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Exponential-polynomial families like the Nelson-Siegel or Svenson family are widely used to estimate
the current forward rate curve. We investigate whether these methods go well with intertemporal
modelling. We characterize the consistent Itd0 processes which have the property to provide an
arbitrage-free interest rate model when representing the parameters of some bounded exponential-
polynomial type function. This includes diffusion processes in particular. We show that there is a
strong limitation on their choice. Bounded exponential-polynomial families are best not used for
modelling the term structure of interest rates.
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1. Introduction

The current term structure of interest rates contains all the necessary information for pricing
bonds, swaps and forward rate agreements of all maturities. It is used by the central banks as
an indicator for their monetary policy.

There are several algorithms for constructing the current forward rate curve from the
(finitely many) prices of bonds and swaps observed in the market. Widely used are splines
and parametrized families of smooth curves {F(-, z)}.c2, where Z C RN, N = 1, denotes
some finite-dimensional parameter set. By an optimal choice of the parameter z in £, an
optimal fit of the forward curve x — F(x, z) to the observerd data is attained. Here x = 0
denotes time to maturity. In that sense z represents the current state of the economy taking
values in the state space Z .

Examples are the Nelson and Siegel (1987) family with curve shape

Fxs(x, 2) = z1 + (22 + z3x) e
and the Svenson (1994) family, an extension of Nelson—Siegel,
Fs(x, z) = z1 + (z2 + z3x) e 5" 4 zgx e 7%,

Table 1 gives an overview of the fitting procedures used by some selected central banks.
It is taken from the documentation of the Bank for International Settlements (BIS 1999).
Despite the flexibility and low number of parameters of Fys and Fg, their choice is
somewhat arbitrary. We shall discuss them from an intertemporal point of view: plenty of
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Table 1. Forward rate curve fitting procedures

Central bank Curve fitting procedure

Belgium Nelson—Siegel, Svensson
Canada Svensson

Finland Nelson—Siegel

France Nelson—Siegel, Svensson
Germany Svensson

Italy Nelson—Siegel

Japan Smoothing splines
Norway Svensson

Spain Nelson—Siegel (before 1995), Svensson
Sweden Svensson

UK Svensson

USA Smoothing splines

cross-sectional data — daily estimations of z — are available. Therefore it would be natural
to want to find the stochastic evolution of the parameter z over time. But then there exist
economic constraints based on no-arbitrage considerations.

Following Bjork and Christensen (1999), instead of Fys and Fs we consider general
exponential-polynomial families containing curves of the form

K n;
F(x, Z) — E (E Zi,lu-x‘u> e*Zi,nﬁ»lx,

i=1 \ u=0

that is, linear combinations of exponential functions exp(—z; ,,11x) over some polynomials of
degree n; € Nj. Obviously Fys and Fg are of this type. We then replace z by an It6 process
Z = (Z;)=0 taking values in Z . The following questions arise:

e Does F(-, Z) provide an arbitrage-free interest rate model?
e And what are the conditions on Z for it?

Working in the Heath, Jarrow and Morton (1992) — henceforth HIM — framework with
deterministic volatility structure, Bjork and Christensen (1999) showed that the exponential-
polynomial families are in a certain sense too large to carry an interest rate model. This
result has been generalized for the Nelson—Siegel family in Filipovi¢ (1999b), including
stochastic volatility structure. Expanding the methods used there, we give in this paper the
general result for bounded exponential-polynomial families.

The paper is organized as follows. In Section 2 we introduce the class of It6 processes
consistent with a given parametrized family of forward rate curves. Consistent Itd processes
provide an arbitrage-free interest rate model when driving the parametrized family. They are
characterized in terms of their drift and diffusion coefficients by the HIM drift condition.

By solving an inverse problem we obtain the main result for consistent It6 processes,
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stated in Section 3. It is shown that they are remarkably limited. The proof is divided into
several steps, given in Sections 4, 5 and 6.

In Section 7 we extend the notion of consistency to e-consistency when [P is not a
martingale measure.

The main result is much clearer when restricting to diffusion processes, as shown in
Section 8. It turns out that e-consistent diffusion processes driving bounded exponential-
polynomial families like Nelson—Siegel or Svensson are very limited: most of the factors
are either constant or deterministic. It is shown in Section 9 that there is no non-trivial
diffusion process which is e-consistent with the Nelson—Siegel family. Furthermore, we
identify the diffusion process which is e-consistent with the Svensson family. It contains just
one non-deterministic component. The corresponding short rate model is shown to be the
generalized Vasicek model.

We conclude that bounded exponential-polynomial families, in particular Fys and Fs, are
best not used for modelling the term structure of interest rates.

2. Consistent Ito processes

For the stochastic background and notation, we refer to Revuz and Yor (1994) and Jacod and
Shiryaev (1987). Let (Q,.7, (¥ 1)o<i<oo, P) be a filtered complete probability space,

satisfying the usual conditions, and let W = (W%, e, W',j)0sz<oo denote a standard d-
dimensional (.7;)-Brownian motion, d = 1.
Let Z=(Z',..., ZV) denote an R"-valued Itd process, N = 1, of the form

t d_rt
Z’;:Z(")—Fjbﬁ‘ds—&—ZJof;’-"dW{, i=1,...,N, 0=(<o,
0 j=140

where Z, is .7 g-measurable, and b and o are progressively measurable processes with values
in RY and RV*¢ respectively, such that

t
J (|bs| + |as|2)ds < 00, P-almost surely, for all finite ¢.
0

Let F(x, z) be a function in C*(R, X RY); that is to say, F and the partial derivatives
OF /0x, OF |0z, 0°F /0z;0z;, which exist for 1 <i, j< N, are continuous functions on
R, X RY. Interpreting Z, as the state of the economy at time ¢, we let x — F(x, Z;) stand
for the corresponding term structure of interest rates, meaning that F(x, Z;) denotes the
instantaneous forward rate at time t for date 7+ x.

Notice that

G(x, z) := exp (JOF(n, z)dn)

is in C'?(R; X R") too. Therefore the price processes for zero coupon T-bonds
P(t, T):=G(T—t, Z,), 0=<t=<=T<oo, (1)
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and the process of the savings account

t
B(t) :== exp (J agG(O, Zs)ds>, 0=t<oo,
0 OX

form continuous semimartingales.

Let £ denote an arbitrary subset of R"Y. The function F generates in a canonical way a
parametrized set of forward curves {F(:, z)},cz. We shall refer to 2 as the state space of
the economy.

Defintion 2.1. Z is called consistent with {F(:, z)}.cz, if the support of Z is contained in Z

and
P(t, T)
( ) )
B(1) Jo<i=r
is a P-martingale, for all T < oo.
Set a:= 00, where o* denotes the transpose of o, that is, a';’A = Zk lo’ko, , for

1=<i j=< N and 0 =< r<oo. Then a is a progressively measurable process with values in
the symmetric non-negative definite N X N matrices.

