), = 1)

k=1

A JD{akmx) IZ_;M”JD [az<z|y> - A;’Lzal(zw)n*(dw)} v(dz)}v(dy)n*mx),

Vn=0,m=1.(29)

Notice that (29) also holds for m = 0 in the Hilbert—Schmidt case since

> | aelyman = 1€ b

=1

Therefore,
S1(8) Sy (0 X A(0) & (0
Lcov(a 8]‘/(195 ), 88]\25{ )) =4cov (,,;H Z, 8'0805 ), n:z:MH Zy age(k )> )
and the covariance matrix of VSy,(0y) can be defined by
Vu(0p) := Lvar{VSy(0o)}.
Under (28) one can conveniently express
T1i(N — M) Ty TiayMAy™
Vi (89) = T4y T3 Tyay MM
Tna MY Tpay M3 TpdMPA3M—?
St SlzlgM S5y
+ | SpA3" SpAM SxsA3M
| Sy’ S A3M 28pan MM 4 S A3M
[ O(|42|") O + 2ok ™) O(M|22*M)
+ [ OUAPY + [Ad ™) O *M + 254 M)  O(M |22 PM) (30)
O(M |22 OM|LPY) — O(Zaxd] ™)

as M — oo under conditions (15), (17), and (28), where
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Pi= 3 (1400 - m—ljDJDou(y)az<z|y)v<dz>v<dy),
Tip = Ao(1 — 2)~! Z[l — J 711 — An(1 — /12/11)]71J J a1 (y)a(z|yw(dz)v(dy),
[=2 DJD
T =B =817 S0+ 2ailt =2 | | ey,
=2 DJD
_ o _ -2
$u=23 20~ JDJDal(y)az(z|y>v<dz)v<dy>,
Sip = 22[1 — i%]*‘ijDJD (—al(y)az<z|x> # 3Ol + S Al +2 -2
X (1= (1 — A )] e (Maa(zl) + az<y|x)a1(z|y>]> ()T (d),

Sz =axt = 2| | anmanemamdn 3 {1 -z
DJD =2
+ AIA = 22)(1 =AD" 4 A2[(1 = Z2)(1 = AT ™" + Za(1 — A24) 21},

Spp = 231 - x;rljg j j (-al(y)a2(2|x) 3ty

+ 2023 (1 = A [ (Mea(zl) + eyl (zy)]) V(2 (dy)IT* (dx),
1=2

o0

Sz = axdo(1 = 23)77 Z

1=2

AAi(33 — 13 — 20aA1)

S TR e

“ | @il
DJD
and

Sy =3[l — 317> (1= Aad)) {1+ 23)(1 — )’

=2

20d(2 — A3 - mo}J J o (e yd2m(dy).
DJD
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2.5. A central limit theorem for the estimator

The goal of this section is to prove a central limit theorem for 0y using Lindeberg’s
condition. Assume throughout this section that conditions (6), (10), (15), (17) and (28) hold.
To condense notation, the matrix V,,(0y) is expressed by V.

It is easy to show that V,, is positive definite, because for any non-zero t = (#,, o, 13)7,
we have

N
t'Vyt= 4var{ S 2D+ nA) + tgnazig‘l)} > 0.
n=M-+1
It will be helpful to define the 3X3 symmetric matrix V;,Il/ 2 by the following:
v, AV, 2= v,
Since V), is symmetric, the matrix V;j /2 can be shown to exist. Direct calculation and (30)
imply that
IV P10 + OV P12 + IV *1i3)* = [V T = ON T,
IV 1% + (V3P b + (Vi Phs) = [Vi/ ha = O[3 M), (31)
(V31050 + OV ") + (V2 133) = [V Tss = 02| )
as M — oo. From these three equations (31) it follows that
0(N71/2) O(Nfl/Z) O(Nfl/Z)
V2= oW1 oMMy oMy | as M — oo (32)
ONT'2) O] ™) Oz~

One can write

VIV 0500 — 8 + [35(00)] ' E{VSi(00)})
= VLV, 23500 {35001 — [V2S3(0},)] '} VSu(80)

— VIV, *[VS1(00) — E{VSy(80)}]  from (25). (33)

We shall show that as M — oo, the second term on the right-hand side of (33) converges in
distribution to a multivariate normal distribution with mean 0 and variance I3, where 0 is the
zero vector of dimension 3 and I is the 3 X 3 identity matrix. Also, we shall show that the
first term on the right-hand side of (33) tends to 0 in probability as M — oo whenever the
condition

L=oM ?Aisd ) asM — o0 (34)

holds. This additional condition on L will be shown to result in a central limit theorem on 0 M
as M — oo. This condition is needed because if L were allowed to become arbitrarily large
as M increases, then the square of the bias of @,, which is not a function of L, might
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dominate the variance of 0 m, which decreases with increasing L. It will be shown in the
proof of Theorem 2.3 that values of N and L exist which satisfy (17), (28) and (34)
simultaneously.

