FOURIER SERIES IN SEVERAL VARIABLES
VICTOR L. SHAPIRO!

0. Preface. This article is a survey of certain aspects of the theory
of multiple Fourier and trigonometric series. It is by no means meant
to be a complete survey; for example, it is practically disjoint with
thfi material covered on the subject in Zygmund’s book [38, Chapter
17].

There are eight sections to this survey. §1 is the introduction. §2,
§3, and §4 are expository in the sense that the main theorems in each
section are proved. §5, §6, and §7 are descriptive. §8 consists of two
bibliographies, a bibliography for the survey itself, and a general
bibliography.

§2 deals with the now classical theory of the Bochner-Riesz sum-
mability of multiple Fourier series and the Abel summability of
multiple Fourier series. §3 presents Bochner’s counter-example for
the critical index in summability theory in considerable detail. §4 is
concerned with the uniqueness of multiple trigonometric series and
proves the main theorem in the subject so far, i.e. uniqueness under
Abel summability (due to the present author). §5 describes some
results in conjugate multiple Fourier series defined by means of the
Calderén-Zygmund kernel and related topics, i.e. analyticity in sev-
eral variables. §6 deals with the Riemannian theory of multiple trigo-
nometric series. §7 describes some applications to geometric integra-
tion theory and potential theory.

1. Introduction. Operating in k-dimensional Euclidean space, Ex,
k=2, we shall use the following notation:

x = (o1 -, %), y= (",
ax + By = (ax1+ By, - - -, axi + Bys),
@9 =xyt -ty || =@
m= (my, - -, m), (m, x) = mx1 + - -+ + mpxp.
With f(x) a function in L! on T%, the k-dimensional torus
{x;—1r<x,-§1r,j=1,---,k}

and m an integral lattice point, we shall designate the series
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3 fmyeiins

by S[f] and call it the Fourier series of f where

Jon = @uy [ esmmpia)a.
T
It is the purpose of this paper to give a survey of some of the known
results concerning S[f] and concerning trigonometric series of the
form D, amei™®,

With A = 9%/0x + - - - + 3%/9x3, we observe that Aeitm=
=— | ml 2eitma), Consequently from an eigenvalue point of view, the
first natural question to ask concerning S[f] is “In what manner,
does the series

5 (3 somerenn)

nel \|m|2e=n

approximate f?” Bearing in mind the classical counter-examples of
Fejer and Lebesgue [37, Chapter 8] concerning the one-dimensional
Fourier series of continuous functions, we see that the answer to the
above question should be phrased in terms of some summability
method. The two most natural methods are those of Bochner-Riesz
and Abel. In particular, we shall say that S[f] is Bochner-Riesz
summable of order o, henceforth designated by (B—R, a), to f(x) if
lim Y, fm)eima(1 — Iml*/R”)“ = f(x).
Bow |m|sR
Bochner-Riesz summability plays the same role for multiple Fourier
series that Cesaro summability plays for one-dimensional Fourier
series. For further comments on summability methods for multiple

Fourier series, see the classical paper of Bochner [3].
We say S[f] is Abel summable to f(x) if

liﬁi_ 2. flm)gima=imlt = f(z),

The reason for calling this method of summability Abel summability
is motivated by the fact that the series

> f(m)eitma—Imie

is harmonic in upper Ei4, i.e. in the variables (x, £), for £>0.

2. Summability. Given f in L! on T} (and real-valued unless ex-
plicitly stated otherwise), we shall say that f is extended by periodic-
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ity to Ey if f is defined in all of E; and f is periodic of period 27 in
each variable. Letting B(x, 7) represent the open k-ball with center
x and radius 7 and letting | B(x, 7)| represent the k-dimensional
volume of B(x, r), i.e. [B(x, r)| =27k kT (k/2), the first theorem
we prove is the following [3, p. 189];

THEOREM 1. Let f be in L' on Ty and extended by periodicity to all
of Ex, and let S[f]= D m f(m)ei™, Set

oalf,8) = X fmye O — | m| /R

Im|sR

Suppose that | B(xo, h)| =1 pwom | f(x) — f(xo)| dx—0 as h—0. Then
éim or(f, %) = f(x))  fora> (b —1)/2.

