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We extend the classical Neyman—Pearson theory for testing composite hypotheses versus composite
alternatives, using a convex duality approach, first employed by Witting. Results of Aubin and
Ekeland from non-smooth convex analysis are used, along with a theorem of Komlos, in order to
establish the existence of a max-min optimal test in considerable generality, and to investigate its
properties. The theory is illustrated on representative examples involving Gaussian measures on
Euclidean and Wiener space.
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1. Introduction

On a measurable space (Q,.7), suppose that we are given two probability measures Q
(‘hypothesis’) and P (‘alternative’), and that we want to discriminate between them. We can
try to do this in terms of a (pure) fest, that is, a random variable X : Q — {0, 1}, which
rejects Q on the event {X = 1}. With this interpretation, Q(X = 1) is the probability of
rejecting O when it is true (probability of Type I error), whereas P(X =0)=1—- P(X = 1)
is the probability of accepting Q when it is false (probability of Type II error).

Ideally, one would like to minimize these error probabilities simultaneously, but typically
this will not be possible: a more sensitive radar decreases the chance of letting enemy
aircraft go undetected, but also makes false alarms more likely. The next best thing is then
to fix a certain number 0 <a <1 (say a = 1% or a = 5%), and try to

maximize P(X = 1), subject to O(X = 1) < a. (1.1

In other words, one tries to find a test that minimizes the probability of Type II error, among
all tests that keep the probability of Type I error below the given acceptable significance level
a € (0, 1). This is the tack taken by the classical Neyman—Pearson theory of hypothesis
testing; see, for instance, Lehmann (1986), Ferguson (1967) or Witting (1985).

The basic results of this theory are very well known. Suppose that u is a third probability
measure with

P < u, o<u (1.2)
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(for instance, 4 = (P + Q)/2), and set
dp d
G:= =92

T e (1.3)
Then the problem of (1.1) has a solution, namely
X =1pp<q), (1.4)
provided that
OCZH<G)=a for some 0<z< . (1.5)

In other words, the test X of (1.4) rejects the hypothesis if and only if the ‘likelihood ratio’
G/H = (dP/du)/(dQ/du) is sufficiently large.

When a number Z with the properties (1.5) cannot be found, one has to consider
randomized ftests, that is, random variables X : € — [0, 1]. The new interpretation is that, if
the outcome w € Q is observed, then the hypothesis O is rejected (accepted) with
probability X(w) (1 — X(w)), independently of everything else. Thus,

Ef(X) = JX(w)P(dw) (1.6)

is the power of the randomized test X, that is, the probability of rejecting the hypothesis O
when it is false; and

B9 = [xX(@)0we) (1.7)
is the probability of Type I error for the randomized test X (i.e., of rejecting O when it is
true). By analogy with (1.1), one seeks a randomized test X which will

maximize E”(X), over all randomized tests X : Q — [0, 1] with E2(X) < a. (1.8)

The advantage of this ‘randomized’ formulation is that (1.8) has a solution for any given
significance level a € (0, 1). In particular, the supremum

sup EP(X), with .2, == {X: Q — [0, 1]; E4(X) < a}, (1.9)

Xe,
is attained by the randomized test
X=1lpgyegy+b-1izn-c (1.10)
in .%,, where we have set (with the convention 0/0 = 0):

2= inf{u=0; QuH < G) < a}, (1.11)

b._a—Q(2H<G)_ a— QGH<G)
" QOGH=G) QCGH<G)-0:H<G)

e [0, 1]. (1.12)
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2. Composite hypotheses and alternatives

Let us suppose now that, on the measurable space (Q,.7 ), we have an entire family Q of
probability measures (composite ‘hypothesis’), which we want to discriminate against another
family P of probability measures (composite ‘alternative’). By analogy with (1.2), we
asssume

PNQ =y, 2.1
P<u, 0O<uy, VPeP, VQeQqQ, 2.2)
for some probability measure u, and set
Gp = j—ﬂp (PeP), Hp = %(Q €Q), (2.3)
2y ={X:Q =10, 1]; E¢X) < a, VO € Q} (2.4)

as in (1.3), (1.9). Since we have now an entire family P of alternatives, we shall replace (1.9)
by the max-min criterion

V(a):= sup (inf EP(X)>. (2.5)
Xe, PeP
In other words, we shall look for a randomized test X that maximizes the smallest power
y(X) := inf E(X) (2.6)
PcP
attainable through measures of the family P, over all randomized tests X of size
s(X) := sup E2(X) < a. (2.7)
0€Q

Definition 2.1. If such a randomized test X € .2, exists, it will be called max-min-optimal
for testing the (composite) hypothesis Q against the (composite) alternative P, at the given
level of significance a € (0, 1).

