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1. In [2] A. Grothendieck quotes an example, due to J. P. Serre, of
a complex algebraic nilpotent Lie group G and a discrete uniform
subgroup o: I'CG, such that the characteristic homomorphism in-
duced in the rational cohomology of the classifying spaces

Ba*:H*(BG’ Q) - H*(BF: Q) = H*(P; Q)

is not trivial. The purpose of this note is to generalize this example to
nilpotent Lie groups admitting a discrete uniform subgroup.

Let G’ be a simply connected and connected nilpotent (real) Lie
group of dimension # with center Z(G’) and &’: T'CG’ a discrete
uniform subgroup of G’ (i.e., G’/T’ compact). Then 4 =T""MNZ(G’) is
a free abelian group of rank m=dim Z(G’)>0. Consider G=G'/4
and I'=T"/A4 with the natural inclusion a: 'CG and the induced
map in classifying spaces Ba: Br—Bgq. It is clear that T' is a discrete
uniform subgroup of G.

THEOREM 1.1. The rational characteristic homomorphism
Ba*:H*(BG’ Q) - H*(BF; Q) = H*(P) Q)

is trivial (i.e. zero in positive dimensions) if and only if G’ is the vector
group R»,

Since G’ is contractible, G=G'/A is a space of type K(4, 1) and
hence the cohomology of its classifying space is given by H*(Bg, Z)
=Z[x1, - -+, xm], deg(x:) =2. Moreover Ba is the classifying map of
the flat G-bundle 9: Er X rG—Br, where Er is the total space of the
universal I'-bundle [4], [5]. The classes x;(n) = Ba* (%) EH*(T, Z) are
then the characteristic classes over Z of the G-bundle 7.

CoRrOLLARY 1.2. The integral characteristic classes x3(n), k=1,
-, m of the flat G-bundle n are torsion classes if and only if G’ is the
vector group R".

1 The author was supported by a National Science Foundation grant at The
Institute for Advanced Study, Princeton.
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Since Br can be realized as a compact manifold (§4), it has the
homotopy type of a finite CW-complex; hence 1.2 is just a reformula-
tion of 1.1.

Theorem 1.1 is in sharp contrast to [4, Theorems 2.2, 3.4, 3.5] and
[2, Theorem 7.1] where sufficient conditions for the triviality of the
rational characteristic homomorphism were given and it increases the
number of examples [8], [2, 7.5] of flat principal bundles with non-
trivial rational characteristic classes.

The proof of Theorem 1.1 will be given in §§2 and 3. In §4 we will
consider a particular realization of Br as a compact manifold and
examine the question whether the tangent bundle of this manifold is
associated to the bundle 5 in Corollary 1.2,

I want to thank A. Borel, J. P. Brezin and J. P. Serre for a useful
discussion.

2. Proof of Theorem 1.1. The “if” part of the theorem is trivial.
In fact, G’ =R" implies I'= {1} The “only if” part will be proved in
the formulation of Corollary 1.2. The characteristic classes xx(n)
= Ba*(x) EH*(T', Z) can be given various interpretations which we
list in the following

LeEmMA 2.1 [5, ProposiTioN 4.17], [10, p. 189]. The following ele-
ments of H(T', A), A=m (G)=22Z™ are equal up to sign:

@) %) = @)=, m-

@ii) 7,(), where v is the fundamental class in HYWG, m(G))
=Hom(mi(G), m1(G)) corresponding to the identity homomorphism and
T, 15 the transgression in the bundle 7.

(iii) o(n), the primary obstruction to a cross section in 1.

(iv) 8(a), where 8 is the coboundary in the non-abelian cohomology
sequence

é
*— HYT, 4) — BT, G") = HY(T, G) — HXT, 4)
associated to the universal covering sequence
054—-G—->G—1

of G.