To prove that the second term on the right-hand side of (33) converges in distribution to
MN(0, I5), it is enough to prove that

VIV, PV S1(80) — E{VSi(80)}] = N (O, [[¢]), (35)

for all vectors t of dimension 3. Since (35) is satisfied trivially for t = 0, assume without loss
of generality that t £ 0. First define

N
VSO0 =2 > [Z) = pu0))(1, 45, nardy Y, I=1,... L.
n=M+1

Letting &3 >0, Lindeberg’s condition,
L
Jim (L] Y E{(ETIVS{(80) — E{VS(80)}1)
o0 =1
16V, [vSV00) — E{VS(00)}1/VL| = &5lt])} =0  as M — o0,  (36)

for proving (35) will be shown to hold. Since (17), (31) and the bounded nature of Z(n’) imply
that

€'V, 2[VS)(00) — E{VS)(00)}1/ VL = O(N — MIIN~'2 4+ Ma; " ])/VL
=o(l) as M — oo,
then (36) holds. This proves (35) for any t, and hence
VIV [VS1(80) — E{VS1(00)}] > MN(0, I;)  as M — oc. (37)

Since (26), (27), (32) and (34) imply that the first term on the right-hand side of (33)
converges to 0 in probability under conditions (15), (17), (28) and (34), the asymptotic
distribution of @ now can be stated.

Theorem 2.3. Under conditions (6), (15), (17), (28) and (34),

VIV E500)0y — 8 + [335(00)] "E{VSy(00)}) > MN(0, T3)  as M — oo.

Proof. First observe that a large class of values of N and L exists which satisfies conditions
(17), (28) and (34) simultaneously; for example, let N = M? and L = M'*|A;44,|7*M. The
result follows by applying to (33) and (37) Slutsky’s lemma, which is (for example) Theorem
4.4.6 from Chung (1974, p. 92). O

Using tedious algebra or a computer software package, the covariance matrix of the
asymptotic distribution of @,, can be expressed by
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Lvar{8y — ([33(80)]"" — [V2Su(03,)] " )VSu(80)}

= [J5(00)] ' Vi (@I (001", V valid M, (38)
[ T Wi M —Wia
N-M [N = MIA" ay[N — M2y
_ WiaM Wy M? —WapM
| IV M M ai3M!
—Wiy —WnuM W
| [N — MM gy 220 aB2M
1 1 1A M 1 1
O(N) O(Nuzw) 0<N T | TN
1 M 1
" O(NMM) O<Iiz|2M> O(ww)
1A |M 1 1 s | M 1
_O<N‘Z +N2|/12|M> (5w 0(‘2 V)

as M — oo, where

Wir = (1 = Aa)(1 + M2 [@A5] T35 + Tinadl3(1 — As)
+ Trad(1 — A2)*(1 + Aa) — Sizaads(1 — )X (1 + Aa)

— S3ala(2 — Aa — 445 + 245 + 245 — A3) + SuAs(1 — A3)°}
and

Wy = (1 — A 2AS [ Thad? — 28p3a2hx(1 — A2) + S3323(1 — 23)7].

3. Discussion

The issue remaining is how to choose M, N and L in practice. Since we are interested in
estimating A, and since
L
LYY 720 =p+ @) + O(Ad") + Op(1/VL)  as L — oo, (39)
=1
reducing the bias of 0, requires values of n sufficiently large such that |1, /A,|" is negligible,
as Theorem 2.2 quantifies. However, if M and N are chosen too large, then the a;A) term in
(39) becomes negligible relative to the Op(1/+/L) term, and for fixed L the variances of d,
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and ;12 become large, as (38) quantifies. These variances may be reduced simply by choosing
L large. Qualitatively, therefore, the results show that M needs to be moderately large so that
|4 /22|M is negligible, but then L needs to be as large as possible so that v/L|A,|™ is large.

Since computing time may be limited, M, N and L should ideally be chosen to allow a
trade-off between bias and variance of A,, which are

O(M |2 /22)™) and O(L™ Ay|?M)  as M — oo, (40)

respectively, using Theorems 2.2 and 2.3. Choosing M, N and L to allow an optimal trade-off
is possible in theory but not in practice since knowledge of |1,| and |4| is required. Since the
bias of A, decays geometrically as M — oo, M typically need not be chosen too large. The
value of N required is O(M) as M — oo, and the values of L required increases
geometrically in M and proportionally to N2, as implied by (16) and (17), respectively.

