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THE STABILITY OF THE BERGMAN KERNEL 
AND THE GEOMETRY OF THE BERGMAN METRIC 

BY ROBERT E. GREENE 1 AND STEVEN G. KRANTZ 2 

If D is a bounded open subset of C", the set H = {ƒ: D —> C| ƒ is holo-
morphic and SD\f\2 < +°°} is a separable infinite-dimensional Hubert space re­
lative to the inner product <ƒ, g) = fDfg. The completeness of H can be seen 
from Cauchy integral estimates. Similar estimates show that for any p E D the 
functional ƒ H* ƒ(/?),ƒ£ H, is continuous. Thus there is a unique element 
KD(z, p) E f/ (as a function of z) such that, 

f(p) = f f(z)KD(z, p)dV(z) for all ƒ G H. 

The function KD is called the Bergman kernel function. If {yi}™=,l is an ortho-
normal basis for f/ then KD(z, p) = ^.^.(z)^/?). The convergence of the series 
is absolute, uniformly on compact subsets ofD x D. For any z ED, KD(z, z) > 0 
and log KD(z, z) is a real analytic function on D. The Hermitian form 
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^âTÂF l o g KD(Z>
 z^dzi 0 dz~j i,j oziozj 

is positive definite on D and defines a Kàhler metric on D called the Bergman 
metric of D. Calculations using orthonormal bases show that if F: Dx —> D2 is 
a biholomorphic mapping then F is an isometry of the Bergman metric of Dx to 
that of D2. Thus differential geometric methods can be used to study such map­
pings. The Bergman metric is usually hard to compute explicitly; but, especially 
in the case of C°° strongly pseudoconvex domains, considerable information can 
be obtained by indirect methods. The starting point for such investigation is the 
observation that KD(-, p) is, in a suitable sense, the orthogonal projection on H 
of the delta function ô . This projection can be expressed in terms of the solu­
tion of the 3-Neumann problem; a set of powerful techniques is thereby brought 
to bear on the matter. With these techniques, extensive information about the 
behavior of KD(z, p) for p, z near the boundary of D has been obtained [9], [3] 
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This announcement presents a number of results about the stability properties of 
the Bergman kernel and metric under perturbations of the boundary of C°° strongly 
pseudoconvex domains and some applications of these stability properties to the 
geometry of the Bergman metric. Further results, proofs in detail, etc. are given 
in the authors' papers [5]—[7]. 

1. The stability of the Bergman kernel. If {Ki}^L1 is a sequence of com­
pact subsets of R^ then, by definition, {Ki}JL1 converges C°° to a compact set 
K Q Rk if there is a sequence ht: K —• Rk of C°° diffeomorphisms such that 
ht(K) = Ki and ht converges to the identity in the C°° topology of maps of com­
pact subsets of Rk. (Here h: K —> Rk is called a diffeomorphism if it is the re­
striction to K of a diffeomorphism into Rk of some open set containing K. ) If 
Kt - > K in the C°° topology and ft E C°°(JQ then ƒ, —• ƒ E C°°(K) in C°° if 
ft o ht —> f in C°° in the usual sense. These convergence ideas define topologies 
hereinafter called the C°° topology. 

For any bounded domain D QCn, let Eb
D = {(z, w)GD x D: dis(z, w) + 

dis(z, bD) + dis(w, bD) < 6}. If D is a C°° strongly pseudoconvex domain then, 
for any ô > 0, the Bergman kernel KD extends to be a C°° function on 
D x D\E6 [9]. 

THEOREM 1. If {Di}^=zl is a sequence of C°° strongly pseudoconvex do­
mains converging in C°° to a C°° strongly pseudoconvex domain D0 then, for each 
Ô > 0,KD.: Dt x D^E% —» C converges in C°° to KDQ: D0 x D^E^ —> C. 

If D is a C°° strongly pseudoconvex domain then, for sufficiently small 
ô > 0, KD has a specific asymptotic expansion on EQ ([3] ; also [1]). To form­
ulate it, let \p be a C°° strictly plurisuperharmonic defining function for D (i// > 0 
on A < 0 on Cn\D, grad i / / ^0on bD) and let 

J^(z, w) = tf/(w) + Z(W/àWi\w)(Zi - w,) 
i 

+ fZO^/^aw^Xz, - wt)(z, - w;). 

If ô is sufficiently small, then there are C°° functions ^(z, w) and <£(z, w) on EQ 
such that, on (D x D) n E^, KD(z, w) = <p(z, w)X^ (w+1)(z, w) + 
9(z, w)logA^(z, w). 

THEOREM 2. ƒƒ {D^tl j is a sequence of C°° strongly pseudoconvex do­
mains converging in C°° to a C°° strongly pseudoconvex domain D0 then there 
exist a 8 > 0 and C°° functions \pt: C

n —* R, </>,: #£ . —» C, ^ : #£ . —* C, 
ƒ = 0, 1, 2, . . . , swc/z #to {\pj\Dj} converges C°° to i//0, {^} converges C°° 
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to <p0, {<?,.} converges C°° to 7p0 and such that for all i = 0, 1, 2, . . . it 
holds that KD.(zf w) = ^ z , w)X^ w + *>(z, w) + £.(z, w)log X^ fi, w). 