Using It6’s formula, the dynamics of (2) can be decomposed into finite variation and
local martingale parts. Since consistency is required, the former has to vanish. This is the
well-known HJM drift condition and is stated explicitly in the following proposition.

Proposition 2.2. If Z is consistent with {F(:, z)}.cz then

d Yoo
5. F 2) :Zb a—ZiF(x, Z)

a 9
+ Z ( 3520, Flx, 2) = 5 Fx, Z)J ——F(y, Z)dn> 3)
for all x =0, dt ® dP-a.s.

Proof. Analogous to the proof of Filipovi¢ (1999b, Proposition 3.2). O

3. Exponential-polynomial families

In this section we introduce a particular class of functions F. Our main result characterizes
the corresponding consistent It0 processes.

Let K denote a positive integer and let n = (ny, ..., ng) be a vector with components
n; € N, for | <i=< K. Write |n|:=n; + ...+ ng. For a point

_ n|+2K
Z= (2005« s Zlmt1s 22,05 s Zmatls o+ ZK0s - o5 ZKongs1) € RITF2E )
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define the polynomials p;(z) as

ni

pi(z) = pilx, 2) :== Zzwx", l<is<K
u=0
The function F is now defined as
K
F(x,2) =Y pi(x, 2)e #m™, ()
i=1

Obviously F € C"2(R,. X RI"I+2K). Hence the previous section applies with N = |n| + 2K.
From an economic point of view, it seems reasonable to restrict to bounded forward rate
curves. Let, therefore, Z denote the set of all z € RY such that supxer, |F(x, z)| < oc.

Defintion 3.1. The exponential-polynomial family EP(K, n) is defined as the set of forward
curves {F(-, z)},crn.

The bounded exponential-polynomial family BEP(K, n) C EP(K, n) is defined as the set
of forward curves {F(:, 2)},cz.

Clearly Fns(x, z) € BEP(2, (0, 1)) and Fs(x, z) € BEP(3, (0, 1, 1)), if in each case the
parameter z is chosen such that the curve is bounded. From now on, the Nelson—Siegel and
Svensson families are considered as subsets of BEP(2, (0, 1)) and BEP(3, (0, 1, 1)),
respectively.

If two exponents z; 41 and z; 41 coincide, the sum (5) defining F' reduces to a linear
combination of K — 1 exponential functions. Thus for z € RY we introduce the equivalence
relation

i ~, ]<=> Zin+1 = Zj,n,+l (6)

on the set {1, ..., K} and denote by [i] = [{], the equivalence class of i. We will use the
notation

npip = npy(z) == max{n;|j € [i].},

Ttivw = T1au(2) = {j € [ilz|n; = u}, 0 =<u = ny2),

Z Zj,‘lb 0 = //t = n[i](z)a
JET 1.u(2)

il = Z[iu(2) :

P = > pia). (7)
Jeli]
In particular pp;(z) = ZZ[QOZ[[]MX‘M, and (5) now reads

Flx,2)= > pale

Observe that for z € Z we have
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' =0 only if ppj(2) = zp0,
Zz,n[-H{ <0 only if p[i](Z) = 0. (8)

We shall write the RV-valued Itd process Z with the same indices as we use for a point
z € RN (see (4)),

t d ot
Z = ZS’“+J bf;"derZJa’s"“;‘dWﬁ, Osus<m+1, 1<isK (9
0 =170
Its diffusion matrix a consists of the components
atiir =N "ghe i 0<su<m+l, Osvsm+l, 1s<ij<KkK.
=1

Notice that, for 1 <i < K,

lpn@ =0 = |J | {zlzm0 = zins forall j e J}

max{n;|jeJ}
M n z
u=0

Z Zju =10 \ U {zlzin41 = Zin1} (10)

= leJe
n/élu

is not closed in general but nevertheless a Borel set in RY. We introduce the optional random
sets of singular points (¢, ®)

A ={p(Z) =0 or p;(Z) =0}, l1=si<K,

B

K

in+1 __ j,ni+1
iz = 2o,
i,j=1
i#j

K

Z = U {zzi,nﬁ*l — Zj,n,'+l}’
i,j=1
i#]

and the optional random sets of regular points (¢, w)

K
7 = Ry X Q)\ (U A UBU z)
i=1

D" =R, X Q\(HU D).

Let us recall that for stopping times S and 7, a stochastic interval like [S, 7] is a subset
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of R, X Q. Hence [S]=][S,S] is the restriction of the graph of the mapping
S Q — [0, co] to the set Ry X Q.
For any stopping time 7 with [7] € (R; X Q)\.Z;, we define

7'(w) := inf{t > 1(0)|(t, w) € A4},

the debut of the optional set [z, oo[N.Z;. Observe that in general it is not true that 7’ > 17 on
{t <oc}. This can be seen from the following example. For

F(x, Z) =z et 220 e 21 Z30 e B ¢ BEP(3, (0, 0, 0)),

let zW0=20=1,2720=-1,2""=1+¢ and Z'=2>"'=1 for t€[0,1]. Then
PI(ZO) = P[l](ZO) =1 and p[l](Z,) =0 for all ¢t € (O, 1] Hence [0] S (R+ X Q)\Jz@l, but
7' = 0. However, by continuity of Z we always have

<7 P-as. on {o|(t(w), w) € Z'}. (11)

Recall the fact that there is a one-to-one correspondence between the Itd processes Z
starting in Zy (up to indistinguishability) and the equivalence classes of b and o with
respect to the df ® dP-nullsets in .72, ®.7. Hence we may state the following inverse
problem to equation (3). Given a family of forward curves, for which choices of coefficients
b and o do we obtain a consistent It0 process Z starting at Z,?

The main result is the following characterization of all consistent Ito processes, which is
remarkably restrictive. The proof of the theorem will be given in Sections 5 and 6.

Theorem 3.2. Let K € N, n = (ny, ..., ng) € N(;( and Z be as above. If Z is consistent with
BEP(K, n), then necessarily, for 1 <i< K,

ghrithintl — on {pi(Z) # 0}, dt ® dP-a.s. (12)

bt =0, on {pi(Z) # 0}y N {pra(2) # 0}, dt ® dP-a.s. (13)

Consequently, Z""*1 is constant on intervals where p(Z) # 0 and pil(Z2) #0. That is, for
P-almost every w,

Zbm () = 2B (), Sor t € [u, v],

if PUZ@) # 0 and pa(ZA(@) £ 0 for 1 € (u, 0)

For a stopping time t with [t] C &', let T'(w) := inf{t = ©(w)|(t, w) & &'} denote the
debut of the optional random set (%' U Z) N[z, co[. Then we have that T<t' on {t <oo}
and

i i.n,'+l L], - ;,nﬁ»l
= ZMe Ly Zbt pem 4

i
Z‘L’+f

ini+l

zity = Zime 5

on [0, —1[, for O=su<n;,—1and 1 <i =<K, up to evanescence.
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If &' above is replaced by & and ' is the debut of (UX, 7, U .7 U Z)N[r, o[, then
7' =00 and in addition

i+l __ Zini+1
Zr+t - Z‘L’

for 1l <i< K,P-as. on {t<oc}.