It is to be noted that this theorem implies that

a';(fx x) —)f(x)

almost everywhere.

The standard technique for proving theorems of this nature is to
first establish the analogous result for multiple Fourier integrals
and then proceed by some form of the well-known Poisson summa-
tion formula [37, p. 68] to multiple Fourier series. We shall establish
Theorem 1 in precisely this manner.

If g is in L' on Ej, we shall designate the Fourier transform of g
by ¢ and define § in a manner analogous to the Fourier coefficient of
a function on T}, i.e. 2(u) = (27)~*[p,e =W g(x)dx.

The first lemma we prove is the following:

LeEMMA 1. Let g be in L' on Ey. Set

Tz(g) x) =f e
B(0,R)
Suppose that lB (%o, B)| LS B(zo,;.)]g(x) —g(x0)| dx—0 as h—0. Then

t(z,u)

gt — | u|/R du.

lim 72(g, %) = g(xo) fora> (k—1)/2.

R—w

(For a good introduction to the theory of multiple Fourier integrals,
see [7, Chapter 2].)

We first observe from an iteration of well-known 1-dimensional
theorems and from Lebesgue’s dominated convergence theorem that
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the above lemma is clear for the special case g(x)=e !=—=!*, Conse-
quently, with no loss in generality, we can assume from the start that
g(x0) =0.

Next we observe from Fubini’s theorem and the definition of § that

W A= [ o[ 00— |l R

Now it turns out that we can represent the inner integral on the
right side of (1) in terms of Bessel functions. In particular, we ob-
serve from [33, p. 60] and many other places that

z,
J.(2)

/2
@ = 216 - T2 fo cos (2 cos 6) (sin 6)2*d0

forv> — %
and

gv+1 */2
3 Jut = ————————f J.(% sin 0) (sin 8)#+'(cos 6)2*+1d0
3) wo1(2) 2101, (% sin 6) (sin 8)#**(cos 6)

for u>—1and v> —1.
We shall use (3) in the following form:

t
4 f Ju(8)s#H[1 — s2/2]7ds = 2°T(v + 1)Jppp (Dt for ¢ > 0,
0
Next, designating the inner integral in (1) by (2m)*Hg(x—y), we
see, using spherical coordinates in Ej (see [13, Chapter 11]) and let-

ting wi—; designate the (¥—1)-dimensional volume of the unit (k—1)-
sphere, i.e. wy_1=27%2/T'(k/2) and we=2, that by (2)

R L -
(21r)kH2(x) = W2 f 1- rz/R?')ark_l[ f Pt o(sin G)k 2d(:’:l dr
0 0
B
== 2wk_zf (1 - fz/Rz)“fk~1
0

. [f " cos (rl xl cos 6) (sin 0)"“’d0:| dr
= 2("_2)I2P[(k - 1)/2]1"(1/2)0)],_2
. f R{(l - fz/Rz)“fk—IJ(k_z)/z(fl xl )(fl xl )_(k"z)/’}df.
0

It then follows from (4) that
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(5) H;(x) = ¢(k, a)JkIZ-l-a(R‘ xI )Rlc/2—aI x|-(kl2+a)
where
c(k, @) = 2012+e10(1/2)T(a + 1)T[(% — 1)/2](27)Fesr—2
= 2T(a + 1)/(2m)*2.

Since the inner integral in (1) was designated by (27)*Hz(x—19),
we have from (1) and (5) that

r(g, %) = f £() He(x — y)dy
Ej
(6)

o(k, “)Rklz_"f EO)kna(R| 2 = 3] ) | & — y|-G1+ady,
By
With no loss in generality, we can take x,=0. Setting G(r)

= B(O-r), g(y)ldy, we see from (6) that to prove the lemma we have
to show that G(r) =o(r*) as r—0 implies that

(7) Rez-= fo lek,m(Rs)[ | s|-®1#+0dG(s) = o(1)  as R— .

