ANALYTIC SHEAVES OF LOCAL COHOMOLOGY
BY YUM-TONG SIU
Communicated by Armand Borel, April 18, 1969

Suppose § is a coherent analytic sheaf on a complex analytic space
X. Denote by Si(F) the analytic subvariety {xEX | codhg, <k}. For
any open subset D of X, denote by S,(F I D) the topological closure of
Si(F| D) in X. If V is an analytic subvariety of X, denote by 3¢}(5)
the sheaf defined by the presheaf U—Hy (U, §), where Hy(U, F) is
the k-dimensional cohomology group of U with coefficients in § and
supports in V. If ¢: X—Y is a holomorphic map, denote by ¢x(F)
the kth direct image of & under ¢. If X, &, and V are complex alge-
braic instead of analytic, 3¢}(F) has the same meaning and $* denotes
the coherent analytic sheaf canonically associated with &.

Our results are as follows:

THEOREM A. Suppose V is an analytic subvariety of a complex ana-
Iytic space (X, 3C), q is a nonnegative integer, and F is a coherent analytic
sheaf on X. Let 0: X — V—X be the inclusion map. Then the following
three statements are equivalent:

() 0o(F| X =V), - - -, 0,(F| X =V) (or equivalently 3%(F), - - -,
3¢%(F)) are coherent on X.

(ii) For every x&V, BO(SIX—V),, ce e, 0q($F|X—V)z (or equiva-
lently 3¢%(F)z,y + - -, HE(F).) are finitely generated over 3C,.

(iii) dim VNSiye1(F| X — V) <k for every k20.

THEOREM B. Suppose V is an algebraic subvariety of a complex
algebraic space X, q s a nonnegative integer, and 5 is a coherent algebraic
sheaf on X. Then 3%(5), - - -, 35 (F) are coherent algebraic sheaves
on X if and only if 3¢H(F*), - - -, 3¢5 (F*) are coherent analytic sheaves
on X. If so, the canonical homomorphisms 3y (F)*—3C}(5*) are isomor-
phisms for 0Sk=q+1.

In the theory of extending coherent analytic sheaves, the main
problem is to answer the following question: Suppose & is a coherent
analytic sheaf on X — V, where V is an analytic subvariety of a com-
plex analytic space X. Let 6: X — V—X be the inclusion map. When
is 04(F) coherent? This question has been answered in various ways
in [1] through [10]. Theorem A gives a criterion for the coherence
of 0,(F) after a coherent analytic extension has been found. This
criterion given in Theorem A sharpens a result of Trautmann [11].
Theorem B answers in the affirmative a question raised by Serre
[2, pp. 373-374].
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The proofs consist of refining the techniques in [11] and skillfully
making use of results concerning gap-sheaves and homological co-
dimensions and zero-divisors of stalks of coherent sheaves. There is
an algebraic analog of the same formulation for Theorem A. Details
will appear elsewhere.

ADDED IN PROOF. In a paper to be published, Trautmann inde-
pendently has also obtained the equivalence of (i) and (iii) of
Theorem A.

REFERENCES

1. J. Frisch and G. Guenot, Prolongement de faisceaux analytiques cohérents, Invent.
Math. (to appear).

2. ].-P. Serre, Prolongement de faisceaux analytiques cohérents, Ann. Inst. Fourier
16 (1966), 363-374.

3. Y.-T. Siu, Extension of locally free analytic sheaves, Math. Ann. 179 (1969),
285-294.

4, , Absolute gap-sheaves and extensions of coherent analytic sheaves, Trans.
Amer. Math. Soc. 141 (1969), 361-376.

5. , Extending coherent analytic sheaves through subvarieties, Bull. Amer.
Math. Soc. 75 (1969), 123-126; erratum, 624.

6. , Extending coherent analytic sheaves, Ann. Math. (to appear).

7. W. Thimm, Struktur- und Singularititsuntersuchungen an kohirenten analyti-
schen Modulgarben, J. Reine Angew. Math. 234 (1969), 123-151.

8. G. Trautmann, Ein Kontinuititssatz fiir Fortsetzung kohdrenter analytischer
Garben, Arch. Math. 18 (1967), 188-196.

9. , Abgeschlossenheit von Corandmoduln und Fortseizbarkeit kohirenter
analytischer Garben, Invent. Math. 5 (1968), 216-230.

10. , Fortsetzung lokal-freier Garben iiber 1-dimensionale Singularititenmen-
gen, Ann. Scuola Norm. Sup. Pisa (to appear).

11. , Cohérence des faisceaux analytiques de la cohomologie local, C. R. Acad.
Sci. Paris 267 (1968), 694—695.

UNIVERSITY OF NOTRE DAME, NOTRE DAME, INDIANA 46556



