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Introduction. An <rreducible semigroup is a compact connected semi-
group with identity which contains no proper compact connected
subsemigroup containing the identity and meeting the minimal ideal.
Since every compact connected semigroup with identity has an ir-
reducible subsemigroup joining its identity to its minimal ideal, the
study of the category of irreducible semigroups is basic in any quest
for information about the structure of compact semigroups with
identity. In a previous announcement [4], the authors described the
notion of a hormos and conjectured that an irreducible semigroup is
an irreducible hormos. (The structure of the latter was completely
described—without proofs—in that announcement.) We also an-
nounced a number of categories of semigroups for which we are able
to obtain this result.

One distinguishing feature of an irreducible hormos is that the D-
class (and in fact even the H-class) decomposition is a totally ordered
semigroup—in fact an I-semigroup [6]. It may be conjectured that a
study of semigroups whose D-class decomposition is totally ordered
might lead to a description of all irreducible semigroups, and it is this
motive which brings us to the results of this announcement.

We shall give a brief outline of the techniques we use to prove our
results. The details will appear in our forthcoming book. For termi-
nology, the reader is referred to [1] and [4].

1. Admissible spaces. The following concept is of mere technical
interest but it is needed for the principal results of this paper. A
space X will be called admzissible if every compact subspace ¥ of
X for which there is a totally ordered compact connected space T
and function

F:YXTXY—-Y

with the following properties is necessarily a point:
(@) F(F(x,t, v),s, y)=F(x, t/\s, y) for all x, yEY, t, s&€T where
tAs=min {¢, s};

1 This work was partially supported by NSF Grant GP 1877.
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(b) F(F(x,t, ¥),¢t 3)=F(x,t 2) forallx, y, 2&Y, t&T;

(¢) F(x, 1, y)=x, F(x, 0, )=y for all x, y& Y, where 0 and 1 de-
note the minimum and maximum elements of T, respectively;

(d) for each yE€Y, F(-, -, y) is continuous.

ProrosiTIiON 1. If X is a finite-dimensional compact space, then X is
admissible.?

The proof of this result uses the Vietoris mapping theorem on a
carefully constructed subspace.

There is an example, due to John Stallings, of an infinite-dimen-
sional nonadmissible compact connected space.

2. Clifford semigroups. A Clifford semigroup is a semigroup which
is a union of groups. The algebraic structure has been to a large ex-
tent determined by Clifford [2]. (See also [1, p. 122].) Let S be a com-
pact Clifford semigroup. (It is not assumed that S has an identity.)
It is known that the D-class decomposition, which we denote by T, is
a semilattice in this case, and that the natural projection w: S—7T is
a homomorphism. If we assume T is totally ordered by the natural
ordering of the D-classes (i.e., D(x) =D(y) if SxSCSyS),? then T is
a totally ordered semilattice. We denote by 0 the minimal element
and 1 the maximal element of 7. We shall say that S has connecting
homomorphisms if for each “gap” [a, b] in T (if the open interval
la, & is empty, [a, b] is called a gap), there is a homomorphism
f: 7 1(b)—7n1(a) such that all idempotents of 7—1(a) which are below
an idempotent of #—1(d) are in the image under f. (Notice in particu-
lar that if T is connected, .S trivially has connecting homomorphisms.)

ProroSITION 2. Let S be a compact Clifford semigroup whose D-class
decomposition is totally ordered and which has connecting homomor-
phisms. If the set E of idempotents is admissible, then there is a homo-
morphism

Y1) X S/D—S
with the following properties:

(1) ¢¥(a, 1)=a for each aET"1(1);
(ii) the following diagram commutes

2 The dimension we use is the Cech cohomology dimension [3].
3 In the semigroups we consider, it is the case that {x} \USx\JxSC SxS. Hence,
the D- (=J-) class decomposition is determined by x=yD if and only if Sx.S=.SyS.
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P i(1) X S/D Y §

1(', ™

N
S/D

where w' 1s the natural projection. In general, ¥ is not surjective.

From the fact that E is admissible, one is enabled to prove that
through each idempotent ¢&.S, there is one and only one totally
ordered compact semigroup 7% such that 7r] T, is an isomorphism onto
[0, 7(e) ]. This then leads to the proposition after a series of more or
less technical—though not particularly deep—lemmas. Nevertheless,
we would rank the proof of this result and its application to the proof
of Theorem 1 as a breakthrough of nontrivial proportions. In par-
ticular, it sheds a great deal of light on the location of Koch's arcs?
in semigroups.