To establish (7), we need two further facts concerning Bessel func-
tions (see [35, p. 199]), namely that there is a constant ¢, such that

®) | 7.(s) | = ews” ass—0 forv> —1,
and that
) | 7.6)| Ses2 ass— o forvz —4.

Using (8) and the fact that G(s) =o(s*) as s—0, we see that

R-1
Rbl2—a f | Jis2ea(Rs) | | s|=®29dG(s) = crjoraR*G(R™Y)
(10) 0
= 0(1) as R— o,

Using (9), the fact that g is in L! on Ey, and also that o> (k—1)/2,
we see that for every 6>0,

Rklz—uf | Tis2ea(Rs) | | s |-®/2+22dG(s)
3

< GijppaR-le=G—D 12 f
E—B(0,8

| g(y) | /l y|a+(k+1)[2dy
(11 ’

= 0o(1) as R— o,
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Finally using (9) once again, we see that

)
R [ Junia(®S)| | s|-0rmidG()
-1
(12) . 6
=< ck,2+aR—[a—(k—x)/2]f dG(s)/ | s |lere+nia,
R-1

From (10), (11), and (12) we see that for every §>0,

lim sup R#/2—= f | Taj24a(Rs) | | s |-*/2+dG(s)
0

R—x

(13)

5
= Ck/2+a lim sup Rla—G—1)/2] f dG(S)/ l S I latG+1) /2],
R—w R-1

But G(s) =0(s*) as s—0 implies that the right side of (13) goes to
zero as —0, as an integration by parts shows. Consequently (7) is
established, and therefore the lemma is established.

LumMa 2. Let S(x) be the trigonometric polynomial D imisr, bmei™=),
ie. Sx)= D mbmei™? where b,=0 for |m|>Ry. For R>0, set
03(S, £) = D imisr bme’ ™ (1 — I m[ 2/R¥)<=. Then for a>(k—1)/2,

k/2—a —(k/2+a)
5]

o(S, %) = c(k, @) R SO rsa(R| 2 — ] )| 2 —

Ey,

dy

where c(k, o) is the constant in (5).

To prove Lemma 2, set ¢(t)=(1—1?)*, 0=¢t=<1, and ¢(t)=0 for
t=1. Then since S(x) is a finite linear combination of exponentials,
it is clear that the lemma will follow if we can show that for fixed
x and every u

e“o¢(| u| /R)

14
(14) = ¢(k, a)RkIL’—af ei(u.u)]kn_'_a(Rl % — yl ) | % — yl-—(kl2+a)dy_
Ep

Set g(u) = e"(“ﬂ)qb(l #|/R). Then g(«) is a continuous function which
is furthermore in L! on Ej. If 2(y) is also in L! on Eg, it follows from
Lemma 1 and the Lebesgue dominated convergence theorem that
g(u) = [mei@(y)dy. By (8) and (9), Juara(R|x—y|)|x—y|—G12+o
is in L! on E;. Therefore to establish Lemma 2 we need only show
that

2(9) = c(k, Q) RE* T, 00(R| 2 — 3| ) | — y|-@i24,
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But g(y) =Hj(x—1v) and this last fact follows from (5). Lemma 2 is
therefore established.

LemwMmaA 3. Let f(x) be in L! on T\ and extended by periodicity to all
of Ex. Then there exists a sequence of trigonometric polynomials
{S*(x) } .., such that Jri| S™(x) —f(x)|dx—0 as n— oo.

Set

n

K.¢) = 2 eit(t — | j| /m),

j=—n

(so that K,(t) is the well-known Fejer kernel), and set S»(x)
= Qn)~*[r, K, (y1) - - + K.(y)f(y+x)dy. Then, for 0<d <,

3 1]
[ ls@ —s@lass [ [ Koy Koy

S 145~ | d+ ot

as n— 0, and Lemma 3 is established.