(v) ¢(E), the characteristic cohomology class of the central extension

E0-5A4A->TI">T—1.
1 g

REMARK 2.2. Lemma 2.1 only makes sense for specific isomor-
phisms H*(B¢, Z2)=Z[x1, - - -, %m] and 71 (G)=¢2Z™. These isomor-
phisms will be exhibited at the end of §3.
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By Lemma 2.1 it is sufficient to show that G’ is the vector group
Rn if the class ¢(E) is a torsion class. The spectral sequence of the
extension E determines a five-term exact sequence [3, Theorem 4.2]

0— HY(T, A) — H\(IV, 4)
2.3)
— HY(4, A) - HXT, A) — H¥(I', A)
i* T q*

and it is well known that ¢(E) =7(id4). If ¢(E) is a torsion class it
follows from the exactness of (2.3) that ¢ o 2=\-id4 for some AEZ+
and pEH(IV, A)=Hom(I", 4) (4 is a trivial I'-module).

REMARK 2.4. Up to now our considerations apply equally well to
the primary obstruction of flat bundles induced by any homomor-
phism a: I'—G of a discrete group I' into a path-connected topological
group G. The next lemma, however, will make use of the fact that G
is a nilpotent Lie group.

LeEMMA 2.5. Let &' : TV—G' and A =T"NZ(G'), as in §1. If there exists
a homomorphism ¢ EHom (I, A) such that ¢ o i=\-ids, NEZ+ where
t: A>T is the inclusion, then G’ is isomorphic to the vector group R™

It is clear from what has already been said that Lemma 2.5 will
complete the proof of Theorem 1.1.

3. First we list some known facts about 1-connected and connected
nilpotent Lie groups and their discrete uniform subgroups. Let
o': T'C G’ be such a pair and g the Lie algebra of G’. Then there exists
a base &, - - -, & of g such that the map p: g—G’ defined by &
= 2ot NivEep(§) = i1 exp(\i-£:) isahomeomorphismandp (§) EI”
if and only if \;&€Z (Malcev coordinates [6]). Moreover the center
3(a) of g is nontrivial, say of dimension >0 [1; 4, Corollary 1] and
exp: 3(§)—Z(G’) is a homeomorphism [7, Lemma 3]. Hence Z(G') is
a vector group R™. We quote the following results as a lemma.

LemMA 3.1. (i) [6] G’ has a discrete uniform subgroup if and only if
there exists a (nilpotent) Lie algebra Y over the rationals Q such that
8=bH® QR (i.e. g is rational).

(ii) [9, Lemma 2.1] Let HCG' be a closed connected subgroup,
T'CG' a discrete uniform subgroup. Then T'MHCH is uniform if the
Lie algebra Yy of H is rational.

Since Z(G') is trivially rational, it follows that 4 =I"NZ(G’) is
uniform in Z(G’). Hence 4 is free abelian of rank m and Z(G')/4 isa
torus T™.

We are now ready to prove Lemma 2.5. Consider the diagram
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jl
G~ Z(&)
al T TB’
I"% 4 , doi=N\ids, A E Z*.
i
Using Malcev coordinates we define an analytic homomorphism
$: G'—>Z(G') satisfying B'op=Poa’ and ®oj' =\-idz by ®(g)
= D71 ti-di, where g=]Ti, exp(ti-£:) and di=¢(exp (£:)) (we use
additive notation in Z(G')=R™ and omit o’ and ' from the formu-
lae). ® extends ¢: In fact, for y= J [, exp(t; - £&) ETY, t;EZ, we have
B(y) = 2001 tirdi= 201 ti-p(exp(£:)) =¢(y) since ¢ is a homomor-
phism. Let h=J]%, exp(s;-£); then we have gh= J[r, exp(u;-£),

wi=t;+s;+qi(ty, -+ -, tica; 81, -, Si1) where the ¢; are polynomials
with rational coefficients and integral values for t;, s;&€Z [6]. It fol-
lows that ®(gh) =®(g) +®h)+Z, =D 2, qits, - -+ ; s, * + + )-du.

Since ¢ is a homomorphism, the polynomial function 2 with values
in Z(G')=2R™ vanishes for {;, s;&Z. Hence it vanishes identically and
® is a homomorphism. Finally, ® 0j': Z(G')—>Z(G') extends ¢ o<
=\-id4 and since ACZ(G’) is discrete uniform, this extension is
unique and given by \-idz.

Since Z(G') is a vector group we can define a new homomorphism
Y(g)=1/N-®(g), g&EG which now satisfies ¥ o j=idz.. Hence we
have G'=Z(G') X G" with G =ker (¥). G" is with G’ 1-connected,
connected and nilpotent. Moreover G’ is centerless and hence trivial
by [1;4, Corollary1]. Therefore n=m and G’ =Z(G') = R".