Under appropriate conditions on the family P of alternatives, we shall see in the next
section that an optimal max-min randomized test exists and has a form reminiscent of
(1.10), namely

X=1lgppeg+B 16 (2.8)
Here B is a random variable with values in the interval [0, 1]; the random variable G is of

the form G = df?/d,u of (2.3) for some P € P; the random variable H is chosen from a
suitable family that contains the convex hull

Co(H; Q) == {AHo, + (1~ )Hg; 0 €Q, %, €Q,0=<A=1} (2.9)

of {Hp}ocq; and Z is a suitable positive number.
As we shall see, it is no longer possible to compute these quantities by means of
formulae as explicit as (1.11) and (1.12), which are valid in the simple hypothesis versus



82 J. Cvitani¢ and I. Karatzas

simple alternative case. However, methods of non-smooth convex analysis and duality
theory provide both the existence of these quantities and algorithms that can lead to their
computation, as illustrated by several examples in Section 5. The main result of the present
paper, namely Theorem 4.1 (and its Corollaries 4.1 and 4.2), shows that the associated dual
problem always (that is, even with uncountably many hypotheses and/or alternatives) has a
solution; that there is never a duality gap; and that the optimal test always has the 0—1
representation (2.8).

The idea of using convex duality methods in hypothesis testing is not new; it goes back
to the paper by Krafft and Witting (1967), and is developed to a considerable extent in
Chapter 2 of the treatise by Witting (1985), particularly propositions 2.80 and 2.81 on pp.
267-274. See also the papers by Lehmann (1952), Baumann (1968) and Huber and Strassen
(1973), as well as Vajda (1989, pp. 361-362), for related results. Baumann (1968) proves
the existence of the max-min-optimal test using general duality results from the theory of
linear programming, as well as weak-compactness arguments. We provide a different, self-
contained proof for existence, using an almost sure convergence argument based on the
theorem of Komlds (1967). In addition, our approach enables us to show that the optimal
test is always of the Neyman—Pearson form (2.8), thereby giving a characterization
potentially useful in finding algorithms for computing the optimal test. To the best of our
knowledge, the characterization (2.8) has hitherto been known only under stronger
conditions on the null and the alternative hypotheses. We obtain it here in a very general
setting, using infinite-dimensional non-smooth convex optimization results of Aubin and
Ekeland (1984), apparently not employed previously in the theory of hypothesis testing. Our
own inspiration came from Heath (1993), who used the Neyman—Pearson lemma as a tool
for solving a stochastic control problem that can also be treated by methods of convex
duality; for related work along these lines, see Karatzas (1997), as well as Cvitani¢ and
Karatzas (1999), Cvitani¢ (2000), Féllmer and Leukert (1999; 2000) and Spivak (1998) for
similar problems arising in the context of mathematical finance.

3. Results: Analysis

Let us begin the statement of results by introducing the set of random variables
2 :={H e L u)/H =0, y-ae. and E“(HX) < a, VX € .Z,,}. (3.1

As is relatively straightforward to check (cf. Section 6), this set is convex, bounded in L'(u),
closed under u-almost everywhere (a.e.) convergence, and contains the convex hull of (2.9),
namely

Co(H; Q) C 7. (3.2)

In a similar spirit, we shall impose the following assumption throughout.

Assumption 3.1. The set of densities
g = {Gp}pep (33)
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is convex and closed under u-a.e. convergence. (From (2.3), the convexity of & is equivalent
to the convexity of the family P of alternatives.)

The set & of (3.3) is obviously bounded in L'(u), since E4(Gp) = P(Q) =1 for every
P € P. We shall comment in Remark 4.1 below on the necessity of imposing Assumption
3.1 and of considering the class .77 of (3.1) as we do. Now the key observation is that, for
arbitrary G € ¥ and H € .7, we have G = dP/du for some P € P, and thus

EP(X) = E4(GX) = E“[X(G — zH)] + z - E“(HX)
< EYG —zH)" + az; Vz>0,YX € .2, (3.4)

fgom B.DHand 0= X < 1Ain (1.9). Furthermore, we have equality in (3.4) for some Ge,
He 7, z2¢e(0,00) and X € .2, if and only if the conditions
EYHX) = a, (3.5)

X = 1{21:[<G} + B . 1{21:[26}5 //l-a‘e., (28)

both hold, for some random variable B: € — [0, 1]; and in this case, with Pi= féd,u cP,
we have

EP(X) = EX(GX) = az + EX(G — 2 ). (3.6)
Proposition 3.1. Suppose that there exists a quadruple (G, H, 2, X) € (£ X 7 X (0,
00) X .%4) that satisfies (3.5), (2.8) and
E“[X(G — G)] <0, VG e Z. (3.7)
Then we have
EP(X) <EP(X)<EP(X);, VX€.2,,VPcP. (3.8)

In other words, the pair (X, P), with P = f@dﬂ, is then a saddle-point for the stochastic
game with lower value V(o) as in (2.5), and upper value

V(a) := inf < sup EP(X)> , (3.9)
PEP\ xe 2,

namely

V(a) = V(a) = EP(X) = Jc}‘f(dﬂ. (3.10)

We postpone to Section 6 the proofs of all the results in this paper.

