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The Lefschetz fixed point formula, when applied to a gradient 
vector field, is the same equality as the last of the Morse inequalities 
of critical point theory. The latter, when applicable, contain more 
information than the Lefschetz fixed point formula. The Lefschetz 
fixed point formula has an essentially wider range of applicability, for 
example to maps not homotopic to the identity and hence not ap­
pearing in a deformation theory of critical points. One can ask either 
how to obtain more information to accompany the Lefschetz fixed 
point formula or how to achieve wider applicability for a theory like 
critical point theory. 

We note that Smale has extended critical point theory to a class of 
vector fields which are not gradient fields and states that a similar 
theory applies to a class of diffeomorphisms not necessarily homo-
topic to the identity. (See [S].) Our approach is different in that our 
maps need be neither homotopic to the identity nor diffeomorphisms. 

The prodecure is the following. The idea of the characteristic 
polynomial of an endomorphism of a finitely generated abelian group 
has been extended to that of a characteristic rational function. See 
references [F], [K-S], and [M] for both accounts of the ideas and 
earlier references to Fuller and Weil. The characteristic rational 
function is one of a set of invariants to be defined. The application is 
to downward maps, defined below, which do not necessarily have the 
property of being homotopic to the identity. The relations in Theorem 
2 generalize the Morse inequalities and reduce to them in the sub­
class of downward maps homotopic to the identity. The relations in 
Theorem 2 incorporate the Lefschetz fixed point formula for the class 
of downward maps in a set of inequalities. Theorem 2 follows from 
Theorem 1, which contains more information in the coefficients other 
then the traces. Although the development can be given an abstract 
formulation in spectral homology theory, we shall confine discussion 
here to a concrete formulation sufficient for the application. 

Suppose that G is an abelian group finitely generated over the 
integers J and t h a t / : G-+G is an endomorphism. Let 0/(X) denote the 
characteristic polynomial, a monic polynomial whose degree n is the 
rank of G. 
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Suppose that Gk, fe = 0, 1, • • • , is a sequence of finitely generated 
abelian groups and that fk : Gk-^Gk is a sequence of endomorphisms. 
The incomplete rational f unctions of ƒ = (fk) are 

<»&) = n k A ) ] ^ . 

If the sequence is finite, meaning Gk — 0 for k>N, the characteristic 
rational function of ƒ is (R/(X) = (^(X). This function is variously 
named in the references. 

Suppose that {Gk, /?&} with fik:Gk—>Gk-% and GLi = 0 is a homo-
morphism sequence of order two, such that homomorphisms j8 and ƒ 
commute. With homology groups Hk and induced homomorphisms 
f*k defined in the usual way, various authors have noted that, for 
finite sequences, (R/(X) = (R/#(X). 

By the trace of a rational function written in the form Xx—LX*"""1 

+ • • • , we shall mean the coefficient L. 
Suppose that X is a topological space and 

0 = i o C i i C - - C ^ = I , 

where each pair (̂ 4», Ai-i) has finitely generated singular homology, 
trivial in dimensions exceeding n. Suppose that there is a map 
f:X—>X with fAiCZAi. Introduce the notations 

h,i = ( / | (Ai, 4*_i))** and fe = {**.<( i = 0, 1, • • • , N}. 

The latter acts on a direct sum and has the characteristic polynomial 

lfc(X) = ft **»,<(X). 

Reference [K-S] suggests a more sophisticated point of view, not 
explored here. 

THEOREM 1. The polynomial 0/+&(X) is a factor of the polynomial 
t^/t(X). The incomplete rational function (-R/J(""1)B divides ((Rl)(~l)9 with 
a polynomial quotient. Finally öfŷ CX) = (FU(X). 

The proof is computational. One observes that tffyj(X) is global 
while (Rj(X) is assembled locally. In order to exhibit the local char­
acter, suppose further that X is a compact differentiate manifold 
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without boundary and F is a smooth real valued function on X, all of 
whose critical points (for convenience in exposition and notation) are 
nondegenerate with no two at the same level. Suppose ƒ is a down­
ward map, that is, a differentiable map such that fx^x implies 
Ffx<Fx. Suppose 

do < Ci < a\ < • • • < a^~\ < CN < O>N, 

where the Ci are the critical levels of F, and set Ai{x\ Fx^ai}. Attach 
to the critical point Xi of F at level Ci the index k for which 
Hk{A^ Ai-i) = J and the order di, which is (/ | {Ai, -4»_i))*jfel. The in­
dex and order of Xi are determined on an arbitrary neighborhood of X{, 

Call the critical point Xi, with index k, of newly bounding type if the 
map Hk{Ai> Ai-.i)—*Hk-i{Ai-i) has kernel 0. Call the map ƒ positive 
if the order of each critical point of newly bounding type is nonnega-
tive. 

We introduce the notations 

A{q) = £ ( - 1)* tr ƒ**, 

Dk = X) {d%\ «» has index k; i = 1, • • • , N], 

B(q) = 5b(-l)*D». 

THEOREM 2. Corresponding to the downward map f:X~*X, the 
number A{q) is the trace of the incomplete rational function CR̂ (X) and 
B{q) is the trace of (Rj(X). If f is a positive map then 

{-\YB{q) â ( - \YA(q\ q = 0, 1, • • • , », 

with equality for q = n. The common value of A{n) and B{n) is the 
Lefschetz number of the map. 

ADDED IN PROOF. The above account emphasizes the role of the 
m a p / . The function F is used to distinguish the downward direction. 
One could achieve the same results with a different interpretation by 
emphasizing the critical point theory of F. Then ƒ enters in that the 
homology is computed with the polynomial ring Q[f] over the ra-
tionals Q as coefficient group. 
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