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1. Introduction. The purpose of this paper is to show a Radon-
Nikodym theorem in general W*-algebras as follows: Let M be a
W*-algebra, and ¢, ¥ two normal positive linear functionals on M
such that ¢ <¢; then there is a positive element ¢, of M with 0=, =1
satisfying Y (x) =¢(toxts) for all x& M (Theorem 2). This theorem is
the affirmative solution to a problem raised by Dixmier [1, p. 63]
and the author [3, p. 1.46 and Question 2 in the appendix]. A less
cogent Radon-Nikodym theorem in general W*-algebras has been
proved by the author [3, p. 1.46].

2. Theorems. To prove the above theorem, we shall provide some
considerations.

Let M be a W*-algebra, ¢ a normal positive linear functional on M,
For a, x€ M, put (Ra¢)(x) =¢(xa); then Rag is a g-continuous linear
functional on M. Then we shall show

PRrROPOSITION 1. Suppose that Ra¢ is self-adjoint; them we have
| (Rag)(W)| = |$(ha) | < |lal|g(B) for b (20) EM.

Proor. By the assumption, (Ra¢)*(x) = [(Rag)(x*) |- = [p(x*a)]~
= [¢((a*x)*) |- =¢(a*x) = (Rag) (x) =¢(xa) for xS M.

Hence ¢(a*x) =¢(xa), so that ¢(xa?) =¢(xea) =¢(a*xa); therefore
Ra?p =0 and so, analogously, we have ¢(xa*) =¢((a?) *xa?).

By the analogous discussion, we have

¢(xa’"+1) = ¢((a¥)*x(c?)) for x € M.
Then, for 120,
| 6(ka) |

| o(131t126) | S (1126 (a*haysi
= () 12(hat) 12 < QR $(R) 2 ((0%)*ha) 12} 1o
= (R 1) 14 (') 14 = G(E) TG (hat)

- ¢(h)z?-n W) ¢(ha'~’”)”2”= ¢(h)1‘1’2"¢(ha2")”’n
< ¢(h)=12"(| ol || 4]l al| ") 2"
= o) || (lafll[AD" = [|dler)  (r—> ).
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Hence we have |¢(ha)| <||a||¢(h).

This completes the proof.

Now we shall show an application of Proposition 1. For b& M, we
consider a linear functional Rb¢, then

THEOREM 1. Let Rbp=Ru| Rbg| be the polar decomposition of Rbg
(¢f. [2], [3]); then the absolute value |Rbd| of Rbo is majorized by
||6llg, that is, | Rbp| < ||b]|o-

ProoF. Since | Rbg| = Rv*(Rbg) (cf. [2], [3]), | Rbo| (x) = (xv*D),
so that by Proposition 1 we have

| $(he*0) | = ¢(in*s) < [|v*e]| 6 (k)
< ||t||¢(n) for & (= 0) € M.

This completes the proof.

Now let s(¢) be the support of ¢ and we shall consider the W*-
algebra s(¢) Ms(¢). Let ¢ be the restriction of ¢ on s(¢p) Ms(p).

Let 7*(9P) be the W*-representation of s(¢p) Ms(¢p) on a Hilbert
space 9 constructed via ¢, then we can consider s(¢p)Ms(p) as a
concrete W*-algebra on the Hilbert space $é. Let £ be the image of
s(¢) in $, then (x) = (x&, &) for xCSs(p) Ms(¢), where ( , ) is the
inner product of $é.

Let {s(¢)Ms(¢)}’ be the commutant of s(¢)Ms(p) in P, then
[s(@) Ms(p)e] = [{s(p) Ms(¢) }'£] = &, where [(-)] is the closed linear
subspace of ¢ generated by (-), namely, £ is a separating and gener-
ating vector of s(¢) Ms(¢).

Now we shall show

THEOREM 2. Let Y be a normal positive linear functional on M such
that Y < ¢; then there is a positive element to of M with 0 <to <1 satisfy-
ing Y(x) =@ (toxto) for xS M.

PRrOOF. Let ¥ be the restriction of ¥ on s(¢) Ms(¢); then ¥ < and,
therefore, there is a positive element ¢ with ||4¢|| <1 of {s@)Ms(¢)}’
such that Y(x) = (xk{ £, h{§) for xCs(¢) Ms(e).

Now we shall consider a o-continuous linear functional f' on the
W*-algebra {s(¢)Ms(p)}’ as follows: f'(3') = (y'h{E, ) for
y' € {s()Ms(¢)}’; then f' = Rug/, where g'(y') = (y'¢, &) for
¥ E {s(@) Ms(@) }'.

Since g’ 20, by Theorem 1, |f'| £||{||g’, so that there is a positive
element ¢, of s(¢) Ms(¢p) with 0 =¢, =1 such that l f I (&) = (¥'tet, £).

Then

|71 &) = Rensf'(¥) = f'(5'v™*) = ¢('v'*R{),
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where R,/|f’ | =f" is the polar decomposition of f".
Hence

G'tk, §) = V"R &, £)

for '€ {s(¢) Ms(@) }".
Since [{s(¢)Ms(¢)}'t]=98, we have tof=v'*h{f and so v'tef
=v'v'*h{ .
On the other hand,
G h g £ = | f] oY) = R | £](¥) = £(&)
= kit &) for ¥ € {s(6)Ms(®)};
hence v'v'*h{ E=hJ £ and so vt =hJ £ Therefore,
¥(x) = (xhd§, ki §)
= (xv'tok, v'toE) = (x0"*v'tof, tok)
= (00" hd &, tok) = (utek, tof)
= (toxtof, £)
= J(toxte) for x € s(¢)Ms(e).
Now we have
¥(x) = ¥(s(p)xs(9)) = ¥(s(¢)xs($))

= $(tos(¢)xs(4)t0)
= ¢(loxty) forx € M.

This completes the proof.
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