Inequality (3.4) also points the way to a duality approach, which will lead eventually to
the existence of a quadruple (G, H, 2, X) with the properties (3.5)—(3.7) and (2.8), as
follows. Let us introduce the value function

V()= V(z; a):= inf  BE*4(G—zH)* 0<z<oo, 3.11
(2) (z; @) G, (G—=zH)", z< 00 (3.11)
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of an auxiliary dual problem, and observe from (3.4) the inequality
V(o) < Vi(a), (3.12)
where we have set
Vi():=  inf  [az+E"(G - zH)F = infaz + V(2)]. (3.13)
(G, H)E(FXT)
Proposition 3.2. Under the assumptions of Proposition 3.1, the following hold:

(i) The pair (G, H) attains the infimum in (3.11) with z = Z.
(ii) The triple (z, G, ﬁ) attains the first infimum in (3.13).
(iii) The number z € (0, 00) attains the second infimum in (3.13). )
(iv) There is no ‘duality gap’ in (3.12); that is, V«(a) = V(a) = V(a) = EP(X).

We shall show in the next section how to select the ‘dual variables’ (Z, G, I:I) S
((0, 00) X & X . Z) in such a way that the optimal ‘primal variable’ (generalized test) X is
then given in the form (2.8).

4. Results: Synthesis

We can now follow the above reasoning in reverse, and try to obtain the existence of the
quadruple (G, H, z, X) postulated in Proposition 3.1 by characterizing its constituent
elements in terms of the properties of Proposition 3.2. This is done in Lemma 4.1-4.4 and in
Theorem 4.1 below, using non-smooth convex analysis as our main tool; cf. Aubin & Ekeland
(1984, Chapters 1-4).
Lemma 4.1. The function V() of (3.11) is Lipschitz-continuous:

V@)= V@) <lzi—zl, ¥Y0<z,z<oo 4.1

Lemma 4.2. For any given z =0, there exists a pair (G, H)=(G., H.) € & X X that
attains the infimum in (3.11).

Lemma 4.3. For any given a € (0, 1), there exists a number z=Z2,>0 that attains the
infimum Vx(a) = inf,~o[az + V(z)] of (3.13).
Lemma 4.4. Under the norm ||(G, H, z)|| := E*(|G| + |H|) + |z|, the set
M ={(G,H,2)€ ¥4,Ge ¥, He X, z=0} 4.2)
is a closed, convex subset of ¥ = L'(u) X L'(u) X R. Furthermore, the functional
% 3(G, H, z)— U(G, H, z) .= az + E*(G — H)" € (0, o) 4.3)

is proper, convex and lower-semicontinuous on ¥; and (G, H, z) — U(G, zH, z) =
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Ocz—i—E"(G—zH)+ attains its znﬁmum over /4 at the triple (G H, %), with 2 =%, as in
Lemma 4.3 and (G H)= (GZ, H:) as in Lemma 4.2.

Let us now consider the dual ™ := L®(u) X L®(u) X R of the space ¥ =
L'(u) X L'(u) X R, the set . Zy = {(G, zH, z); (G, H, z) € ./}, the normal cone
N(G, 2H, 2) := {(W, X, y) € Z*; EY(GW + 2HX) + 2y = E“(GW + zHX)
+2zy,Y(G, H,z) € #} 4.4
to ./« at the point (G, 2H, 2) € ./, and the subdifferential at this point
oU(G, 2H, 2) == {(W, X, y) € ¥, U(G, :H, 2) — U(G, Y, z2) < E“[W(G — G)

+XCGH - )]+ y¢—2,YG, Y,2) € £} (4.5)

of the functional U in (4.3). From Lemma 4.4 and non-smooth convex analysis, as in
Corollary 4.6.3 of Aubin and Ekeland (1984), we know that

(G,2H,2) e .#x  isasolutionof (0,0, 0) e dU(G, 2H, 2)+ N(G, 2H, ?).

In other words, there exists a triple (W, X, 9), such that (W, X, ) € N(G, 2H, 2) and
(—W, =X, —9) € 0U(G, 2H, ), or equivalently

E“[W(G — G)] +E“[X(2H — zH)] + (¢ — 2) = 0, Y(G, H, z) € ./, (4.6)
E“[W(G— G)+ X(Y —2H)+ (G — Y)" — (G — )] = (a + §)(E — 2),
Y(G, Y, z)e £. (4.7)
Sending z — Foc0, we observe that (4.7) can hold only if

y=—a. (4.8)

Substituting = —a as well as G = G, H= H, z= 2=+ 0 for >0 into (4.6), we obtain
EYHX) =« (3.52)

as postulated by (3.5). On the other hand, substituting G = G, z = 2 into (4.6), we obtain
E4(HX)<E“HX)=a, Y He 7, (3.5b)

in conjunction with (3.5a); and substituting H = H, z =2 into (4.6) leads to
E“[W(G — G)] = 0, VGe¥. (3.7)
Theorem 4.1. The random variable X belongs to %4, and satisfies
X=-W=14.6+B- 146, pae, (4.9)

for a suitable random variable B: Q — [0, 1].