LemMma 3.2. (i) j: T*=Z(G")/JAC G=G'/A is a maximal compact
subgroup of G, A=T"NZ(G").

(i) a:T=T"/ACG'/Z(G") is a discrete uniform subgroup and we
have a principal fibration

(3.3) T»— G'/T" — (G'/Z(G")/T.

Proor. (i) The fibration Z(G')/A—G'/A—G'/Z(G’") shows at once
that Z(G')/A is maximal compact in G'/A4, since G'/Z(G') is con-
tractible. By Lemma 3.1 (ii), Z(G’) -T" is closed in G’ and hence T' is
discrete in G’/Z(G’). The fact that (3.3) is a fibration follows now
easily. Since G'/T" is compact, the same must be true for (G’/Z(G"))/T.

ReEMARK 3.3. By Lemma 3.2, j: T"C G is a homotopy equivalence
and so is the map in classifying spaces, Bj: Bym—Bg. The isomor-
phisms referred to in Remark 2.2 are those induced by j resp. Bj (we
choose standard generators in T™).

4. Let G be a connected Lie group, j: KCG a maximal compact
subgroup, a: I'C G a discrete uniform subgroup and assume for sim-
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plicity that ''MZ(G) =0 and that I is torsion-free. Then I acts freely
and properly discontinuous on K\G, which is topologically a euclidean
space; hence the compact manifold (K\G)/T is of type K(T, 1) and
can be taken as a classifying space Br. With respect to the paralleliza-
tion of G by right invariant vector fields the tangent bundle of By is
of the form ((8/fXxG)/T—(K\G)/T, where K acts on g/f by the
isotropy representation p: K—GL*(g/f). It is then easily seen that
the composite homomorphism

B Ba*

—_—

B *
4.1) H*(Bout, @) —— H*(Bg, Q) H*(Be, @) —— H*(Br, @)

[ad

is the characteristic homomorphism of the tangent bundle of Br,
so that this tangent bundle is in a weak sense associated to the flat
G-bundle 9: ErX rG—Br, Er = K\G with classifying map Ba: Br—Bg.

Let now I and G as in Theorem 1.1. Then by Lemma 3.2 K=T"
and Br=(G'/Z(G"))/T =(G/T™)/T. Since T™ is in the center of G, it
follows that the isotropy representation p is trivial and that the tan-
gent bundle of By is trivial. Looking at (4.1) one sees that the char-
acteristic classes xx(n) =Ba*(x;), k=1, - - -, m of the flat G-bundle
7 in Corollary 1.2 are not tangent classes of Br.

A detailed study of the relation between the characteristic classes
of the representation a: I'C G and the tangent classes of the manifold
Br=(K\G)/T in the more general case described above will be made
in a subsequent paper.

REFERENCES

1. N. Bourbaki, Groupes et algebres de Lie, Hermann, Paris, 1960.

2, A. Grothendieck, Classes de Chern et représentations linéaires des groupes dis-
crets, preprint.

3. G. Hochschild and J. P. Serre, Cohomology of group extemsions, Trans. Amer.
Math. Soc. 74 (1953), 110-134.

4. F. Kamber and Ph. Tondeur, The characteristic homomorphism of flat bundles,
Topology 6 (1967), 153-159.

5. , Flat bundles and characteristic classes of group representations, Amer. J.
Math. 89 (1967), 857-886.

6. A. 1. Malcev, On a class of homogeneous spaces, Izv, Akad. Nauk SSSR Ser.
Mat. 13 (1949), 9-32; Amer. Math. Soc. Trans. No. 39 (1949).

7. Y. Matsushima, On the discrete subgroups and homogeneous spaces of nilpotent
Lie groups, Nagoya Math. J. 2 (1951), 95-110.

8. J. Milnor, On the existence of a connection with curvature zero, Comment. Math.
Helv. 32 (1957), 215-223.

9. C. C. Moore, Decomposition of unitary representations defined by discrete suh-
groups of nilpotent Lie groups, Ann. Math. 82 (1965), 146-182,

10. N. Steenrod, The topology of fiber bundles, Princeton Univ. Press, Princeton,
N. J., 1951.

THE INSTITUTE FOR ADVANCED STUDY




