
BULLETIN OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 83, Number 3, May 1977 

THE EXISTENCE OF WAVE OPERATORS 

IN SCATTERING THEORY 

BY MARTIN SCHECHTER 

Communicated by P. Halmos, December 9, 1976 

In 1957, Cook [1] gave a sufficient condition for the existence of wave 
operators. Up to the present time, results obtained by his method are the best, 
if one is interested merely in proving the existence of the wave operators, and 
oscillations are not taken into account (cf. [2], [3], [4]). The purpose of 
this paper is to present a generalization of Cook's criterion which gives stronger 
results in applications. We exhibit some of these here. Our criterion comes 
from a new theory of scattering which is much deeper than that required for 
Cook's theorem. 

1. The abstract theory. Let 7/0, ƒƒ be selfadjoint operators on a Hubert 
space H, with resolvents R0(z), R(z), respectively. Define 

( 1 ) /(2' f'g) = lM (R°(z)f' m ) - J R ° ( Z ) ] g ) ' 

and, when it exists, 

(2) Jf(f,g)= Hm [ j(s±ia,f,g)ds9 

where I is an interval. If I = (0, b), we put vt = min (-a, b). 

THEOREM 1. Suppose f is in the subspace of continuity ofH0 and that 
for each bounded interval I with Vj sufficiently large there is a dense set Sj C H 
such that /"*" ( ƒ, g) exists for each g E Sr Assume also that 

(3) lim sup ƒ+ (e~itH°f, e~~itH°f) —• 0 as vt - * «*> 

for each such L Then the limit 

(4) W+f= lim étHe °f 

exists. If the assumptions hold with the plus signs replaced by minus signs, then 
the limit (4) exists as t —+-<*>. 

2. The generalization of Cook's theorem. Again let H0,Hbe selfadjoint 
operators on a Hilbert space H. Suppose there are a Hubert space K and oper-
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ators A, B from H to K such that A is H0-bounded, B is abounded and 

(5) (Hu9 v) = (w, H0V) 4- (Bu, Av)K, uE D(H)9 v G D(H0). 

The following is a consequence of Theorem 1. 

THEOREM 2. If e~ltH°f e D(A )fort>a and 

(6) r\\Ae-itH*f\\dt<*>> 
J a 

then the limit (4) exists. 

3. Applications. The following are consequences of Theorem 2. Let H0 

be the selfadjoint operator in L2(En) corresponding to -A. If there are constants 
m, 7 > 1 such that 

(7) || Vwll2 + m2\\u\\2 + y(Vu, u)>0, w G C~, 

then H0 4- V has a selfadjoint forms extension H (cf. [9]). 

THEOREM 3. Assume 

(8) (ina,a)<C(IIVw||2 +IMI2)> « e C o , 

<ra/ f/wtf for each y EEn there is an a > 0 sacft that 

V2 

dx\ dt< <*>; 
(9) JV^^pj-i^iJ 
tftert f/îe wave operators 

(10) W ± * = lim JtHe~itH°V, *eL2(En), 

exist 

THEOREM 4. In addition to (7) assume that there is a p satisfying 0 < 

p < 2 M/C/2 that 

(H) ( in^ , M )<C( | |Aw| | 2 + IMI2), î / G Ç , 

( IFI 2 -^ , u) < C(|| Vt/H2 + \\u\\2\ uEC~9 

and for each y GEn there is an a > 0 such that 

dt <<*>. (.2) j ; ,-»»(ƒ, w ^ j - ^ j ^ * 
Then the wave operators (10) exist 

COROLLARY 5. /ƒ (7), (11), and (12) toW onri (1 + |x|)aK(x) GLp(En) 
for some a > (2 - «)/p, 0 < p < 2, fftew rte uwve operators (10) ex/sf. 

The Dirac operator is given by 
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3 

^0 = Z aiDi + mP 

in E3, where Df< = d/idXj and the ay, /3 are 4 x 4 matrices satisfying certain com­
mutation relations (cf. [10]). If Q(x) is a 4 x 4 Hermitian matrix function sat­
isfying 

supf IfiOOl \x-yr2(fy-+0 a s o - + 0 , 
(14) x Jtx~yl<t> 

then it was shown in [8] that L0 + Q has a unique selfadjoint extension L such 
that D(L) C D(\Q\112). Put / = 1 if m * 0 and / = 0 if m = 0. 

THEOREM 6. ƒƒ (1 + |JC\)aQ(x) EL1 for some a > -7, rte/2 ffte wave oper­
ators 

W±u~ lim eftLe^itl°u 
(15 ) #-±00 

«fcfs on [Z,2(£3)]4. 

THEOREM 7. Assume there is a p satisfying 0 < p < 2 ûwd AW a > -7/p 
suchthat(\ + \x\fQ(x)eLP. If q = max(p, 2 - p ) and 

(16) supf I Ö O O I * l * - . y r 2 * ' - > 0 a s 6 ~ ^ 0 , 

ffcew ffce wave operators (15) exfef. 
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