Corollary 4.1. The stochastic game with lower (upper) value ¥V (a) (V(a)) as in (2.5), (3.9)
has saddle-point (X, P) with P = de,u and value V(a) = V(a) = EP(X)
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This follows from Proposition 3.1, since the conditions (3.5) and (2.8) are satisfied (recall
(4.9) and (3.5a)), and so is condition (3.7), because (3.7)" and (4.9) imply

E“[X(G — G)] = E“[W(G — G)] < 0, VG e ¥.

Corollary 4.2. The randomized test X € 2, is max-min optimal for testing the composite
hypothesis Q against the composite alternative P in the sense of Definition 2.1, that is, it
maximizes the smallest value of the power y(X) = inf pcpEX(X) attainable over alternatives
P € P, against all generalized tests X € . %y of size s(X) := suerQEQ(X) < a.

Remark 4.1. If the convex set .77 := Co(H; Q) of (2.9) is itself closed under u-a.e.
convergence, there is no need to introduce the larger set .77 of (3.1) and (3.2), since the
auxiliary dual problem
V(z):= inf E%G-—:zH)" (3.11)
(G, H)e(& % H)
then has a solution in & X H.

Similarly, it is well known that an optimal test can often be found among ‘Bayesian tests’
(see Witting 1985, for example). More precisely, suppose that the set { Hp; O € Q} can be
represented in the form {Hy; 0 € ©®} for some measurable space {O, £}, such that
(0, w) — Hp(w) is an .7 ® &-measurable function on X ®. Let .7 be a set of
probability measures (‘prior distributions’) on {@®, £}, and write

Ty = {JH(; ds); s € /}

Again, if .77, is convex and closed under u-a.e. convergence, and if {Hp; Q € Q} C .7,
we can work with the set .77 instead of . 7.

However, we cannot relax Assumption 3.1 on the set & of (3.3); in particular, we cannot
replace & by the larger convex set

¢ :={Ge L'(n; G=0, uae.; E“GX) = gg)EP(X), VX €.2,}). (3.3)

One reason why this might not work, is that % does not have to be closed under u-a.e.
convergence, since Fatou’s lemma can then fail to produce the desired inequality in (3.3)’.

5. Examples

We present in this section a few representative examples involving hypothesis testing for
Gaussian measures on Euclidean and Wiener spaces. Most, if not all, of the examples are
probably well known; they are developed here only in so far as they allow us to illustrate the
theory of Sections 3 and 4 in a transparent and direct way.

Let us consider first the case of the filtered measurable space {Q,.7}, F:=
{7 (H}o<i<1, where Q := C([0, 1]; R?) is the set of all continuous functions
w:[0,1] =R W(t,w):=w(t), 0<t<1, is the coordinate mapping process;
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F(t)y:=0(W(s); 0 <s=< () and . ¥ =.7(1). Consider also the space ® of F-progressively
measurable processes 0: [0, 1] X Q — K for some given compact, convex subset K of RY
with 0¢ K. We shall look at Wiener measure u on (Q,.7), as well as at the family of
measures {ug, 6 € O} given by

d d 1

Ho_ z,1),  with  Zg(r) = exp“ 0'(s)dW(s) — ~
du 0 2
for 0 = ¢t =<1, 6(-) € ©. From the Girsanov theorem (Karatzas and Shreve 1991, p. 191) we
know that wunder ug, the process Wpy(:) := W(:) — jo 0(s)ds is Brownian motion (or,
equivalently, that W(-) is Brownian motion with random drift 6(-)).

j ||0<s>||2ds} 5.1)

0

Example 5.1 Simple hypothesis Q = {u} versus composite alternative P = {uy, 6 € ©}.
In this case H =1, Gy := dug/du = Zy(1), and the set & := {Gy}oco = {Zo(1)}pco is
convex, bounded in I”P(u) for every p > 1, and closed under u-a.e. convergence (see Benes
1971, pp. 463 and 469). Suppose that

inf 9] = 19, for some 3 e K. (5.2)
Jek

Then it can be shown (see Section 6 for details) that the value function of the auxiliary dual
problem in (3.11) is given by

V(z) = inf E"(Zy(1) - 2)" = B"(Z;(1) — 2)*

e HElR

i %

_ JRd(e-@sf;u-@nz _ ot (5.3)

Denoting by Z the unique number in (0, co) where z — az + V(z) attains its minimum, we
obtain the optimal test of Theorem 4.1 in the (pure, non-randomized) form

X =16,>2 = L) =119/ 410g2)- (54)

This test rejects the hypothesis O = u, if the inner product of W(1) with the vector JeKis
sufficiently large. With ®(x) = (2m)~1/2 [*_ e /2 du, we then have

N N R logs+ 1 g 2
a = BH(X) = u[d' W(1)>[|3]?/2 +log2] = 1 — cp(ogzngf” | >
and thus
11 a0 3 -
log 3=5 19117 + |9 - @~ (). (5.5)

