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STABLE COMPLETE MINIMAL SURFACES IN
R3 ARE PLANES

BY M. do CARMO! AND C. K. PENG!

ABSTRACT. A proof of the statement in the title is given.

1. Introduction.

1.1 Let M be a two-dimensional, orientable, connected manifold and let
x: M — R3 be a minimal immersion of M into the euclidean space R3. A
domain D C M with compact closure is stable if the second variation of the
induced area of D is nonnegative for all variations that leave the boundary 0D of
D fixed. The immersion x is stable if every such D is stable. The aim of this
note is to prove the following result.

1.2 THEOREM. Let x : M — R3 be a stable complete minimal immersion.
Then x(M) C R3 is a plane.

Theorem 1.2 is a generalization of the Bernstein theorem which states that
if x(M) is a complete minimal graph (minimal graphs are stable), then x(M) is
a plane. With the additional condition that the total curvature is finite, the
theorem has been proved by M. do Carmo and A. M. da Silveira in [2] and later
extended to the case when the total curvature has a small order of growth by
M. do Carmo and C. K. Peng in [3]. We have been informed by R. Schoen
that, in a joint work with D. Fischer-Colbrie, he also obtained a proof of
Theorem 1.2 (see [4]). We wish to thank S. S. Chern, B. Lawson and S. T. Yau
for their interest in this work.

2. Proof of Theorem 1.2.

2.1 We first show that we can restrict ourselves to the universal covering
7t M— M of M. Explicitly, we show that if there exists an unstable relatively
compact domain D CM for the immersion x © m: M — R3 then n(D) C M is
unstable. We will denote by 4,,, V,, and K, respectively, the Laplacian, the
gradient and the Gaussian curvature in the induced metric of M.
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If D is unstable, there exists a domain D' CDanda nonnegative function
uin D' that vanishes on 3D' and satisfies Ayu — 2Ku = 0 in D'. Extend u to
be zero outside 5’. For each ¢ € M, let n“(q) ={q;,---,4f,-..} and
define a function f on M by f(q) = Zu(q;). Since the closure of D is compact
this sum is nonzero only for finitely many indices. Set 77(5') =D'. Ttis not
hard to show that f is continuous on M, f= 0, f= 0 on oD’ and [ DIIVﬂ2 aM <
2[5+(=K)f* dM (the proof is essentially contained in [1, pp. 521-526]). It
follows that D contains a conjugate boundary, hence is unstable as we wished
to show.

Thus we can assume that M is simply-connected. With the natural complex
structure given by x, M is then conformally equivalent to either the complex
plane C or the unit disk B = {z € C; |z| < 1}, and the induced metric ds? in M
is given by ds? = \?|dz|?, X\ # 0.

2.2 Let us first consider the case of the unit disk B. By assuming that
every relatively compact subdomain D C M is stable, we have that

(23) f by — 2u*K)dM <0,

for all piecewise smooth functions u that are compactly supported in M. Let A
denote the Laplacian and dA the element of area in the flat metric. Then

1 1
K=—3\-2-Alog N, dM =2\%d4, Ay =)\—2A,
and (2.3) can be written as
24) [ (wtu + u? Alog \2)da <.

By setting ¢ = A~ ! and replacing in (2.4) u by ¢u, we obtain
@35 3fvelPutda < [ oP1vul dd -2 [ gu(vu - vg)da
Since, for any € > 0,
v - VoI< elvolu? + Lo vul?,
(2.5) implies that there exists a constant § > 0 such that
2,2 210512
Jivotut aa < f g2 1out aa,

which finally gives, since V,, = (1/A)V,

2.6) S Vareitu? am < BfMaﬁlvMulsz.

Now choose a family of geodesic balls By of radii R that exhausts M, fix 6,0 <
6 <1, and let u: M — R be the continuous function that is one on By, zero
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outside By and linear in By — By, . From (2.6) we obtain that

Vool <—=L— | p2am
fBRi M‘PI (1—9)2R2 M¢

B  (gy=-—TB
(1-06)°R? fB (1-6)°’R?

By letting R — oo, we conclude that |[Vy| =0, i.e., A\ = const, and this
contradicts the completeness of ds? = A?{dz|?.

2.7 Let us now consider the case where M is conformally equivalent to
the complex plane C. There are several ways of working out that case, the
shortest one being probably as follows. By setting Y = Alog A2, we can write
(2.4) as

(2.8) fcwﬂ dA < fclv:cP dA.

On the other hand, if X is not identically zero, we know that (cf. [3, Remark 2]).
Alog(—K) = 4K. This implies that Alog ¢ + ¢ = 0, hence

(2.9 YAY + 3 = |vyl2.

From that point on, the proof is the same as in [3, §2] and we give only
an outline of it.
By replacing u by yu in (2.8), we obtain

fcw3u2 dA < fcqﬂlvaP dA
(2.10)
+ [ uplvyirda + 2fC¢uVu - VY dA.

On the other hand, by multiplying (2.9) by u?, integrating over C and adding
up the result to (2.10), one obtains

@2.11) fc|v¢|2u2 dA < fcw"’lvulsz.

By using in the last summand of (2.10) the fact that 2ab < ea® + (1/€)b?, for
all € > 0, and introducing (2.11) into (2.10), we obtain

@2.12) Jvruraa <p,f v2ivuitaa, 6, = const.

Now use in (2.12) Young’s inequality,
2o — g2 fy2 Ul 2<9f_ 25 ﬂ(lvu|>2t>
Ve Vul® = u (‘P 2 Sut (S VR ,

t u

which holds for all @ > 0 and all 1 <s, ¢ < oo, with (1/s) + (1/f) = 1. Choose
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s = 3/2,¢ = 3 and « small to obtain a constant §, so that

|vul®
fcw3u2 dA <52fc T dA,

By changing u into u® into the above inequality, we finally arrive at
(2.13) fcaﬁuG da < B3fcl\7u|6 d4, B, = const.

Inequality (2.13) implies, by choosing the usual « in a ball B C C of radius
R, that 3 = 0, hence K = 0 and x(M) is a plane. This concludes the proof of
Theorem 1.2.
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