Remark 3.3. 1t will be made clear in the proof of the theorem that it is actually sufficient to
assume Z to be consistent with EP(K, n) for (12) to hold.

As an immediate consequence we may state the following corollaries. The notation is the
same as in the theorem.

Corollary 3.4. If Z is consistent with BEP(K, n) and if the optional random sets { p;(Z) = 0}
and { pjy(Z) = 0} have dt @ dP-measure zero, then the exponent Z bni+l s indistinguishable
from Z5" 1 <i< K.

Proof. If {p/(Z)=0} and {p;;(Z) =0} have dt® dP-measure zero, then {p,(Z)#
0} N{p(2) #0} =Ry X Q up to a dt ® dP-nullset. The claim follows using (12) and
(13). O

Corollary 3.5. If Z is consistent with BEP(K,n) and if the following three points are P-a.s.
satisfied:

(i) pi(Zy) #0, forall 1 si<K,

ii ; 1 indi i 7 wi i+
(ii) there exists no pair of indices i # j with Zg" :
(iii) there exists no pair of indices i # j with 2Z(’)’”"+

Jinj+1
- Zojjn'+’1
= ZO’ J 5
then Z and hence the interest rate model F(x, Z) is quasi-deterministic, that is, all
randomness remains 7 o-measurable. In particular, the exponents Z>"' are indistinguish-
able from Z5""', for 1 <i<K.

Proof. 1f (i), (ii) and (iii) hold P-a.s. then [0] C &/. The claim follows from the second part

of the theorem, setting 7 = 0. U

4. Auxiliary results

For the proof of the main result we need three auxiliary lemmas, presented in this section.
First, there is a result on the identification of the coefficients of It processes.



Exponential-polynomial families and interest rates 1089

Lemma 4.1. Let
t t . .
X,:X0+Jﬂfds+zj y&Idwi,
0 j=170
Y= Yo+Jﬂst+Zj vy AW
0 j=1 0

be two Ité processes. Then dt ® dP-a.s.

d d d
Lix_y Z(VX,/)z = lx=y) Zyx,jyy,_; = l{x=r} Z(,}/Y,_/)Z
Jj=1 Jj=1 j=1

Lix—nB* = lxpB.
Proof. We write (-, -) for the scalar product in R¢. Then

1% ™) = D =15y =D = VK v OV =yt Y =),
By the occupation times formula (see Revuz and Yor 1994, Corollary (1.6), Chapter VI),

t
JOI{XS:YX}O{ —yl Y —yNds =0, for all 1 <oo, P-a.s.

Hence, by the Holder inequality,

t
Jol{xv:xyﬂ(%f, yEy = (v vd)lds

t
< | lor=vp /05 v —vE v =D ds
Jteenn /iy

t 1/2 /ot 1/2
= (JOIJLXS_YS}<V§(, i) dS) <J01{XJ—YS}<V§( VsV = Vs) dS)

=0, for all 1 <oo, P-a.s.
Thus, by symmetry,
L (r5 v ) = L 05 v7) = Len 0 ), dt ® dP-a.s.
By continuity of the processes X and ¥, there are sequences of stopping times (S,) and

(Tn)r Sn = Tn» WIth [Sm’ Tm]ﬂ[Sna Tn] :® fOI‘ all m # n and

{X=71}= U [S,, T,], up to evanescence.
neN
To see this, let » € N and let S(n, 1) := inf{7>0| | X, — ¥;| = 0}. Define T(n, p) := inf{s>
S(n, p)||X; — Y| >0} and inductively
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S(n, p+1) :=inf{t>S(n, p)||X; — Y| = 0 and sups(,, py<s</|Xs — ¥s| >27"}.

Then by continuity we have lim, .. S(n, p) =00 for all n €N and it follows that
{X =Y} =U, pen[S(n, p), T(n, p)]. Now proceed as in Jacod and Shiryaev (1987, Lemma
1.1.31) to find the sequences (S,) and (7T,) with the desired properties.

From above we have 1(y_y(y* —y")* =0, dt ® dP-a.s. For any 0 < ¢ < oo, therefore,
SC”AAtt(yf —yNdw, = 0, P-a.s. Hence

T,At

O0=X—=V)rni— (X = Y)sne = J (ﬂj( — ﬁsy)ds, P-a.s.
At

n

We conclude that

t T.\t
J Lix vy (BY = BHds = ZJ (BY —BhHds =0, for 0 < 1 < oo, P-as.

0 neN J SaAt

Using the same arguments as in the proof of Filipovi¢ (1999b, Proposition 3.2), we derive the
desired result. O

Next, we list two results in matrix algebra.
Lemma 4.2. Let v = (y;;) be an N X d matrix and define the symmetric non-negative

definite N X N matrix o = yy*, that is, apj=a,;= Zidzly,-jyjﬂ,{. Let I and J denote two
arbitrary subsets of {1, ..., N}. Define

apy =0y, = E E A j-

jeJ iel
Then arr =0 and |a1,J| = VOrLi\/ayg-

Proof. For 1 <1 <d, define y;; := > ics¥is. Then by definition

d d d
arg =Y 3 viavii=y, <Z m) (Z Vj,/l) = Vv
A=1

jeJ i€l )=1 A=1 \ i€l jeJ

Hence

d
arr =Y (yi2) =0,
p

and by the Cauchy—Schwarz inequality

d d
lagg| < Z(VM)Z Z(VJ,/I)z =Var/a,,.
p pa
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Lemma 4.3. Let a = (o, ;) be an n X n matrix, n € N, which is diagonally dominant from
the right, that is,

|aii| = Z |

J?él
n n
> - e =
i ¥ 2
o > ) ol set Y =0
Jj=i+1 j=n+1

forall 1 < i< n. Then a is regular.

Proof. The proof, involving Gaussian elimination, is a slight modification of an argument
given in Schwarz (1986, Theorem 1.5).

By assumption |a|>3"7 ,|ai,| =0, in particular ap; # 0. If n=1 we are done. If
n>1, the elimination step
e ) Qi1 )<

== 0
;J apq

5

leads to the (n— 1) X (n — 1) matrix a® = (a{!))1=;j<s. We show that oV is diagonally
dominant from the right. If a;; = 0, there is nothing to prove for the ith row. Let a;; # 0,
for some 2 < i < n. We have

A1 .
o)1 = Jaig| = | == |le 2<sj<n
ay1
Therefore
~ M
5 = 3 el =3 |ay - ZI%H
J=i+1 Jj=2 Jj=2
J#i J#i /#t /#1

. <Z|a1,| - |a1,|>

(\(11,1| - |a1,1’|)

n

= Jaij| - Mﬂ+
=
i

i1
<Ja] — las] +\ '
an,n

A1

= |ai| — loi| < ‘a(l)|

Proceed inductively to a®, ..., a1V, O
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5. The case BEP(1, n)

We will treat the case K = 1 separately, since it represents a key step in the proof of the
general BEP(K, n) case. For simplicity we shall skip the index i = 1 and write n = n; € N,
p=p, b/ =b", a"/ = a"J etc. In particular, we use the notation of Section 2 with
N=n+2.