Example 5.2 Composite hypothesis Q = {ug, 0 € O} versus simple alternative P = {u}.
Here G =1 and Hy := dug/du = Zp(1), so that the set { Hg}geco is convex and closed under
u-a.e. convergence (see Remark 4.1). It is shown in Section 6 that the auxiliary dual problem
of (3.11) has value function
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- "or(sy am(s)-L [ s ds )
V(z) = inf E“(1 — zZy(1))" = inf E (1 N O INLE )
0c0 00

. a2\ T
= E*(1 — 2Z4(1))" = B (1 —zee WUH“‘@”Z) (5.6)

J (1 s“'s—%u@uZ)* A
= —Zee
R4 (275)d/2

under the assumption (5.2). With z = arg ming.<[az + V(z)] the number of Lemma 4.3,
we have now the optimal test of Theorem 4.1 in the (pure, non-randomized) form

X =1en<) = Lgpay< i -tog 23 (5.7)
This test rejects the hypothesis, if the inner product of W(1) with the vector 9 of (5.2) is
sufficiently small. In particular, we have

a = sup E*(X) = sup ug[9' W(1) < [|§]2/2 — log 2]
6O 0cO

1

= sup up [9 (Wg(l) +J 6(s) ds> <|19117/2 - logE]
0cO 0

= ugl3 W51 + 9 < [|8?/2 — log ]

; ] log 2 + [|9]12/2
— uld W) < —[§2/2 — log2] = @( W) (5.8)
provided that the vector $€K of (5.2) satisfies
YO -9 =0 VIEK. (5.9)
In this case, Z is again given by
1 1, 4 P _
tog 5 =5 311> + 18]+ @0 (55)

Example 5.3 Composite hypothesis Q = {ug, 0 € ©1} versus composite alternative
P= {/t@, AS @2}.

Here O; is the space of F-progressively measurable processes 0: [0, 11 X Q — K;, i =1, 2,
where K| and K, are closed, convex subsets of R with K; N K, = &. We shall assume that
there exist vectors 31 € K, 3> € K, such that

inf |9, — ]| = [

91€K,

ek, (5.10)
(% — 819 — 9 =<0, V9 € K;.

In this case Hg, = Zp (1) for 0,(-) € ©;, and Go, = Zy,(1) for 6,(-) € ©,; both sets
{Hp}oco,>» {Go}oco, are convex and closed under u-a.e. convergence, so the auxiliary dual
problem of (3.11) has value function
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. , . Zo,(1) -
V(z) = inf E*“(Zyp (1) —zZp (1)T = inf E“o(=2L—:z
( ) 01()€0, ( 92( ) 91( )) 01()€0, <ZOI (1)
0:(1)€O; [2IQISC2

! ' L (! 2 +

— inf B [ oh @O-06) AWy )~ [ 0a6)-0i)IP ds _

0,()<0
6,()€6;

PO PO +
= E'u";l <e(3291)’W§1(1)%|9291|2 - Z)

1 2
= J (e(gz—gl)'i—%\\ﬁz_‘@lHZ B Z) +ﬂ dé-
" 2n)2

by analogy with (5.3), thanks to the first assumption of (5.10). Again, if we denote by Z the
unique arg ming<.<.[az + V(z)], the max-min optimal test of Theorem 4.1 has the form

X =1z, )>22;, 1) = L@, 8,y wy=1(18aP 151 +log 2} (5.11)

This test rejects the hypothesis if the inner product of #(1) with 9, is sufficiently larger than
its inner product with 3;. Under the second assumption of (5.10), we also have

a= sup BX)= sup ug (92— 3 WD) >(I%7 = 19:]7)/2 + log?]
01()€06, AQECH

1
= Sup iy [(92 — 30) Wo, (1) + (%2 — &)'j 61(s) ds > 1(|| %[> — [[91]1*) + log 2]
1(1)€B 0

= 15 [(92 — 80 W5 (D) + (82 — 311 > (|92 = [[81]%)/2 + log 2]
= g, [(32 = )W (>[92 — 817 /2 + log 2], (5.12)
from which we deduce

1 1. 4 A
log = =2 (%1 = &l + (181 — S| - @7 (@). (5.13)

For our next few examples, let us switch to a new setting with Gaussian probability
measures

v(dE) = Qu)y eI dE, vg(dE) = Q) Ve IR gg (5.14)
on (R, %(R%); here again K is a compact, convex subset of R? with 0 ¢ K and such that
(5.2) holds. We shall denote by ¥ the identity mapping on R?.