We are now ready to prove Theorem 1. We first observe from (5),
(8), and (9) that there is a constant N(«, R) and an #>0 such that
for x in Ei, |Hf(x)| SN(a, R)[1+]x|]-®. Consequently, the
series

S Hi(x + 2am) = Hy (%)
is absolutely convergent, and furthermore

lim Y, Hy(x+ 2mm) = Hp (x)

Bime |m|sR,

uniformly for x in a bounded domain.
Let {S" (x) } ;+1 be the sequence of trigonometric polynomials given
by Lemma 3. Then by Lemma 2 for x in a bounded domain,

on(S, %) = fE S (y) Ha(w — y)dy

= lim X S'(y + 2em)Hy(x — v — 2em)dy
Ri=® |m|SRE, T

lim Y, Sj(y)HZ(y — %+ 27m)dy

Rimo |m|SRy YV Ty

. S () Ha'(y — #)dy.


file:///m/SRx
file:///m/gRi
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Consequently since H§*(x) is a continuous periodic function and
since o(S7, x)—d%(f, x) as j— «, we conclude that

i) = [ SOEEG - 9ay.

Observing that f(y)(1+|y—x|)=%+") is in L! on E; for fixea
since [B(0,mirn—80.8y | f(9)|dy=0(RF1) as Ri— o, we see that we
can reverse the above argument and obtain that

19) it o) = [ 10)EHy — 2.

To prove the theorem with no loss in generality we can assume
x0=0 and f(x0) =0. Then locally the same proof will apply here as
applied in the proof of Lemma 1 (as can be seen easily by comparing
(6) and (15)). Therefore to complete the proof of this theorem we need
only show that for fixed §>0,

(16) lim f()Hz(y)dy = 0.
R—w V g B(0,3)

But

R [ )| Tapa(R] 3] | yl0m0dy
Ep—B(0,5)

|7 |

Wdy: 0(1) as R—

= CijopaR(@DID—a f
E;—B(0,8)

and the proof of Theorem 1 is complete.

We next prove a theorem concerning the Abel summability of
multiple Fourier series which is a k-dimensional analogue of the well-
known theorem of Fatou. (For another analogue which is useful, see
[26, p. 606].)

THEOREM 2. Let f be in L on T and extended by periodicity to all
of Ex. Let S[f]= D m f(m)ei= and for t>0, set

At(f; x) = Ef(m)e*(m:x)-lm! ¢
Also set

66 = timsup | B W) | [ fo)ay
h-0 B(z.h)

and
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B-(x) = lirlxthionf | B(x, k) l" fB(z'h)f(y)dy.

Then
B-(x) < lim inf.4 (f, ) < limsup 4.(f, ) < 8~ (x)
t—0 t—0

To prove Theorem 2, we proceed in a similar manner to the proof
of Theorem 1. First let g(x) be in L! an E;. Then for £>0,

iwa)=lvitdy = (27)*
toeen-tiay = @ [ g [
By (2) and (4)

f i -lvltdy = wk-zf e—rtrk—l[f gilzlr cos 0(gin g)k—zdg] dr
Ey 0 0

= 26-T[(k — 1)/2]T (3 ws—s

ei(z—u.v)—lyltdy] du.

k

. f e—rt,k—l](k_2)/2(r| xl )(,l xl )= =212y,
0

Now, as easily seen, the following formula [35, p. 386] holds:

® 2a(20)'T 3/2
f e, (br)rHidr = a(20) TG + 3/2) forv > — 1.
0 (a2 + b2)v+3/2,\/1r

Setting bp=2¢T[(k—1)/2]T[(#+1)/2]wi—2(27)~*, we conclude
that for £>0,

f g(y)eiw -ty = bktf g2+ | & — ul2]-¢+0i2gy,
Ey Ey

Using the same techniques to pass from Fourier integrals to
Fourier series that we used in the proof of Theorem 1, we conse-
quently obtain that

(n A(f, ) = bt fa)[e2+ | x — u|2]-®+Dizgy,

To prove Theorem 2, we see first that it is sufficient to establish
lim supe.o 4:(f, x) =B~ (x). Next, we observe that we need only estab-
lish this last fact for the special case x =0. In other words to prove the
theorem, it is sufficient to show that
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(18) lim sup 4.(f, 0) < 8-(0).
-0

If 8~(0) =+ «, then (18) is immediate. Two cases then present
themselves, either 8~(0) is finite or 8—(0) = — «. (18) will be estab-
lished in both of these cases if we can show
19 if 57(0) < 7, then lim sup 4,(f, 0) < «.

t—0

We now establish (19) and consequently the theorem.

