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In 1957, Cook [1] gave a sufficient condition for the existence of wave
operators. Up to the present time, results obtained by his method are the best,
if one is interested merely in proving the existence of the wave operators, and
oscillations are not taken into account(cf. [2], [3], [4]). The purpose of
this paper is to present a generalization of Cook’s criterion which gives stronger
results in applications. We exhibit some of these here. Our criterion comes
from a new theory of scattering which is much deeper than that required for
Cook’s theorem.

1. The abstract theory. Let H, H be selfadjoint operators on a Hilbert
space H, with resolvents Ry(z), R(z), respectively. Define

M je. 1.9 =5 R,@f, RO -R,@)9),

and, when it exists,

@ Tihe= lim | jGstiaf,g)ds,
0<a—0 JI

where 7 is an interval. If I = (a, b), we put »; = min(—a, b).

THEOREM 1. Suppose f is in the subspace of continuity of H, and that
for each bounded interval I with v, sufficiently large there is a dense set S; C H
such that J*(f, g) exists for each g € S;. Assume also that

3) lim sup JI+ (e—“HOf; e_itHOf) — 0 asy;—>o°
t—+oo
for each such I. Then the limit
@ W, f= lim g "of
t—>o00

exists. If the assumptions hold with the plus signs replaced by minus signs, then
the limit (4) exists as t — —oo,

2. The generalization of Cook’s theorem. Again let H,,, H be selfadjoint
operators on a Hilbert space H. Suppose there are a Hilbert space K and oper-
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ators A, B from H to K such that 4 is H,-bounded, B is H-bounded and
) (Hu, v) = (u, Hyv) + (Bu, Av)¢, u € DH), v € D(H,).
The following is a consequence of Theorem 1.

THEOREM 2. Ife ' Of € D(A) for t > a and
©) S 14 op) ar < o,

a

then the limit (4) exists.

3. Applications. The following are consequences of Theorem 2. Let H,,

be the selfadjoint operator in L2(E™) corresponding to —A. If there are constants
m, vy > 1 such that

™ NV ull? + m?llul®> + y(Vu, u) >0, u€Cy,

then Hy + V has a selfadjoint forms extension H (cf. [9]).
THEOREM 3. Assume

®) (Vlu, w)< C(Ivull® + lul®),  u€CF,

and that for each y € E™ there is an a > 0 such that

° Clx =y B
©) fa t /2(f\ V(x)lexp{ —————2(1 T t2)} dx) dt < oo

then the wave operators

(10) W, ¥ = lim dHe oy, werEn),
t>too

exist,

THEOREM 4. In addition to (7) assume that there is a p satisfying 0 <
D < 2 such that

€3)) NPu, w) < C(lAull? + lul®), ueCy,

(VIP~Pu, uy < Ul vul® + lul®), uecCy,
and for each y € E™ there is an a > 0 such that

© . Ix — y|2 %
(12) fa t n(flV(X)lpexp {" m}dx) dt < oo,

Then the wave operators (10) exist.

COROLLARY 5. If (7), (11), and (12) hold and (1 + |x|)*V (x) € LP(E"™)
for some a > (2 — n)/p, 0 < p < 2, then the wave operators (10) exist.

The Dirac operator is given by
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3
Ly=) oD; + mp
i=1
in E3, where Dj = a/iax,. and the a;, B are 4 x 4 matrices satisfying certain com-
mutation relations (cf. [10]). If Q(x) is a 4 x 4 Hermitian matrix function sat-
isfying

supf 1O Ix —y1"2dy —0 asd — 0,
(14) x fx-yi<é

then it was shown in [8] that L, + Q has a unique selfadjoint extension L such
that D(L) CD(IQI'/?). Putl=1ifm#0and I=0if m = 0.

THEOREM 6. If (1 + |x|)*Q(x) € L! for some a > -1, then the wave oper-
ators

W,u= lim etLe™ Lo,
(15) t—too

exists on [L*(E3)]*.

THEOREM 7. Assume there is a p satisfying 0 <p <2and an o > —1l/p
such that (1 + |x)*Q(x) € LP. If q = max(p, 2 — p) and

(16) sup [ OO x = yI=2 dy — 0 ass — 0,
x fx—-yI<é

then the wave operators (15) exist.
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