Example 5.4 Composite hypothesis Q = {vy, 3 € K} versus simple alternative P = {v}.
In this new setting, we have G =1, Hy :dv.g/dv:639’[”/’%”"‘)‘|2 for every 3 € K. From
Remark 4.1, the auxiliary dual problem of (3.11) now has value function
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V(z) = 911‘%1;( E'(1 — z[AHy, + (1 — ) Hy, Dt
0=<i<l
= inf EY(1— 22U (1 - A)e"iW*%HSZHZ}Y

91,9,€K

0=<i=<l1

\

+
1 1
inf EX (1 e oh PO [T 106 ds)
0(-)€®

—e(1- z.e@'WUHH-@HZ)*: B (1- Z.e@’W%H@HZ)i (5.15)

thanks to Example 5.2. Thus, the first infimum in (5.15) is attained by, say, 9; = g, % e K
arbitrary, A = 1, and we have

7@ =E(1- z.eg'W*%HgHzY: J (1—z-eledor)
Rd

as in (5.6). The test

+ o3l
(2n)d/2 d

X =1gn<y = 1{§'W<;\|§|\Llogf}

of (5.7) rejects the hypothesis if the inner product of W with the vector €K of (5.2) is
sufficiently small. Here Z is once again given by (5.5).

Example 5.5 Composite hypothesis Q = {vy, 3 € K1} versus composite alternative P = {vy,
3 e Kz}.

Here K, K are two disjoint, closed and convex subsets of R that satisfy the conditions of
(5.10) for some 9; € Ky, 3, € K,. (For instance, these conditions hold if d = 1 and if Ky, K,
are two disjoint, closed intervals of the real line.) It is easy to see from the analysis of
Example 5.3, that the test

X =G,y w > 4l 1) +og 2) (.10
is max-min optimal, where
z=exp{—||% — h|?/2— D (@)% — %]} (5.13)
attains the infimum of z — az + V(z), and
s a A s —5l&l?
7(z) = Br—80) Y|P _ )*e ’
V@) JW (e ’ ) Qnyir

is the value function of the auxiliary dual problem (3.11).

Example 5.6 Composite hypothesis Q = {vy, v_g} versus simple alternative P = {v}.
Here 9 € R?\{0} is given. From Remark 4.1, the value function is now
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P() = inf E' (1 —z [/le”’ (s L iy ﬂ)e“g'W_%”SHZ} )+

1 : 1 a\ T
inf1 E” (1 — ze2l¥I? Kz - 6> e’ 4+ <5 + (3) e’ W}) = inf1 f(z; 9),
10]<5 [o]<3

+

where
f(z 0) == FE (1 + ze 19 [28 sinh(9' W) — cosh(9’ W)])

For every fixed z € (0, o), the function 0 — f(z; 0) is symmetric and attains its infimum
over [—1, 1] at 0 =0, so that

+

7(z) = f(z; 0) = E" (1 _ e M9 cosh(g” W)) (5.16)

The optimal max-min test of (5.7), namely
Fol o) o) T kot ) T T G0
rejects the hypothesis if the absolute value of the inner product 3'W is sufficiently small.

Here we have set
1 exp(3]|9]?
him— coshl(M) (5.18)
(91l z

where cosh™!(+) is the inverse of cosh(-) on (0, co) with cosh™!(u) =0 for 0 < u <1, and
Z = argming<,<s [0z + V(2)]. The quantity 4> 0 of (5.18) is characterized by

a =vep(|3" W< h|[9]) = v(|3"(W £ D[ < AI3])) = v(E £ I9][| < ),
where Z := 3'W/||9|| is standard normal under v, or equivalently by the equation
(9] + h) — D(|9]| — h) = a. (5.19)

Remark 5.1. Tt is not hard to verify that the test of (5.17)—(5.19) is also max-min optimal for
testing the composite hypothesis Q = {v,,, m € (—oo0, —9]U[9, o)} versus the simple
alternative P = {v}, for some 9 >0, in the case d = 1.

6. Proofs

Proof of (3.2). The convexity of the set (3.1) is obvious; now if {H,},exn C .7 and
lim,H, = H, u-a.., then clearly H = 0, u-a.e., and

B4(HX) = E[lim(H,X)] < liminf E(H,X) < «

for every X € .#, by Fatou’s lemma, so H € .77. In other words, .77 is closed under u-a.e.
convergence. On the other hand, every H of the form Hyp =dQ/du, for some Q€ Q,
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belongs to .7, so that (3.2) holds as well, since E“(HpX) = E¢(X) < a, VX € .2, from
(2.4). Finally, from (2.4), the degenerate random variable X = a belongs to .%; with this
choice in (3.1) we see that E“(H) < 1, VH € .7, so that .7 is a bounded subset of L'(u).