Lemma 5.1. Let n € Ny and Z be as above. If Z is consistent with BEP(1, n), then
necessarily

. s gntl . _ 7n+l
Zi=Zie % 4 ZiMte %0,

n__ n 72"+1[
Z}=Zye "0 7,
t d t
1 1 1 1,7 j
zml =zt + Jb;’+ ds + E JO;” SdAwl | gy,
0 i—1 J0
=

foro<i<n—1and 0<t<oo, P-as., where Qy := {p(Zy) = 0}.

Consequently, if Z is consistent with BEP(1, n), then {p(Z) =0} = Ry X Q,. Hence
{zm1 £ 781} € {p(Z) = 0}. Therefore we may state:

Corollary 5.2. If Z is consistent with BEP(1, n), then Z is as in Lemma 5.1 and
F(x, Z) = p(x, Z)e %',

Hence the corresponding interest rate model is quasi-deterministic, that is, all randomness
remains .7 o-measurable.

Proof of Lemma 5.1. Let n € Ny and let Z be an It6 process, consistent with BEP(1, n). Fix
a point (¢, ) in Ry X Q. For simplicity we write z; for Z)(w), a;; for a}’/(w) and b; for
bi(w). The proof relies on expanding equation (3) at the point z = (z¢, ..., z,+1). The terms
involved are

0 0 —Zypx
aF(xa Z) = (ap()@ Z) - Zn+1p(x5 Z)) e 5 (14)
0 xieTEmx, 0<i<n,
 F(x, 2) = o (15)
0z; —xp(x, z) e~ 1%, i=n+1,
, 0<i,j=<n,
2 2
PF(x,z) OPF(x,2) _ i+l gmznx O<i<n j=n+l, (16)
6zi(‘32j 6zj82i
X2 p(x, z)e 1%, i=j=n+1

Finally, the following relation for m € N is useful:
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m!
X _rm(x) eizn‘ 1* + ma1 Zp+1 # 09
J nm eiZﬂHn d77 - m+1 s (17)
0 X
m——l—l’ Zpp1 =0,
where
S T
rm(x) = Tkl
(m k)' 2y

is a polynomial in x of order m.
Let us suppose first that z,.; # 0. Thus, subtracting (9/0x)F(x, Z) from both sides of
(3), we obtain a null equation of the form

qi(x) e F T 4 ga(x) e T =0, (18)

which has to hold simultaneously for all x = 0. The polynomials ¢; and ¢, depend on the z;,
b; and a; ;. Equality (18) implies q; = g, = 0. This again yields that all coefficients of the g;
have to be zero.

To proceed we have to distinguish the two cases p(z) #0 and p(z) =0. Let us first
suppose the former is true. Then there exists an index i € {0, ..., n} such that z; # 0. Set
m := max{i < n|z; # 0}. With regard to (15)—(17), it follows that degg, =2m+2. In
particular,

2
Z
m x2m+2+“.

q2(X) = @ny1,n11
n+l1

where ... denotes terms of lower order in x. Hence a1 ,4+1 = 0. But the matrix a has to be
non-negative definite, so necessarily

Ant1,j = Ajnr1 =0, foralll<j<n+1.

In view of Lemma 4.1 (setting ¥ = 0), since we are characterizing a and b up to dt @ dP-
nullsets, we may assume a;; =a;; =0, for 0 <j<n+1, for all i=m+ 1. Thus the
degree of ¢, reduces to 2m. Explicitly,

Hence a,,, =0 and so a,;=a;, =0, for 0 <j=<n+ 1 Proceeding inductively for
i=m—1,m—2,...,0, we finally obtain that the diffusion matrix a is equal to zero and
hence ¢, = 0 is fulfilled.

Now we determine the drift 4. By Lemma 4.1, we may assume b; =0 for
m+ 1 <i=< n With regard to (14) and (15), ¢g; reduces therefore to

q1(x) = —bpizpx™

It follows that b, = 0 and we are left with
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m—1
ql(x) = (bm + Zn+lzm)xm + Z(bz —Ziy1 + Zn+1zi)xl
i=0

n—1
= (bn+ Zw1zZn)xX" + Y _(bi = zip1 + Zap1z0)x".
i=0

We now turn to the singular cases. If p(z) =0, that is zp = ... = z, = 0, we may assume
aijj=aj;=>b;=0,0sj<n+1, for all i<n But this means that g, =g, =0,
independently of the choice of b,y and a1 ny1-

For the case where z,.; =0, we need the boundedness assumption z € Z. By (8) it
follows that z; = ... =z, = 0. So by Lemma 4.1 again a;; =a;; =b; =0,0 < j < n+1,
for all i = 1. Thus in this case equation (3) reduces to

0= bo — ap,0X,

and therefore by = agpp = 0.
Summarizing all cases, we conclude that necessarily

bi = —zpi1zi + Zit1, 0sisn—1,
bn = —Zp4+1Zn,

a;; =0, for (i, j) # (n+ 1, n+ 1);

while b, and a,i,+1 are arbitrary real and non-negative real numbers, respectively,
whenever p(z) = 0. Otherwise b, = a,11,+1 = 0.
The rest of the proof is analogous to the proof of Filipovi¢ (1999b, Proposition 4.1).
O

6. The general case BEP(K,n)

Using again the notation of Section 3, we give the proof of Theorem 3.2 for the case K = 2.
The exposition is somewhat complicated, which is due to the multidimensionality of the
problem. The idea, however, is simple. For a fixed point (f, w) € Ry X Q we expand
equation (3), which turns out to be a linear combination of linearly independent exponential
functions, over the ring of polynomials, equalling zero. Consequently, many of the
coefficients have to vanish, which leads to our assertion.

The difficulty is that some exponents may coincide. This causes a considerable number
of singular cases which require a separate discussion.

Let K=2,n=(n, ..., ng) € Ng, and let Z be consistent with BEP(K, n). As in the
proof of Lemma 5.1, we fix a point (¢, w) in R, X Q and use the shorthand notation z;
for Zi*(w), aj v for ay*”"(w) and b;, for b7*(w), etc. Since we are characterizing a and
b up to a dt ® dP-nullset, we assume that (7, w) is chosen outside an exceptional df ® d[P-
nullset. In particular, the lemmas from Section 4 shall apply each time this choice is made.