We set
(20) 70 = | BO,n |~ f(w)du,

B(0,r)
and by (19) choose >0 such that for 0 <r<3$, f.(0) <+v. Observing
that f(u)/lul"'H is in L! on E;—B(0, 8), we then obtain from (17)
that

lim sup 4.(f, 0)
t—0

L}
< | B(0,1) | lim sup? f [12 ++ £2]- G+ 12d0,(0)
=0 0
s
< b| B(0,1)| (+ 1) limsup¢ f 7eHIf,(0) [12 + #2]- Gt i2gy
t—0 0

S vb| BO,1)| (2 + 1) f 1 4 2] D124y,
0
But b B(0, 1)| (k+1)[otr+1[1+e2]-®+12dt=1, (19) is established,
and the theorem is proved.

It is clear that one also could prove results along the lines of non-
tangential Abel summability (see [37, p. 101]) but we will not con-
cern ourselves with matters of this nature here.

For other versions of the theorems proved in this section see [6,
Chapter 2] and [11, Chapter 4].

3. Critical index. In this section, we shall examine in detail the
situation that prevails in Bochner-Riesz summability (Theorem 1)
when a equals the critical index (k—1)/2. Some rather interesting
things occur. In the first place, a result is obtained for functions in
L! on E; whose analogue is false for functions in L! on T} where as
usual 2=2. In the second place, the result is true in one-dimension
for functions both in L! on E; and in L! on Ty. (The critical index for
k=1 is =0 which is the same as ordinary convergence.)

THEOREM 3 [3, p. 186]. Let g be in L on Ej. Set
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(k—=1)/2

e = [ eewglt — | ulyr]0-vng
B(0,R)
Suppose there exists a 8>0 such that g(x) =0 for x in B(0, 8). Then
limg., 75 %(g, 0)=0.
By (6) we observe that

(k—1)/2
TR (g) 0)

= c[k, (k — 1)/2]R1/zf g(y)jk_m(Rl yl ) | y I—(k——l/z)dy.

E—B(0,3)

21

On the other hand, by [35, p. 199], there exists a constant d, such
that for »>0 and »=1/2,

(22) |7, — 212(rm)"M2 cos [r — w/4 — vu/2]| < dodin.

We consequently conclude from (21) and (22) that to establish
Theorem 3, we need only show that

(23) lim g(y) cos [R] y| — kr/2]| y|*dy = 0.
R— e Ex—B(0,5)
But (23) follows immediately from the Riemann-Lebesgue lemma
for functions in L! on E; and the proof of Theorem 3 is complete.
We next establish the ingenious counter-example of Bochner [3,

p. 193] showing that the analogue of Theorem 3 is false for functions
in L' on T%.

THEOREM 4. Given 1>8>0, there exists a function f in L* on Ty
such that f(x) =0 in B(0, 8) and such that

lim sup | o-g‘—l)/z(f, 0] = «,
R
where af~2(f, £) = 3 misr J(m)eime (1 — | m| 2/R?) @=D1,
To prove Theorem 4, we set
(24) Rﬁ Z ei(m,x)(l . I ml2/R2)((k—l)/2)+ﬁ — @ﬂR(x), ﬁ ~>—= 0,
Im|sR

and shall write ®}(x) as ®z(x). Then it is easy to show using the
standard techniques that Theorem 4 will follow once we establish the
following:

there exists an %o in T% — B(0, §) and an increasing sequence
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(25) {Rj}:‘o-l such that lim {<I>R,.(xo)| =
J—o o

For consider the Banach space ® consisting of all real-valued func-
tions in L! on T which vanish almost everywhere in B(0, 8). Then
of V2 (f, 0)=(2m)~*[r,f(x)®r,(x)dx glves rise to a sequence of
bounded linear functionals F; on ®, i.e. F;(f)= 0(*“”/2()’, 0). If the
conclusion to Theorem 4 is false, then supy ] F j(f)l is finite for each
f in ®. But then by the Banach-Steinhaus theorem, sup; | F| is
finite. However

l]F,” = (2r)~* sup | @Ri(x)l .
z in Tp—B(0,8)

Therefore ]lF,Il g(Zr)""[@R,(xo)] with x¢ given by (25), and conse-
quently sup; |<I>Rj(xo)| is finite. But this is a contradiction to (25);
and we conclude that Theorem 4 is valid.