O
Proof of Proposition 3.1. From (3.4), (3.5) and (2.8) we have
EP(X) < az + BYG — :H)Y, VX €.7,,
EP(X) = - BX(AX) + E"[(G — :H)X] = az + EXG — 2H)*.
This leads to the first inequality in (3.8). On the other hand, (3.4) and (3.5) also give
EP(X) = 2-B“(HX) + E*[X(Gp — 2H)]
= az + E*[X(Gp — 2H)], VP cP.
Thanks to assumption (3.7), this last quantity dominates
az + EM[X(G — 2H)] = EP(X),
and the second inequality of (3.8) follows. 0

Proof of Proposition 3.2. From (3.4) we have
EX4(G —zH)" + az = EP(X), YV (G, HY €S X7, (6.1)
for every z>0, X € .2, and with P = [Gdu. On the other hand, (3.6) gives
EYG — 2H)' + as = EP(X). (3.6)’

Now substitute z =2, X = X into (6.1) to obtain (i), in conjunction with (3.6)" and the
second inequality of (3.8). Similarly, substitute z>0 arbitrary, and X € 2y, into (6.1) to
obtain (ii) and ¥ «(a) = EX(X), again in conjunction with (3.6)" and the second inequality of
(3.8). Property (iv) then follows from Proposition 3.1, and (iii) is an easy consequence of (i),
(i1). O
Proof of Lemma 4.1. From (G — z; H)" — (G — 2 H)" < |z; — z|H, from E#*(H) < 1, and
from (3.11), we obtain
V(z1) < BXG — 21 H) < |z; — z,| - E“(H) + EX(G — z H)*
<EYG —z2H)" +|z1 — o], V(G, Hye ¥ X 7.

Taking the infimum over this set, we obtain ¥ (z;) < V(z;) + |z — 22/, and then we simply
interchange the roles of z; and z. O

Proof of Lemma 4.2. Let {(G,, Hy)},en C & X .7 be a minimizing sequence for (3.11).
Because & X .7 is bounded in L'(u) X L'(u), there exists by the theorem of Komlds (1967)
(see also Schwartz 1986) a random vector (G, H) e L'(u) X L'(u) and a relabelled
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subsequence {(Gj, H))}jen € {(Gn, Hy)}nen, such that
- 1< 1< .
(G, Hy) = %; G, ;; Hy | = (G, 1)

as k — oo, u-a.e. By the convexity and the wu-a.e. closedness of & and .7, we have
(G, H) € ¥ X . Z; on the other hand, Fatou’s lemma and convexity give

EXG — zH)" = E”[lilr{n(f}k —zHp)']
+

~ _ 1
< Lminf E4(C, — +_mainfEA | 2 r_H
hmklnfE (Gr — zHy) l1mk1nfE k jE:l (Gj—zH})

1
< lim inf E#

k
; > (G —zH)" | = li}nE”(GJ’- —zH)* = V(2.
j=1

|

Proof of Lemma 4.3. The convex function

fu@)i=az+ V() =az+ (G,H)ier(lg o E“(G — zH)™, 0<z< o0,

satisfies f,(0+) = infgey E4(G) = 1, f,(z) = az and thus f,(c0) = co. Consequently, f,(-)
either attains its infimum at some Z, € (0, co) as claimed, or else satisfies f,(z) = 1, Vz>0.
This latter possibility can easily be ruled out, as it implies

az=1-V(z)=1-E4G—zH)" =E“G)—E4G —zH)" = z- E“[H1p<c)], Vz>0,
for any given G € &, H € .7, dividing by z and then letting z | 0, we obtain E4(H) <

a
for every H € .77, and thus a = 1, a contradiction. O

Proof of Lemma 4.4. The convexity of & and .77 leads to that of the set .7 in (4.2). Now
consider a sequence {(G,, Hy, zy)}nen C .7 which converges to some (G, H, z) € ¥ in the
norm |[[-|| of Lemma 4.4. Then z, —z and (G,, H,) — (G, H), u-ae. (along a
subsequence), so that G € & and H € .7 by the closedness of both & and .77 under u-
a.e. convergence. The properness, convexity and lower-semicontinuity of the functional (4.3)
on % are relatively easy to check. For the final claim of the lemma, just observe from (3.13),
(3.11) that we have

az+EXNG -t =az+ V(E) < az+ V(2) < az + EXG — zH)*, Y (G, H,z) e . /.
O
Proof of Theorem 4.1. First, let us read (4.7) with

G:=G- 1{X+W>0}’ Y:=zH — 1{X+W>0}’
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and in conjunction with (4.8), to obtain E“(X + W)+ = B“[(X + W) (xir=0y] < 0.
Similarly, we can derive E4(X + W)~ < 0, whence X + W = 0, u-a.e. This proves the first
equality in (4.9) and shows, in conjunction with (4.8), that the conditions of (4.6), (4.7) can
be written as

E“[X(¢H — zH + G — G)] = a(: — z), YV (G, H,z)e ./, (4.6)'

E“X(Y —:H+G—G)+(G—Y)" —(G—z2H)"] =0, Y (G, Y) e (L' (w)>. @.7)
From now on we shall write

X =146 +4 (6.2)

for a suitable random variable 4. Substituting G = G, and X as in (6.2), into (4.7)', we
obtain

E“[GH — V)A] < E“[(G — V)" = (G — 21 gy + (Y — 21y ]

=BG Dl + (V= Olizoql  YYellw. @)

Now take Y € L!(u) such that

{(Y<G}y={tH<G} modu, (6.3)
which implies
E“[A(2H — Y)] < 0, for every Y € L!(u) as in (6.3), @.7n"
as well as
A4<0, u-a.e. on {2H < G}, (6.4)
A=0, p-ae. on {¢H = G}. (6.5)

To prove (6.4), let us assume u(4 >0, 2H < G) >0; we can select ¥ € L'(u) negative and
with |Y| so large on this set as to make E“[A(ZH — Y)1;,.,:5-¢,] positive and large
enough to violate (4.7)” written in the form

E“[AGH = V) 4o gzpegy) + B TAGH — V1.5 6] + B TACGH — V1. 5.6,1<0.