THEOREM 1. Let S be a compact Clifford semigroup with identity
such that S/D is connected and suppose that the set of idempotents is
admissible. Then every I-semigroup containing the identity is in the
centralizer of the maximal subgroup of the identity. At least one such
exists joining the identity to the minimal ideal, and no two such deter-
mine the same collection of D-classes.

REMARK. In particular, if S is a compact Clifford semigroup such
that S/D is connected and totally ordered, and such that the set of
idempotents is admissible, then, through each idempotent of the
maximal D-class, there is precisely one Koch's arc. This is no longer
true in the absence of admissibility.

3. Semigroups over “gaps.” Again in our study of unital semi-
groups whose D-class decomposition is totally ordered, we are forced
to consider semigroups without identity. This time they arise from
looking at a “gap” between regular D-classes in the ordering, and
here we are able to obtain much better information. However, be-
cause of our inability to handle the situation where an arc of regular
D-classes occurs, we are unable to apply the full power of this theo-
rem. (Recall that a regular D-class is one which contains an idem-
potent {1].)

Let S be a compact semigroup with identity whose D-class decom-
position is totally ordered. Let X and Y be compact spaces and
[, ]: YXX—S be a continuous function. Suppose, further, that

4 A Kocl's arc is an idempotent I-semigroup. It was R. J. Koch [3] who introduced
the technique of obtaining such semigroups in compact semigroups.
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there are distinguished points e €X, and bE Y such that [b, a]=1.
Then the Rees product [8] R=[X, S, ¥] with respect to the sand-
wich function [, ] and multiplication (x, s, (', s, 9
= (x, s[y, ’]s’, ¥) admits a homomorphism ¢: S—R, and an order-
preserving one-one map ¢’: S/D—R/D such that the following dia-
gram commutes:
s %
7 o L=
S/D 5 R/D.

The morphism ¢ is defined by ¢(s) = (e, s, b). We shall denote the sub-
space 4 X TX B of R, where ACX, TCS, BCY, by [4, T, B].

THEOREM 3. Let S be a compact semigroup with connected totally
ordered D-class decomposition. Suppose that the maximal D-class con-
tains an idempotent ¢, and that D1 <D(e) is a regular D-class, but there
s no regular D-class between D, and D(e). Then there exist

(1) a completely irreducible semigroup 2 in the centralizer of H(e),
and e 1s its identity;

(2) compact spaces X and Y with distinguished points a and b, re-
spectively;

(3) amap [, ]: YXX—eSe such that [b, a]=e;

(4) a homomorphism ¢: [X, eSe, Y |—S, such that

@) Si=S-U{D@) =D:} Co([X, 2, V]),

(i) <f m:Z-Z/H, w: S—S/D are the natural projections, then there
15 an order-preserving map m:%/H—S/D such that the diagram

X, 2, 7] —2— s
L@ s,9)—>m(s) I
S/H ———— S/D
m

commutes, providing D(e) and D(1) are subsemigroups.’
Further, of Dy is a subsemigroup, then these are equivalent:
(@) ¢([X, =, Y]) is a semigroup and w|im ¢ is a homomorphism,
(b) [¥, X]CH(),
(c) D(e) is a subsemigroup.
Moreover, when these conditions are satisfied, ¢[X, =, V]=S* (the
closure of Sy).

5 3 /H denotes £ modulo its H-class relation.
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The proof of this theorem follows from a sequence of rather tech-
nical, but not particularly deep, lemmas once we have the following
powerful result:

THEOREM 2. Let S be a compact semigroup with identity and maximal
subgroup H. Suppose that there is a neighborhood of the identity without
idempotents other than 1. If the orbit space of HXH acting on S under
((h, k), yv)—hyk™' is an arc in some neighborhood of H -1 -H = H, then
there is a one-parameter semigroup f: [0, ©)—S such that f(t) EH if
and only if t=0, and such that the image of f is in the centralizer of H
(i.e., f(O)R=hf(t) for all tE[0, =) and hEH).

This theorem is actually contained in Theorem E which we
announced in [4]. Its proof uses the structure theory of compact
groups and their homological properties, the construction theory for
one-parameter semigroups, and an involved theory of peripherality
which the authors developed for this purpose. Even a brief outline of
its proof could not be given in the short space of a few pages.