The strategy is the same as for the case K = 1. Thus we expand equation (3) at the point
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z=1(z10,.--» ZK.ny+1) to obtain a linear combination of (ideally) linearly independent
exponential functions over the ring of polynomials

K
Z gi(x) e Zum X Z qi,j(x) e*(Zi,n,-+1+Zj,n,+1)x —0. (19)
i=1

Isisj<sK

Consequently, all polynomials ¢; and g;; have to be zero. The main difference between this
case and the case K = 1 is that representation (19) may not be unique due to the possibly
multiple occurrence of the following singular cases:

() zin1 = Zjnj+1s for i # j,
(i) 22i,ni+1 = Zjn;+1 + Zkn+1s
(iii) 2z 5,41 = Zjnj+1s
(V) Zin+1 = Zjnj1 + Zhongt1s

for some indices 1 < i, j, k < K. However, the lemmas in Section 4 and the boundedness
assumption z € Z are good enough to settle these four cases.

Let us suppose first that p;(z) # 0, for all i € {1, ..., K}. To settle case (i), let ~ denote
the equivalence relation defined in (6). After reparametrization if necessary, we may assume
that

{1, ..., K}/ ={1, ..., [K]}
K<

and zy 41 <... <Zg i1 for some integer K. Write :={1, ..., I?} In view of

Lemma 4.1 we may assume
Ajni1intl = Qinpitiin+1 - and - by = by i1 forall je[i],ie€ I (20)

The proof of (12) and (13) is divided into four lemmas.
Lemma 6.1. a; 410,41 =0, for all i € 1.

Proof. Expression (19) takes the form

Z (i,-(X) e I | Z qi,j(x) e*(z,',n,+1+z;',nj+1)x -0, (21)
icl ijel
i<j

for some polynomials g; and g; ;. Taking into account cases (ii)—(iv), this representation may
still not be unique. However, if for an index i & [ there exist no j, k € I such that
2Zint1 = Zjnj41 + Zkng+1 OF 2Zj 1 = Zjp,41 (in particular, z; ,,41 # 0) then we have

X 2
Z]ei Wt Z ot 2 t2

4i(X) = iy 1in+1 + ...,

Zini+1
where u,, := max{v|v < n; and z;, # 0 for some j € [i]} € Ny. Hence a; »,41;in+1 = 0 and
the lemma is proved for the regular case.
For the singular cases observe first that z;,,.; =0 implies da;,,41:n,+1 =0, which
follows from Lemma 4.1. Now we split / into two disjoint subsets /; and /,, where
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1) :={i € I|zj n,+1 # 0, and there exist j, k € I such that

2Zi 11 = Zjnr1 + Zkongt1 OF 2Zinil = Zjnsi1}s

12 = ]\[1.

Observe that ZRme41 > 0 implies K €I, and Z1,n+1 <0 implies 1 € I,. Since at least one of
these events has to happen, the set /, is not empty. We have shown above that
Qi n+1;im+1 = 0, for i€ I, If I is not empty, we will show that for each i € I, the
parameter z;,,4+1 can be written as a linear combination of z; ,,+1s with j € I5. From this it
follows by Lemmas 4.1 and 4.2 that a; 410,41 =0 for all i €, and the lemma is
completely proved. We proceed as follows. Write I; = {i, ..., i,} with Ziy g 41 <
... <z, +1. For each i} € Iy there exists one linear equation of the form

Zig,ni +1
(*7 ceey Ky 2’ ¥, *) Zika”ik+1 = Ok,

Zi,.,n,,_—o—l

where * stands for 0 or —1, but with at most one —1 on each side of 2. The a; on the right-
hand side is 0 or z; 41 OF z; 41 + Zjn+1 for some indices i, j, € I,. Hence we obtain the
system of linear equations

2 % ... % Zi,ni +1 ap
*k
* * 2 Ziy,l’h‘,-H a,

By Lemma 4.3, the matrix on the left-hand side is invertible, from which our assertion
follows. O

Lemma 6.2. a;,, 1,60 = Aryijn;+1 =0, for 0 sv <y forall 1 <j, k< K.

Proof. In view of (20), the lemma follows immediately from Lemmas 6.1 and 4.2. O

Analogous to the notation introduced in (7), we set
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biaw =Y bju

JET lilu
Oliluwh = E : O juhs
JET livu
i)k = E Ajuskws
JET lilu

forOsu<np0svs=m,lsk<K lsA<d i€l and

i wlkly ~= Z Z Ajpsl

€T 1w JET 1

forOspu<np, 0svs<mny,ikecl

Lemma 6.3. If z;;, =0, for i € I and u € {0, ..., n;}, then
bliju = apiulie = Ailusky = kil = 0,
forall0=v=mn, | <k=<K.

Proof. Notice that ap; i = Zleafi],#;l. Hence Lemma 6.3 follows by Lemmas 4.1 and
4.2. O

Lemma 6.4. b;,,11 =0, for all i € I such that py1(z) # 0.

Proof. Suppose first that z; .1 # 0, for all i € 1. Let i € I such that p;;(z) # 0, and let us
assume there exist no j, k € I with z; 11 = zj 5,41 + Zk,n,+1. What does the polynomial g;
in (21) look like? With regard to (20), Lemmas 6.2 and 4.1, and equalities (14)—(17), the
contributing terms are

HUmA 1y UmAnj
oy i e Tt = > zpd | =z | Yz | e, (22)
X u=1 u=0
nj+1 o UmA\n; UmAn;
u+l —Zin1X
> :bj,ua—F(x’ D= D b | = binsr| D zjux e Tt (23)
=0 Z ). =0 =0

and
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"y 9 X9
D ] [
u=0 Zj,,u 00Zky

Hal ny! polynomial
— @jsky ooy x| e Fmrx ( ‘ ) e*(zi,ni+1+2k,nk+1)x, (24)
= e in x

for 0 <v < ny, forall 1 <k < K and j € [i]. We have used the integer
Um = max{A|A < n; and z;, # 0 for some [ € [i]}.

Define /i, := max{A|A < ny; and z[;; # 0} € Ny. Obviously fi,, < u,,. By Lemma 6.3 we
have apjj 41y = 0, for all g, <u < np;;. Thus summing the above expressions over j € [7], we
obtain

Gi(x) = =bin 12100, X L (25)

Consequently, b; ,,+1 = 0 in the regular case.
For the singular cases the boundedness assumption z € Z is essential. We split / into two
disjoint subsets J; and J,, where

Jy :={i € I| there exist j, k € I, such that z; , 11 = Zju11 + Zkn, 11
and zj,,41 >0 and zg ,, 41 >0},

J2 = I\Jl.