In practice one may want to fix values of N and L with L as large as practically possible,
and estimate A, using various values of M. The value of M needed to allow an optimal
trade-off between bias and variance can be determined theoretically. Using (40) to equate
the asymptotic variance to the square of the asymptotic bias, it follows that

M = —[log V'L + loglog L[log|A1' + O(1)  as L — oo,
and the optimal mean square error is

MSE(;IZ) — O(Llog\lz\/logllxlfl[log L]Poslhal/loglAuly as L — oo.

If one insists that +/MSE be less than some &4 >0, then (40) implies that M and L
should be chosen according to
M = [—log &4 + log (—log &4)][log|A2 /217" + O(1) as g4 — 0,
and
L= 0(e;*[—&; " log g4]2lo8lal/loglhe/ 121y as g4 — 0.

The total number of Monte Carlo variables needed is

NL = O(ML) = O(e; '[—e; ! log 4] +2oslal/loglhe/Raly - a5 ¢y — 0. (41)

Remark 3.1. Equation (41) provides a standard against which other estimators of A, may be
judged. We make no claim that our estimator of 4, is the best possible, even in an asymptotic
sense, but if some other estimator were proposed, then the sample size needed to achieve a

specified mean square error, &7, could in principle be computed and compared with (41).

We are not aware of any results related to (41) in the current literature on Markov chain
Monte Carlo convergence diagnostics.

4. An example

This two-stage sampling procedure is applied to an example, known as the hierarchical
Poisson model, which has been studied by Gelfand and Smith (1990) and Tierney (1994) in
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the Gibbs sampling context using data previously analysed by Gaver and O’Muircheartaigh
(1987). The data, which are listed in Table 1, are denoted by y;, the number of failures at the
ith pump at a nuclear power plant at fixed time ¢, for i=1, ..., 10.

The hierarchical Poisson model is now described. Assume that the y; are independently
Poisson distributed with mean w;#;. Also, assume that the w; have independent gamma
distributions T'(a, 8), whose densities are w“ ! exp{—w/B}/BT(a). The parameter 1/f is
chosen to have a I'(y, ) distribution, where ¥ = 0.01 and 0 = 1. Moreover, the parameter
o is chosen to be 1.802, which is the method of moments estimator as suggested by
Gelfand and Smith (1990). The values of a, v and 0 used herein are the same ones as used
by both Gelfand and Smith (1990) and Tierney (1994).

To set up the Gibbs sampler, one needs to be able to sample from the conditional
distributions [w;|w;, j # i;y], i=1, ..., 10, and [1/B|w, y]. It can be shown that

[(U[|ﬂ, wj’ .] 7é l, Y] = [wi|ﬂ’ yl]
~T(a+y, (t+1/8)7"), i=1,...,10,

and

[1/Blo, y] = [1/B]o]

10 -1
~T y+10a,{Zw,~+l/6} , i=1,...,10.
i=1

Using (2), it now will be shown that the Hilbert—Schmidt double norm is finite for the
hierarchical Poisson model. Letting f(-) denote the appropriate densities, for the hierarchical
Poisson model it follows that

Table 1. Number of pump failures at a nuclear power plant

Pump i Vi t
1 5 94.320
2 1 15.720
3 5 62.880
4 14 125.760
5 3 5.240
6 19 31.440
7 1 1.048
8 1 1.048
9 4 2.096

10 22 10.480

Note: y; is the number of failures at pump 7, and # is the time when
the failures at pump i are observed.
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00 o) 10
Aw*,ﬁ)/nw)ajo JO [Zf(wilﬁ*,yf)lfwlw, y) doy ... dw
i=1

-1
00

10
D JO SOyl !B do’

00 oo | 10
x J J 0" exp [~ (1 + B* + B}
0 0 j=1

10 y+10a 10
X 67! +Za);| dw; ...dwig H[(ti+ﬁ*)(ti+ﬁ)]a+yi.
k=1 i=1

Since

10 y+10a 2( " ]Oa)
51—1—20)4 syexp{(t,-/Z)
k=1

min;(?;)

10
61+Zwk]—l}, i=1,...,10,
k=1

then
10
A(B*, B)/7(B) < constant X Y [(t; + B*)ti + BB* + B+ t:;/2)' 1", (42)

i=1

and the right-hand side of (42) can tend to infinity only if 8 — oo and B* — oo
simultaneously. Therefore, (2) holds since the tails of m(8) decay exponentially fast as
B — oo, and the Hilbert—Schmidt double norm is finite.

Using the data listed in Table 1 the joint posterior distribution of w and S is
approximated using Gibbs sampling. In the first stage of the two-stage sampling procedure,
the initial distribution IT*(-) is chosen to be degenerate at B =0.01. To satisfy the
reversibility condition the variates are sampled in the order (wy, ..., wig, 5). The set for the
indicator function Z(nl) is chosen to be D = [ <0.42].