The proofs of Theorems 1 and 2 involve, among other ingredients, the form­
ulation and proof of certain stability results for the Kohn solution of the b equa­
tion (certain specific instances of this kind of stability have been indicated in [4] ). 

2. Stability of the geometry of the Bergman metric. The Bergman metric 
of a C°° strongly pseudoconvex domain is complete so that in the presence of 
curvature information the methods of global Riemannian geometry can be applied. 
The stability of curvature away from the boundary follows immediately from 
Theorem 1. In fact, curvature behavior is globally stable since it is also stable 
near the boundary. 

THEOREM 3. If D0 is a C°° strongly pseudoconvex domain then, for any 
e > 0, there is a C°° neighborhood U of D0 and a ô > 0 such that the following 
holds. For any D G U and any holomorphic 2-plane P at any point p GD with 
dis(p, bD) < 8 it is the case that \K(P) + 4/(n 4- 1)| < e, where K is the sectional 
curvature of the Bergman metric ofD. 

The existence of ô for a single domain is shown in [10] (see also [2]). A 
stability result also holds for covariant derivatives of the curvature. These stabil­
ities follow by calculations (cf. [10]) using the stability of the expansion of the 
Bergman kernel (Theorem 2). 

The Bergman metric of a domain in Cn has constant holomorphic sectional 
curvature (if and) only if the domain is biholomorphic to the ball [11]. This 
fact, Theorem 3, and normal families arguments imply 

(i) the set {D: D is C°°, strictly pseudoconvex, and Aut(D) = {id}} is C°° 
open, and 

(ii) the set {(Dv D2): Dv D2 are C°°, strictly pseudoconvex, and Dx is 
biholomorphic to D2} is closed in the product C°° topology on {C°° strongly 
pseudoconvex domains} x {C°° strongly pseudoconvex domains}. 

Here Aut(D) denotes the group of biholomorphic self maps of D. Note 
that (i) and (ii) do not follow from Chern-Moser invariant theory since the ob­
structions to the existence of automorphisms or equivalences may be global in 
nature and not detectable by local invariants. Fact (i) is a special case of a re­
sult on semicontinuity of automorphism groups (see [7]). 

3. Perturbations of the ball. It is a special case of the curvature results of 
§2 that there is a C°° neighborhood U of the unit ball in Cn such that, for every 
D G U, the Bergman metric of D has everywhere negative Riemannian sectional 
curvature. In fact for suitable U the curvature of D G (j will be globally uni­
formly close to the curvature of the ball. If D G U but D is not biholomorphic 
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to the ball, then Aut(D) is necessarily compact [14]. Moreover, Aut(D) then 
has a fixed point since the Bergman metric has nonpositive curvature and a com­
pact group of isometries of a complete simply connected manifold of nonposi­
tive curvature has a fixed point (E. Cartan's Theorem). 

THEOREM 4. For each e > 0 there is a C°° neighborhood (J of the ball 
B C cn such that ifDE U,ifD is not biholomorphic to B, and if the (necessarily 
nonempty) fixed point set of Aut(Z>) contains a point p ED with dis(/?, dD)> e 
then there is a C°° bounded domain D' in Cn such that D' is biholomorphic to 
D and such that the action of Aut(D') on D1 is the restriction to D' of the linear 
action on Cn of a subgroup of the unitary group. 

Theorem 4 follows from Theorem 1 via Bergman representative coordinates. 
The curvature stability results of §2 are in a sense the best possible for 

perturbations of the ball. 

THEOREM 5. If M is a simply connected complex manifold and if f or 
every e > 0 there is on M a complete Kàhler metric with all holomorphic sec­
tional curvature between -1 - e and -1, then M is biholomorphic to the unit 
ball in Cn, n = dimcM 

From Theorem 5, the rigidity results of [13], and the finiteness theorem 
of [8], it follows that for each n > 1 and c > 0 there is an e > 0 such that any 
compact Kàhler manifold M with dimcAf = n, volume M <c, and holomorphic 
sectional curvature between - 1 - e and - 1 is holomorphically covered by the 
ball in Cn (also proved by M. Gromov by a different method; the authors are in­
debted to E. Ruh for pointing out the relevance of Theorem 5 to finiteness re­
sults for compact manifolds). 

Sufficiently small C°° neighborhoods U of B provide an infinite-dimensional 
family of biholomorphically inequivalent complete Kàhler manifolds of strictly 
negative Riemannian sectional curvature. Details appear in [5]. Previously, the 
only known example (which is not known to be a domain) not biholomorphic 
to the ball was that in [12]. 
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