Notice that in any case 1 € J,. We have shown above that for each i € J, such that z; ,, 1 is
not the sum of two other z Jun+18 it follows that b;, .+ =0. We will now show that
bin4+1 =0 for all ieJ,. Let i€ J, and assume there exist j, k € I with z;,4 =
Zjnj+1 + Zkn,+1. Then necessarily one of the summands is strictly less than zero. Without
loss of generality z;, .1 <0. Since z € £, we have pp;(z) = 0 (see (8)). Thus ap;y 10 =0
by Lemma 6.3 and therefore ajjj .y =0, forall 0 s u < n;, 0 sv<ny, 1 < k< K. The
terms contributing to the polynomial in front of e~ *w+1*, that is g; + ¢;x + ..., are those in
(22)—(24) and also

X

0
- al,‘u;m,v 82—F(x’ Z)J

F(n,2)n = —aqa, . qu e—Z/,n,+1xJ " e Femr dp, (26)
Lu 0 8zm,v e 0

forO<su=<n,0=<v=<n, l<clj, mec[k]. However, summing — for fixed x4, m and v —
the right-hand side of (26) over / € .7;; . gives zero. Hence the terms in (26) do not actually
contribute to the polynomial. The same conclusion can be drawn for all j, k£ € I with the
property that z;,.1 = zjn41 + Zkn,+1. It finally follows, as in the regular case, that
bi,n,<+l =0 for all i € J,.

If J; is not empty, we show that for each i € J;, the parameter z; ,, can be written as a
linear combination of Zjn;+18 with j € J,. From this it follows by Lemma 4.1 that
bin+1 =0 for all ieJ;,. We proceed as follows. Write J; ={i,..., i} with
Zigny 41 < -+ <Zi,n +1. For each i, € J; there exists one linear equation of the form
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Ziy,ng +1
!
5 o, L0, 0 Zign 11 | = ap,

Ziyni 41

where the * stand for 0 or —1, but at most two of them are —1. The aj on the right-hand side
is 0 or zj 41 OF Zj 41 +Zjn41 for some indices i, j € J, with z;,,41 >0 and Zjny+l > 0.
Obviously aj is of the latter form. Hence we obtain the system of linear equations

Zi\ n;
1 0 ... 0 i,ni +1 Zi i+l + Zj,n_,+1
. . . . ’
L. : aj
= 2
0
’
* e * 1 Zir,’nl_/Jrl ar

for some i, j € J,. On the left-hand side is a lower-triangular matrix, which is therefore
invertible. Hence the lemma is proved in the case where z;,,11 7 0 for all i € [.

Assume now that there exists i € / with z; ,,.1 = 0. Then i € J,. We have to make sure
that also in this case b;,,+1 =0, for all j € J,. Clearly b;,,+) is zero by Lemma 4.1. The
problem is that z;,,y1 = zin41 + Zjn,+1 for all j € J,. But following the lines above, it is
enough to show apy . =0, for all 0 < u < ny;. From the boundedness assumption
z € £ we know that p;(2) = z[;0 (see (8)). Hence a1, = 0, for 1 < u < np;). Suppose
there is no pair of indices j, k € I\{i} with z;, +| + z,»,41 = 0. Summing the contributing
terms in (22)—(24) over j € [i], we obtain the polynomial in front of ¢’, i.e.

qi(x) + q;i(x) = —apoq0x + ..., (27)

hence a0 = 0. If there exist a pair of indices j, k € I\{i} with z;, 1 + zgn1 =0,
then one of these summands is strictly less than zero. Arguing as before, the polynomial in
front of ¢ remains of the form (27) and again ar;j o0 = 0. Thus the lemma is completely

proved. (|

So far we have established (12) and (13) under the hypothesis that p;(z) # 0, for all
i€{l,..., K}. Suppose now that there is an index i€ {l,..., K} with p;(z) =0. By
Lemma 4.1, we may assume a;;;, = bi, =0, for all 0 < u < n;. But then Lemma 4.2
tells us that none of the terms including the index i appears in (19). In particular,
Qip+1:im+1 and b; ,. 1 can be chosen arbitrarily without affecting equation (19). This means
that we may skip i and proceed, after a reparametrization if necessary, with the remaining
index set {1, ..., K — 1} to establish Lemmas 6.1-6.4 as above.

This all has to hold for df ® dP-a.e. (¢, w). Hence (12) and (13) are fully proved. A
closer look to the proof of (12), that is, Lemma 6.1, shows that the boundedness assumption
z € £ was not explicitly used there — whence Remark 3.3.

Next we prove that the exponents Z>"*! are locally constant on intervals where p;(Z)
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and pr(Z) do not wvanish. Let v=0 be a rational number and let T,:=
inf{t>v|pi(Z,) =0 or p;5(Z) =0} denote the debut of the optional set [v, co[N.Z;. By
(12) and (13) and the continuity of Z we have that Z“"*! is P-a.s. constant on [v, T,],
hence P-a.s. constant on every such interval [v, T,]. Since every open interval where
pi(Z) #0 or p(Z,) #0 is covered by a countable union of intervals [v, T,] and by
continuity of Z, the assertion follows and the first part of the theorem is proved.

To establish the second part of the theorem, let T be a stopping time with [7] € &' and
P(z < 00) >0. Define the stopping time t'(w) := inf{r = ©(w)|(#, ®) ¢ &'}. By continuity
of Z, we conclude that 7<<7’ on {r<oo}. Choose a point (¢, w) in [z, T'[. We use
shorthand notation as above.

By definition of &/’ we can tixclude the singular cases z; ;1 =Zjn4+1 OF 2Zjp41 =
Zjn,+1, for i# j. In particular, K = K, hence I = {l,..., K}. First, we show that the
diffusion matrix for the coefficients of the polynomials p;(z) vanishes.

Lemma 6.5. a;,.j, = a4, =0, for Os u<n;and O sv<wny, forall i,jel.

Proof. By Lemma 4.1 it is enough to prove that the diagonal a; ,.; , vanishes for 0 < u < n;
and i € /. If there is an index i € [ with p;(z) = 0 then, arguing as above, a; i, = b;, = 0,
for all 0 < u < n;, and we may skip the index i. Hence we assume now that there is a
K' < K such that p;(z) # 0 (and thus z;,,.; =0, since z€ Z) for all 1 <i=< K'. Let
I' :={1, ..., K'}. To handle the singular cases, we split /' into two disjoint subsets /{ and
15, where

I} :={i € I'|zin:1 >0, and there exist j, k € I’
such that ZZi’ni+l = Zjn;+1 + Zk’nkJrl}’

Ib = I'\Ij.

Hence z; ,,+1 =0 for i € I" implies i € [3. We have already shown in the proof of Lemma
6.4 that in this case a;,;, =0, for all 0 < u < n;. The same follows for i € /3 with
Zin+1 >0, as was demonstrated for the case K = 1.