4. The main theorem. Since the stating of the main theorem for a
larger class of semigroups than those with identity requires little
additional effort, we give it in the following form. Because it is a
rather complete structure theorem, the conclusions become a bit in-
volved. The reader may glance at the list of corollaries, all of which
follow with almost no effort from the main theorem, to get some idea
of its power.

MAIN THEOREM. Let S be a compact semigroup satisfying the follow-
ing conditions:

(a) S2=S;

(b) the union of all subgroups of S forms a semigroup;

(c) S/D is connected and totally ordered relative to the natural order
D(x) £D(y) if SxSC.Sy.S;

(d) 2n each D-class, the components of the set of idempotents are ad-

massible spaces;

then the following properties hold for S:

A. The relation D is a congruence, the D-class projection w: S—S/D
15 @ homomorphism, and S/D is an I-semigroup.

B. There are subsemigroups S, and S; such that

(@) 7(S)=m(S,)=S5/D;

(i) if a*=a&ES/D, then w1 (a)N\S; (resp. m(a)N\S,) is a direct
product of a group and a right- (resp. left-) zero semigroup;

(iii) S=S5,S,;

@iv) S\N\S,=T, and T is a hormos such that w(T)=S/D.
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C. If a?=a&S/D, then the semigroup w'(a) is a completely simple
semigroup.

D. If [a, b] is an interval in S/ D which is an I-semigroup with only
the two idempotents a and b, then there is a compact connected abelian
group A and a homomorphism

f:]a, 0] — 4

onto a dense one-parameter semigroup and a homomorphism ¢ mapping
Sas onto (7=1(Ja, b]))*, where

Sa = 771(0) X ({(r, f():7 € Ja, 8]} U ({a} X 4)),
such that

Sav '_'qs_) 77;1([‘1’ b])
VNG
[a, 8]

is a commutative diagram, where 7' (x, v, 2) =9.

E. If [a, b] is an idempotent semigroup, then 7—*([a, b)) is a Clifford
semigroup and there is a homomorphism ¢ of the semigroup Sa into
7 Y([a, b)), where

Sab = 7r—l(b) X [d, b])
such that

Sus— ([, B])
' VL x
[a, 8]

1s a commutative diagram with = (x, y) =4.

F. If a*=a, b2=b&S/D, a<b, then there is a retraction homomor-
phism ¢ mapping m([a, b)) into m*(a) such that there is precisely one
idempotent in ¢(w=1(b)) which is below a given idempotent in w—1(b) 1n
the natural partial order on E.

Conversely, if A is satisfied, then (a), (b) and (c) are true.

The proof involves our knowledge of the Clifford semigroups with
connecting homomorphisms and the structure of the “semigroups
over gaps” and in turn their structure as homomorphic images of a
product of a D-simple semigroup and a “sigma” semigroup Z(f, 4, a).
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The semigroup T is obtained uniquely and S, and S; defined as
S,=U{R@):tET}, Si=U{L{):t€T}.

CoROLLARY 1. If S is a compact connected semigroup with identity
and the D-class decomposition is a congruence, then S contains an ir-
reducible hormos in the centralizer of the maximal subgroup joining the
identity to the minimal ideal providing the set of idempotents is an ad-
massible space. (In particular, if the set of idempotents is finite dimen-
sional, then the statement is true.)

COROLLARY 2. If S is a compact connected semigroup with identity
such that xS CSx for every x, and the set of idempotents is admissible,
then S contains an irreducible hormos in the centralizer of the maximal
subgroup and joining the identity to the minimal ideal.

REMARK. Rothman [7] has studied the case when the L-class de-
composition of a compact connected semigroup is totally ordered
under the natural order. Since, as he has shown, this implies that
S?2=S and the L- (=D-) class decomposition is a congruence, the
main theorem gives a rather complete picture of this case when the
set of idempotents satisfies the admissibility condition stated there.
(When xS=Sx for every x, the result holds without these conditions

[4])

CoRrROLLARY 3. If S is an irreducible semigroup whose D-class de-
composition is tolally ordered and such that the union of its maximal sub-
groups is a semigroup, then S is an abelian hormos, provided also that
the set of idempotents is admissible (or finite dimensional).
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