Therefore to establish Theorem 4, we only need to establish (25).
We shall show even more (see Lemma 6 and the paragraph preceding
it), namely lim SUpz..« I¢I>R(x)| = o except possibly for a set of meas-
ure zero in T%. In order to do this we need a sequence of lemmas the
first of which is the following:

LeEMMA 4. Let f(t) be a real bounded measurable function in 0 <t< o
for which

T
a(s) = lim T f f()e=setds
T—eo 0

exists for every s in 0=Ss< . Then a(s) is different from zero for at
most a countable set of numberss which we shall denote by S = {81,53, .. }
If the numbers in S are linearly independent with respect to integer
coefficients, then

| a(s)| + |a(sd)| + -+ < oo.

(We say the numbers in S are linearly independent with respect to
integer coefficients if (ci, * -+, ¢,) is a set of integers with &+ -
+&#0, then D", ¢;5;540.)

We first note that indeed a(s) #0 for only a countable set of non-
negative real numbers. For let 7, - - -, 7, be a set of distinct non-
negative real numbers, then

o) T f (10 = Z atriere][ 160 = E st arz o

§=1 j=1

Letting M be the L*-norm of f on (0, ) and observing that for
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B0, T-[Te®tdt—0 as T— », we see from (26) that D> ., ]a(r,-)l 2

=< M?; consequently the set S of the lemma is at most countable.
(Note that zero is not in S because of linear independence.)
Next for s; in .S, we write a(s;) = la(s,-)le“"’i and form

q
(27 K(t) =] K(st—8) 20
J=1
where K(t) =1+ (e¥*+e#)2~1=1+4cos £=0.
Then from (27) we observe that

(28) K () =1+ 2! Z [eieitei8i + e—ieiteti] + R, (f)
J=1
where R,(f) is a finite linear combination of eilasit---ta%)t with
=0or *1 and at least two ¢, are different from zero. Consequently,
because of linear independence, es;+ + + + +€.5, is not in S and not
equal to zero. Likewise — (es1+ -+ + +€,5,) is not in S and also is
not equal to zero. Therefore

T
(29) lim 7! f SOR(®)d =0 and lim 7 f R ()dt = 0.
Tow 0
We conclude from (28) and (29) that

lim 7 f FORG)dt = 2 32 [a(s)e= + als;)e]

T— 0 J=1

=Z |a(5j)|~

=1

On the other hand by (27), (28), and (29)

T T
lim 7! f JOK(dt = M }im T! f K (H)dt =
0 — 0 0

T-w

We conclude that

q
Xlas)| =M
j=1
and Lemma 4 is established.
From Lemma 4, we see that the first step in establishing (25) is to
show that R—1[Z®,(x)e-?dr tends to a finite limit for 0N < . We
do this with the following lemma:

LeEMMA 5. If x is not of the form 2wm where m is a lattice point, then
for each N in 0 SA<
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R
lim R! f &, (x)errdr
0

R—w»

exists. It equals 0 if N#Nu(x) for every m, and it equals ckl)\m(x)|-"
if N=Nn(x) where

An(x) = | 2rm — xl
and ¢ 1s a nonzero constant.

To establish Lemma 5, we first establish the following remark
[31, p. 91].

REMARK 1. Let g be a continuous function in L' on Ei and let § be
its Fourier transform. Suppose there exists a constant A and an €>0
such that Ig(x)l _.<__A(1+|x|)—(’°+‘) and Ig(x)| éA(l—{—[xl )=&t+o Then

(30) 2 g(x — 2am) = 2 g(m)eim=),

To prove the above remark, we note that both sides of (30) con-
verge absolutely uniformly for x in any bounded domain and repre-
sent periodic functions of period 27 in each variable. Furthermore,
the moth Fourier coefficient of the right side of (30) is g(m,). The
moth Fourier coefficient of the left side of (27) is

@n+ [ )

k

e=im) 3" g(x — 2em)dx = 2n)~* | g(x)e~imoddy = g(myg)
m By

and the remark is established.