Now let i € /1 and let [, m € I', such that / < m and 2z;,,+1 = z1p,+1 + Zm.n,+1. Thus
the polynomial in front of e 2%%+1* is g;; + q;n + ..., and among the contributing terms
are also those in (26). If / or m is in I3, those are all zero. Write I{ = {ij, ..., i,»} with
Zigny 41 < - <Zipom; 41 Then neces25arily [ € I} in the above representation for Ziy,my, +1-
Thus the polynomial in front of e ~"u*'" is g; ;. It follows that a; .., =0, for all
0<u=<mn;,, as was demonstrated for the case K = 1. Proceeding inductively for
i, ..., i, we eventually derive that a;,;, =0, for all 0 <u<wmn; and i< /'. This
establishes the lemma. O

We are left with the task of determining the drift of the coefficients in p;(z). By (13), we
have b;,,+1 =0 for all i € I'. Straightforward calculations show that (19) reduces to
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e
S giwye Tt =0,
=1

with

ni—1
qi(x) = (bin, + Zim12in)X" + > (Bigy = Ziger1 + Zin 120X
u=0

We conclude that for all 1 < i =< K (in particular, if p;(z) = 0)
biy = Zigs1 = Zin+1Zips Ospusn-—1,
bi,ni = —Zini+1Zi,n;- (28)

By continuity of Z, Lemma 6.5 and (28) hold pathwise on the semi-open interval
[t(w), T’ (w)[ for almost every w. Therefore Z,, is of the claimed form on [0, T’ — 7[.

Now replace &' by &/ and proceed as above. By (11) we have 7<7’ on {t<oo}, and,
since & C &', all the above results remain valid. In addition, p;(z) = p;;(z) # 0 and thus
Qi1 = bins1 =0, for all 1 <i<K, by (12) and (13). Hence Z:/""' = Zin+! on
[0, 7" —7[, for all 1 <i=< K, up to evanescence. But this again implies 7" = oo by the
continuity of Z.

7. E-consistent Ito processes

An Tt6 process Z is by definition consistent with a family {F(:, z)},c2 if and only if P is a
martingale measure for the discounted bond price processes. We could generalize this
definition and call a process Z e-consistent with {F(-, z)},c = if there exists an equivalent
martingale measure (2. Then obviously consistency implies e-consistency, and e-consistency
implies the absence of arbitrage opportunities as is well known.

Where the filtration is generated by the Brownian motion W, that is, (%) = (¥ fV), we
can give the following stronger result:

Proposition 7.1. Let K € N and n = (ny, ..., ng) €N§. If (7)) = (7)), then any It6
process Z which is e-consistent with BEP(K, n) is of the form stated in Theorem 3.2.

Proof. Let Z be an e-consistent Itd process under P, and let () be an equivalent martingale
measure. Since (#,) = (¥ ,W), we know that all [P-martingales have the representation
property relative to W. By Girsanov’s theorem it follows, therefore, that Z remains an It6
process under @, which is consistent with BEP(K, n). The drift coefficients b** change
under @ into b"*; while b"* = b on {a"*"* =0}, dt ® dP-as. The diffusion matrix a
remains the same. Therefore, and since the measures df ® dQ and dt ® dP are equivalent on
R, X Q, the Itd process Z is of the form stated in Theorem 3.2. O
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Notice that in this case the quasi-deterministic, that is, .7-measurable, expression in
Corollaries 3.5 and 5.2 is a purely deterministic one.

8. The diffusion case

The main result from Section 3 is much clearer for diffusion processes. In all applications the
generic Itd process Z on (Q, .7, (¥ )o<i<oo, P) given by (9) is the solution of a stochastic
differential equation

) ) t d_ ot
zZ" = z;" +J b (s, Zy)ds + ZJ o "X (s, Z)dW?, (29)
0 =170

forO<u=<mn;+1and 1 <i=< K, where b and o are some Borel measurable mappings
from R, X RY to RY and RV*, respectively.

The coefficients b and o could be derived by statistical inference methods from the daily
observations of the diffusion Z made by some central bank. These observations are of
course made under the objective probability measure. Hence [P is not a martingale measure
in applications of this kind.

On the other hand, we want a model for pricing interest rate sensitive securities. Thus the
diffusion has to be e-consistent. If we assume that (7,) = (7 ,W), the previous section
applies. To stress the fact that .7 gV -measurable functions are deterministic, we denote the
initial values of the diffusion in (29) with small letters z;".

Since all reasonable theory for stochastic differential equations requires continuity
properties of the coefficients, we shall assume in the following that b(#, z) and o(z, z) are
continuous in z. The main result for e-consistent diffusion processes is divided into the two
following theorems. The first one only requires consistency with EP(K, n).

Theorem 8.1. Let K € N, n = (ny, ..., ng) € N&, (7,) = (7?/) and let the diffusion Z, b
and o be as above. If Z is e-consistent with BEP(K, n) or with EP(K, n), then necessarily
the exponents are constant,

ini+1 — ini+l
VA = zg

>

forall 1l =i<K.

Proof. The significant difference between this proof and that of Theorem 3.2 is that now the
diffusion matrix a and the drift b depend continuously on z.
First, observe that the following sets of singular values,

K
M= U{z € RY|pi(z) = 0 or ppy(z) = 0}

i=1
and

A ={z € RV zin 41 = Zjin, 41 + Ziny1 for some 1 < i, j, k < K},
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are contained in a finite union of hyperplanes of RY (see (10)). Hence (.# U./#") C R" has
Lebesgue measure zero. Thus the topological closure of ¢ := RM\(.Z U./1") is RV,

Now let Z be the diffusion in (29), which is e-consistent with either BEP(K, n) or
EP(K, n). A closer look at the proof of Lemma 6.4 shows that the boundedness assumption
z € Z was not used for the regular case z € & (see (25)). Combining this with (12), (13)
and Remark 3.3, we conclude that, for any 1 </< K and 1 <1 <d,

b (1, Z(w)) = 0", Z(w)) = 0, for (t, ) € {Z € Z}\N,

where N is an .72, ®.7 -measurable dtf ® dP-nullset. By the very definition of the product
measure,

OZJ 1dt®d|]:D:J P[N,]d¢,

N R,

where N, := {w|(#, ) € N} €.7. Consequently P[N,] = 0 for almost every 7 € R;. Hence,
by continuity of b(z, -) and o(z, -),

bi,n[+1(t’ D= Oi,n,»+1;/1(t, )=0 (30)

on supp(Z,)N ¢, for almost every ¢t € R,. Here supp(Z,) denotes the support of the
(regular) distribution of Z,, which is by definition the smallest closed set 4 C RV with
P[Z; € A] = 1. Thus, again by continuity of b(¢, -) and o (¢, -), equality (29) holds for almost
every t € R, on the closure of supp(Z;) N &, which is supp(Z;). Hence we may replace the
functions b>"*1(z, -) and o>"*VA(t, ) by zero for almost every ¢ without changing the
diffusion Z, whence the assertion follows. |

The sum of two real-valued diffusion processes with coefficients continuous in some
argument is again a real-valued diffusion with coefficients continuous in that argument.
Consequently, we may assume that the exponents zé’"‘“ of the above e-consistent diffusion
are mutually distinct. Since otherwise we add the corresponding polynomials to obtain in a
canonical way an RV-valued diffusion Z which is e-consistent with BEP(K, /i) or
EP(K, 1), for some K <K, N <N and some 7 € Ng . Clearly Z provides the same interest
rate model as Z and its coefficients are continuous in z.

