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ABSTRACT. In this note appropriate versions of the Vitali-Hahn-Saks
and Nikodym theorems are established for s-bounded additive set
functions with values in an abelian topological group G.

Although we shall use + and 0 to denote addition and identity in
both G and R, the real numbers, no confusion should arise. Thus we
denote by % the set of symmetric neighborhoods of 0 in G, and for U e %
weset 1lU = U and (n + 1)U = {x + y:xenU,ye U}, ne N, the set of
positive integers.

A subset H of G is said to be bounded if for each U e % there exists
ne N such that H < nU.

We suppose that finite subsets of G are bounded.

Let Q be a nonempty set and let & be a sigma algebra of subsets of Q.

A function g from & to G is said to be additive if u(¢) = 0 and
WE VU F)+ W(EnF)= wE)+ wF),E,Fe %.

An additive function yu is said to be s-bounded (cf. [1],[5]) if lim,u(E,)
= 0 (i.e., for each U € % there is me N such that w(E,)e U,n > m) for
each sequence {E,} of pairwise disjoint elements of &.

Notice that if u is s-bounded, U € %, and {E,} is a sequence of pairwise
disjoint elements of &, then there exists ne N such that if M is a finite
subset of N" = {ke N:k = n} then (Y., u(E)) € U.

An additive function y is said to be bounded if W(&¥) = {W(E):E e ¥} is
a bounded subset of G.

For the case when u is sigma-additive, versions of our results can be
found in [4]; for the case where u is merely additive and G = R, one can
refer to [2].

Our version of Nikodym’s theorem, a striking improvement of the
principle of uniform boundedness, follows.

THEOREM 1. Suppose that T is a set of s-bounded functions such that for
each Ee€ & the set T(E)= {u(E):ue T} is bounded, then T(¥)= {WE):peT,
Ee %} is bounded.
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ProoF. It suffices to consider the case where T is a countable set {y,}.
Suppose on the contrary that T(&) is not bounded ; then let U € % such
that T(¥) ¢ nU, ne N. Since T(Q) is bounded, there is g, € N such that
T(Q) = qoU. Notice that if u (E)¢(2q¢ + p;)U, then pu, (Q — E)¢
(9o + p1)U; choose such k, for p; = 2. At least one of the restrictions to
E and (Q — E) behaves like the original problem. Thus, we set Q, = E,
F1={EnQEe¥}, Ty = {yQ,:ueT},and F; = Q — E,if T(¥,)is
unbounded ; otherwise, Q, = Q — E,---. Iterating this process and re-
labeling if necessary (k; — j) we obtain a sequence {F} of pairwise dis-
joint elements of & such that p(Fy)e{qU — [} ;<iq) + k + 11U},
ke N. Partitioning {F,},>, into a sequence of subsequences and using
the fact that u, is s-bounded yields a subsequence {F,};>; such that
(& N (Jiz1Fn)) © U. Repeating this process gives us a subsequence
ky =1,k, = ny, -+ such that y (¥ (i>;F) < U,jeN. Set G =
\J: F., and notice that the contradiction u,(G) ¢ k;U, i € N, follows. Thus
Theorem 1 is established.

When T is a one element set, Theorem 1 specializes as follows.

COROLLARY 1. An s-bounded function is bounded.

Theorem 1 also permits us to assert that if y(E) is Cauchy, E € &, and
G is complete, then the additive function u defined by w(E) = lim w(E)
is bounded; a corollary of the following Vitali-Hahn-Saks theorem
asserts that u is s-bounded.

A sequence {4} of s-bounded functions is said to be uniformly s-
bounded (or uniformly additive—cf. [3]) if for each Ue % and each
sequence {E;} of pairwise disjoint elements of &, there exists me N such
that Y ;. t(E) € U whenever ke N and M is a finite subset of N™.

THEOREM 2. Suppose that {w} is a sequence of s-bounded functions such
that {w(E)} is Cauchy for each E € &. Then {y,} is uniformly s-bounded.

PROOF. Suppose that {y,} is not uniformly s-bounded. Then there exists
a sequence {E,} of pairwise disjoint elements of &, U e %, a sequence
{M,} of pairwise disjoint finite subsets of N, and an increasing sequence
{n,} of elements of N such that

(@) Ilnk(F W ¢ 5U, where F, = UieMkEi,

(i) b, = max {ieM,} <min{ie M, 1} = a4y,

(iii) if M is a finite subset of N, , = {neN;n < b,_,}, then
(b, — 1) (UieMEi)e U,j>n,and

(iv) if M is a finite subset of N+, then p,, (| )iemE:) € U.
Set vy = fy, — Hng,,,s then v(E) —> 0, E€ &, and {F,} is a sequence of
pairwise disjoint elements of & with vi(F,) ¢ 4U, ke N. Partition {F};5,
into a sequence {{F; };5>1}:» of subsequences. Since v, is s-bounded there
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is a least integer i; such that i = i; implies that {v,(E):E€ % E <
;21 F,} < U (e, {vil(J;21F;)} = U). Then since v;, is s-bounded we
can repeat this process and choose a subsequence of {F;,),} on which v;
stays in U. This process may be iterated, after which a diagonalization
and relabeling yields (cf. (iii)) vi({iemen, ., Fi) € U, w(F)¢4U, and
vw(F)e U if Fe ¥ and F < (| J;>+F)). Thus, the contradiction v(| J;5 1F)
¢ 2U, k € N, obtains, and Theorem 2 is established.
An immediate corollary follows.

COROLLARY 2. If {w} is a sequence of s-bounded functions and p(E)
= lim p(E), E € &, then u is s-bounded.

In conclusion we remark that several generalizations are possible
(cf. the theorems in [4]).
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