Taking g(x) in Remark 1 as Jk+ﬂ_1/2(,Rl x|)/| x] k+6-1/12 B3>0, we ob-
serve from (14) with a=(k—1)/248 and ¢(k, o) =2°T (a+1)/(2m)*/?
that

c(k, (k — 1)/2 + B)RV/>6 fEke—.-(u.n %I%_I_)_
=1 - |y|/RyeDr+e for |y| <R
=0 for | y| > R.
We conclude from Remark 1 and (24) with
b(k, B) = c(k, (k — 1)/2 + B)(2m)**1/2
that

b(k, B)RM? > Jitp-1/2[ RAm()] .

ﬁ o
(31) @R(x) = (27'_)1/2 -~ [A,,.(x)]""‘""l“
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We next obtain from [35, p. 197] that there exists a constant 4 (k)
such that for 0<8<1/4 and {>0,
| Ters-1a(®) — (2/)¥2 cos [t — (& + B)x/2]| < A(R)/1.
Consequently from (31), we see that for 0<8<1/4 and R>0,
8 [RAn(x) — (& + B)7/2]
2a(®) = [0k B)/m] 2 cos s

where A (k) and B(k) are constants depending on % but not on 8. (Of
course, B(k) also depends on x, which is fixed and not of the form

2wm.)
Therefore for R>0 and 1/4>3>0,

B —17 - —1 g B T )~
lR" f B(@)e"dr — b(k, B)(27R) ‘Z{e i f ¢ Mgy
0 m 0

2B(k)
Rz

< B(k)/R'?

(32)

R
+ gittBIw/2 f e—ir[’\m(z)ﬂldr} / [)\m(x)]k-l-ﬂ
0

If As#\.(x) for every lattice point m, we see from (32) that

lfR B
— ®.(x)e™dr
&/, %

b(k, B) e i®HT 123 Om 2)-ME — 1]
T aR 4 iPAn(@) — N][Am(x) |5+
b(k, B) i+ /2 =i Om IHVE — 1] 2B(k)
2zR %: iAn(@) 4+ N [Anm(z)]5+ Rz

<

Passing to the limit as 3—0, we see that for R>0,

R
l R f &, (x)e~ i dr
0

— __b(k’ _0). — ik |2
2R 27 (@ — ADm@]F

b(%, 0) Z - [e—e[x,,.(z)ﬂ]n — 1] < 2B(k) .
2rR ‘4 iAm(2) 4+ N][Am(x)]* Rz

[eiPm@—NE — 1]

+

Consequently if A=\, (x) for every m,

R—w

R
lim R-! f &, (x)e~iMdr = 0,
0
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On the other hand proceeding as above we see from (32) that if

)\=)\mo(x)s

R b(k, O)¢—itr/2
lim R! f &, (x)eMdy = —————
R 0 2 [Ny () ]*
Since
b(k, 0)
= (2m)¥12c(k, (k — 1)/2)
27
(27)+—1/2
= ————— 26-L2D(k + 1/2),
o (k+1/2)

we see that the lemma is established.

Since every x in 7% —0 is not of the form 27m and since further-
more D |Aa(x)| ==+ =, we see from Lemmas 4 and 5 that we
cannot simultaneously have supocr<es [<I>R(x)l < o and {)\,,.(x) Yo
linearly independent with respect to integer coefficients. Conse-
quently to establish (25) and therefore the theorem, it is sufficient to
establish the following lemma ([3, p. 190] and [30, p. 166]):

LEMMA 6. The sequence {\,(x) } . is linearly independent with respect
to integer coefficients for almost every x in Ty.