The number of independent replicates is chosen to be L = 5000, and the length of any
replicate is chosen to be N = 12. Allowing M to vary between 0 and 6, the least-squares
estimates of and 95% confidence intervals on p, a;, and A, are graphed in Figures 1, 2 and
3, respectively. These confidence intervals have width 2 X 1.96 times the standard error. The
standard errors are calculated by empirical evaluation of the asymptotic covariance matrix
(38), using the variability among different runs of the simulation to estimate V,;, the
covariance matrix of VSy/(0¢) (the so-called information sandwich method). The relatively
narrow confidence intervals on A, using M =0, M = 1, and possibly even M = 2, suggest
that 0.3 <1, <0.5. The confidence intervals using M = 3 are too large to draw reasonable
conclusions.

Run lengths longer than 12 are also used, some as large as 50, but not discussed in detail
herein. However, estimates of A, are less stable for longer run lengths since the standard
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Figure 2. Least-squares estimates of a,, hierarchical Poisson model

deviation of Z, is large compared to lazlﬂ for large n, as exemplified by (39). Of course
if N is too small, then the bias of A, is large. We eventually chose N = 12, since all
simulations suggest that |A,| is not close to one. If indeed |A;] <0.5, then estimating A,
accurately becomes difficult but not too pertinent, since covergence is quite rapid.
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Figure 3. Least-squares estimates of A,, hierarchical Poisson model

Other authors also have noted rapid covergence. Using many independent replications,
Gelfand and Smith (1990) show that the posterior distribution is practically reached after
only Ny = 10 iterations, although they do not specify their initial distribution for (w, ).
Mykland et al. (1995) show that the average number of iterations required for the chain to
reach a regeneration point is 2.56, suggesting that convergence is rapid. Rosenthal (1995)
shows that after N iterations the total variation norm can be bounded by

10 2
o —65) |,
=1
©

where the w; "~ are the initial values of the w;, and hence an upper bound on 7, is 0.976; this
appears in the light of our results to be a much too conservative estimate.

In an attempt to estimate the true convergence rate for this example as accurately as
possible, the whole procedure has been repeated with L increased to 10°. Such a large value
of L usually would not be practical, but it is here in view of the small value of N and the
fast operation of the Gibbs sampler for this problem. We took N = 12, various sets D, and
degenerate initial distributions on 8 (Figure 4). The simulations suggest that a reasonable
estimate of A, is 0.3, using M =1 for Figure 4a—b, and M = 0 for Figure 4c—f. In these
figures the solid line represents Z,, and the long-dashed lines are pointwise 95% confidence
intervals. The short-dashed line represents the least-squares estimate p + dx(42)", using the
common estimate A, = 0.3 This line usually falls within the confidence limits, indicating
that 0.3 is indeed a reasonable estimate of A,.

For the second stage of the two-stage sampling procedure, simulations are generated with

0.976" +0.951" | 6.2 + E(

I
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Figure 4. Observed and fitted probabilities, common A, for the following (3, D) pairs: (a)
(0.01, 5<0.42); (b) (0.02,5<0.4); (c) (0.02, w;<0.07); (d) (0.04, w3<0.1); (e)
(0.03, w4 <0.12) (f) (0.04, w, <0.14).
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Table 2. Sample posterior means and standard deviations for
hierarchical Poisson model

Parameter Sample mean Sample standard deviation
B 0.4408 0.1334
) 0.0703 0.0271
oy 0.1539 0.0919
w3 0.1040 0.0400
[on 0.1234 0.0312
ws 0.6293 0.2942
w6 0.6141 0.1355
w7 0.8285 0.5302
wg 0.8320 0.5331
W9 1.3026 0.5832

Note: These estimates result from using M, = 50, Ny = 103 iterations, and
the data listed in Table 1.

Mgy =50 and Ny = 10° to minimize the bias and variance of py, v, Since p(1 — p) < 0.25,
and if |12] < 0.5, then (12) and (13) imply that the standard deviation of p, n, is less than
0.0027 for all p. If |az| <3 and |A;| =< 0.5, then (11) implies that the bias of P, n, is
negligible for all p. The initial distribution IT*(-) for this stage also is chosen to be
degenerate at 5 = 0.01. The sample means and standard deviations of these M, samples of
o and S are listed in Table 2. Using Laplace’s method as discussed in Tierney et al. (1989),
Tierney (1994) reports approximate asymptotic posterior means of w;, ws and wjy to be
0.07028, 0.6279, and 1.8431 and standard deviations to be 0.026 95, 0.2931, and 0.3910,
respectively. The 10° simulations generated herein using M, = 50 produce sample means
for wy, ws and wio of 0.0703, 0.6293 and 1.8452 and sample deviations of 0.0271, 0.2942
and 0.3912, respectively. The two sets of estimates are in very close agreement.
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