Similarly, in order to prove (6.5), assume that the set {4 <0, tH = G) has positive u-
probability, and select ¥ € L'(u) positive and so large on this set as to violate condition
4.7)".

We can also see that

A=0, p-ae. on {H < G}, (6.6)
4=0, u-a.e. on {ZH > G}. 6.7

To prove (6.6), assume u(A4 <0, tH< G) >0 so that 0 := E“[A(H — (A;)l{ﬂké}] >0 in
conjunction with (6.4). For arbitrary &€ > 0, the random variable
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(6.8)

G, on {¢H = G},
is in L'(u), satisfies (6.3), and for it the condition (4.7)” becomes

Y:{G—e, on {2H < G},

0 = B~ [A(fl—? -G, ,:,2(;}} +E” [A(EFI -G+ e)l{m<c}}

— g [A(EI:I _ @)1{21%;@}} +0+¢e-E* {A1{5H<G}}'

Letting € | 0, this gives 0 + E“[A(2H — G)*] <0, which is absurd in light of (6.5). This
proves the property (6.6), and allows us to recast (4.7)" in the equivalent form

E# {A(EISI — Y)l{zﬁzc}] =<0, for every Y € L'(u) as in (6.3).

In particular, with ¥ as in (6.8), this gives E“[A(H — G)*] =< 0 which, in light of (6.5),
leads to (6.7).
The properties (6.4)—(6.7) show that we have

A=B-1 (=G} for some random variable B = 0. (6.9)
Using this in (4.7)" gives
E“[(G — Bl ] < E“[(G — Mlyog + (Y - G)l{ﬂké}], VY e L'(u. (6.10)
Finally, we have to establish
0<B=I p-a.e. on {ZH = G}.

In order to show this, we shall substitute

0, on {B>1,2H:G},
Y .= G’ on {B$1,2]:I=G},
G(1 —¢), otherwise,

for arbitrary 0 <e <1, into (6.10); this leads to
EP|B-1yp .5 ¢ | < PIB>1,2H = Gl + e P2H > G
for every 0 <e <1, as well as to
EF[(B-1)"- Lipegy] <0

in the limit as ¢ | 0. Therefore, B < 1 u-a.e. on {2H = G}. This concludes the proof that X
is of the form (2.8), (4.9). In particular, #(0 < X < 1) = 1 and (3.5b) holds, so X € .Z,. O

Proof of (5.3) and (5.6). Here we follow Xu and Shreve (1992). Let ¢: R — [0, o0) be a
convex function satisfying a linear growth condition; with 3 € K as in (5.2), and arbitrary
0(-) € ©, we shall show that

E*p(Zo(1)) = E* p(Zy(1)), 0<r=<1. (6.11)
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This will clearly prove (5.3) by taking ¢ = 1 and ¢(x) = (x — 2)*, and (5.6) by taking ¢ = 1
and ¢(x) = (1 — zx)*. We can write

0(-) 9
o= 0() —
19

. on [0, 11X Q,
1001 a.e. on [0, 1]

for some F-progressively measurable process () with values in the space of d X d
orthonormal matrices. Let us also observe that the process
t 0 2
A(t)::JMdszz, 0=s=r=<1,
O bl

is increasing with dA(+)/d¢ =1, so that its inverse is well defined and A~!'(x) is an F-
stopping time with A~!(u) < u, for every 0 < u < 1. Now the time-changed process

R A7) )19
W(u) = J OO0 sy, 0=u=1,
0 (191l
is a (local) martingale of the filtration a (u) :== 7 (AN (u)), 0 < u < 1, with

AT o))
o 9P

In other words, W(-) is an F-Brownian motion (by P. Lévy’s Theorem 3.3.16 in Karatzas and
Shreve 1991), and

<Wi, Wj>(1/l) = 6UJ ds=u- 61]

u R . A’l(u) R .
1+ J Zo AT @& A () = 1 + J Zo(s)d" AV (A(s))
0 0
A~ () R A~ (u)
=1+ J Zo(s) 16 (0(s)8) dW(s) = 1 + J Zo(5)0'(s) AW (s)
0 (19 0

= Zo(A N (w)), O<u<l.

Since Z3(H) =1+ fo’ Z\,;(s)@’ dW(s), 0 <t=<1, we conclude that the processes Zj(-),
Zo(A7'(-)) have the same distribution. From this, from the optional sampling theorem, and
from the fact that @(Zp(+)) is a submartingale, we obtain

E“p(Zy(1) = E*p(Zo(A™' (1)) < E*0(Zy(1)),
which proves (6.11). O
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