For the second theorem we have to require e-consistency with BEP(K, n). After a

reparametrization if necessary, we may thus assume that
0=zt <. <gfmt!

(see (8)). The continuation of Theorem 8.1 is now as follows:

Theorem 8.2. If Z is e-consistent with BEP(K, n), then it is non-trivial only if there exists a
pair of indices 1 < i<j=< K, such that

i+l _jomtl
2z =z .

Proof. 1If there is no pair of indices 1 <i<,j<K such that 2z5"*" = z/"""!  then

" =R, X Q. But then Z is deterministic by the second part of Theorem 3.2. O
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The message of Theorem 8.1 is the following: there is no possibility of modelling the
term structure of interest rates by exponential-polynomial families with varying exponents
driven by diffusion processes. From this point of view there is no use for daily estimations
of the exponents of exponential-polynomial type functions such as Fys or Fs. Once the
exponents are chosen, they have to be kept constant. Furthermore, there is a strong
restriction on this choice by Theorem 8.2. It will be shown in the next section what this
means for Fys and Fs in particular.

Remark 8.3. The boundedness assumption in Theorem 8.2 — that is, e-consistency with
BEP(K, n) — is essential for the strong (negative) result to be valid. It can easily be checked
that F(x, z) = zp + z;x € EP(1, 1) allows for a non-trivial consistent diffusion process (see
Filipovi¢c 1999a).

Remark 8.4. The choice of an infinite time horizon for traded bonds is not a restriction (see
(1)). Indeed, we can limit our considerations to bonds P(¢, T) which mature within a given
finite time interval [0, T*]. Consequently, the HIM drift condition (3) can only be deduced
for x € [0, T* — £], for dt ® dP-a.e. (t, w) € [0, T*] X Q. But the functions appearing in (3)
are analytic in x. Hence, whenever ¢ < T*, relation (3) extends to all x = 0. All conclusions
on e-consistent Itd processes (Z;)p<,<y+ can now be drawn as before.

9. Applications

In this section we apply the results on e-consistent diffusion processes to the Nelson—Siegel
and Svensson families, whose curve shapes were given in Section 1.

9.1. The Nelson—Siegel family

In view of Theorem 8.1 we have z4 > 0. Hence it is immediate from Theorem 8.2 that there is
no non-trivial e-consistent diffusion. This result has already been obtained in Filipovi¢
(1999b) for e-consistent It0 processes.

9.2. The Svensson family

By Theorems 8.1 and 8.2 there remain the two choices
(1) 2z =z5 >0,
(1) 2z5 = z6 > 0.

We shall identify the e-consistent diffusion process Z = (Z!, ..., Z%) in both cases. Let Q
be an equivalent martingale measure. Under Q the diffusion Z transforms into a consistent
one. Now we proceed as in the proof of Theorem 3.2. The expansion (19) is given by

01(1) + Qa(¥) e " + Qs(x)e ™ + Qulx)e 4 Os()e T+ Qe =0,
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for polynomials Q ..., Os. Explicitly,
O1(x) = —apx + ...

Qz(x) = —a1,3x2 —+ ...

O3(x) = —arax” + ...

as3
Ou(x) = =2x2 + ...
Zs

ass -
Os(x) =—x" + ...
Z6
where ... denotes terms of lower order in x. Hence a;; =0 in any case. By the usual

arguments (the matrix a is non-negative definite) the degree of O, and Q5 reduces to at most
1. Thus in both cases (i) and (ii) it follows that a33 = as4 = 0. We are left with

O1(x) = by, ;

O (x) = (bs + z3z5)x + by — z3 — ZLSZ + 2525,

Q3(x) = (bg + z426)x — z4, €2y
a

Oux) = =2
zs

while Os = Qs = 0. Since in case (i) Qs must be 0, we have a,, = 0 and Z is deterministic.
We conclude that there is no non-trivial e-consistent diffusion in case (i).
In case (ii) the condition O3 + Q4 = 0 leads to

app = ZpZs. (32)

Hence there is a possibility of a non-deterministic consistent diffusion Z. We derive, from
(31) and (32), that

by =z3 +z4 — z522,
by = —z5z3,
b4 = —22524.

Therefore the dynamics of Z', Z3, ..., Z® are deterministic. In particular,

73 =z e, (33)

while Z3 =z} and Z% = 2z). Denoting by W the Girsanov transform of 7, we have under the
equivalent martingale measure (O
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t d_ ot
2=+ | (@0~ 22) a4 Y | oo, (34)
0 a=170

where ®(#) and o>*(f) are deterministic functions in ¢, namely
5 5
D(f) := zge ' + z5e !

and

d
Z 2’1(t) =zze —251,

A=1

By Lévy’s characterization theorem (see Revuz and Yor 1994, Theorem (3.6), Chapter IV),
the real-valued process

N d t Z,X(S) -
= —_—— =
wk . ZJ e dw*,  0<t<oo,
a=170V Zp%p
is an (7;)-Brownian motion under (. Hence the corresponding short rates
= Fs5(0, Z;) =z} + Z? satisfy

dr, = (¢(0) — zyr)dt + G (AW,

where ¢(f) := <I>(t)+zoz(5) and (1) := \/z3z e %', This is just the generalized Vasicek
model. It can be easily given a closed-form solution for », (see Musiela and Rutkowski 1987,
p- 293).

Summarizing case (ii), we have found a non-trivial e-consistent diffusion process, which
is identified by (33) and (34). Actually ® has to be replaced by a predictable process ® due
to the change of measure. Nevertheless, this is just a one-factor model. The corresponding
interest rate model is the generalized Vasicek short rate model. This is very unsatisfactory
since Svensson-type functions Fg(x, z) have six factors zj, ..., zg which are observed. And
it is evident that just one of them, z,, can be chosen to be non-deterministic.

10. Conclusions

Bounded exponential-polynomial families such as the Nelson—Siegel and Svensson families
may be well suited for daily estimations of the forward rate curve. They are best not used for
intertemporal interest rate modelling by diffusion processes. This is because the exponents
have to be kept constant and, moreover, this choice is very restrictive whenever you want to
exclude arbitrage possibilities. It has been shown for the Nelson—Siegel family in particular
that there exists no non-trivial diffusion process providing an arbitrage-free model. However,
there is a choice for the Svensson family, albeit a very limited one, since all parameters but
one have to be kept either constant or deterministic.
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