Let {mi};2, be an enumeration of the lattice points in E;. We first
observe that \,i(x) is a real-analytic function of x in E;—27m’, and
consequently for integers ¢, +- -, ¢, with &+ .- 4+ #0,
> r 1 ciAmi(x) is a real-analytic function in Ej except at the distinct
points 27wm!, - « -, 2wrm™. Let A4.,...,, be the set of points ¥ in Ej
such that D% ; cAmi(x)=0. If 4,...,, is a set of positive measure,
then it is not difficult to show that

(33) > cihmi(®) = 0 for all x in Ey.
J=1

But (33) is impossible if &+ -+ - +Z#0. For suppose cj, #0.
Then (33) implies that O\ni1(x) /9%, tends to a finite value as x—2wmit,
On the other hand an easy computation shows that

lim O\ni(x)/dx1
Z—2mrmit

does not exist. We conclude that 4.,...., is of measure zero in E;.

Let 4 designate the (countable) union of all such 4,,...,. Then
A is of measure zero in Ej. If x is not in 4, {A\mi(x)};2, is linearly in-
dependent with respect to integer coefficients. The lemma, and con-
sequently the theorem, is established.
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We close this section by stating some recent theorems of Stein
concerning Bochner-Riesz summability of multiple Fourier series at
the critical index a= (k—1)/2.

Let C(x, r) be the (£ —1)-sphere which is the boundary of the &-ball
B(x, r), and, as before, let w;_1 be the (¢—1)-volume of C(0, 1), the
unit (k—1)-sphere [see the paragraph between (4) and (5)].

Setting f7(x) = (Ws—17*"1)"1fcw.nf(¥)dc(y) where dc(y) is the natural
(k—1)-volume element on C(x, r), and setting 8(x, 7) =f"(x) —f(x),
we shall say f satisfies a Dini condition at «x if there exists an 7>0
such that

fﬂr“ll 8(x,7) | dr < .
0

The following theorem then prevails [31, p. 107],

THEOREM 5. Let |f| log* |f| be in L* on Ty and let f be extended by
periodicity to all of Ex. Also, let S[f]= Y mf(m)ei™=. Suppose that f
satisfies @ Dint condition at xo. Then

lim > fm)eim= (1 — | m|?/R2) D12 = f(x).
RBoo |misR

We note that if fis in L? on T} for p>1, then |f| log* lf] isin L!
on T and that the case fis in L% on T3} is already contained in the
original paper of Bochner [3, p. 207].

For the proof of the above theorem, we refer the reader to Stein’s
paper [31]. The essential idea in the proof is to make a nontrivial
estimate of the difference of the corresponding “Dirichlet” kernels on
T and Ey, i.e. of the difference

Z eima) (1 — l m|2/R2)(k—1)/2 _f el (1 — | yl2/R2)(k—l)/2dy.
Im|sR B(0,R)

Stein furthermore puts the critical index in proper perspective by
establishing the following generalization of Kolmogorov's classical
result on one dimensional Fourier series.

THEOREM 6. There exists an f in LY on Ty, with S[f]= 2w J(m)eitm»
such that for almost every x in Tk,

limsup| 35 fom)et (1 = | m|y/R)ED1| = 4 oo,
B—-o  ||m|sR
For the proof of the above theorem, we refer the reader to Stein’s
paper [30, p. 165]. The essential idea in the proof is to apply a theo-
rem proved in the paper concerning weak type operators.
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4. Uniqueness. We now turn our attention to a different aspect of
multiple Fourier series, namely the uniqueness theory of multiple
trigonometric series.

In view of Theorem 2, one is led naturally to the following question:

If limg.oy Z,,. apeima—Init=( for all x in T%, is ¢,=0 for all m?

Since the series with coefficients a,, defined by @, =0 for w3+ - - -
+mi#0 and an=m; for mi+ - - - +mi=0 has the property that
lim; o4 Em Gpeima—Imlt=( for all x, we see that another condition
is needed on the a, in order to answer the above question in the
affirmative. A natural condition, in view of the above, is
D r-i<im sk | @m| =0(R) as R— . The following theorem established
by Shapiro [25], prevails.

THEOREM 7. Given the multiple trigonometric series 3 m Gpmeit™®
where the a. are arbitrary complex numbers. Suppose that

(1) Dor-i<imisk | @m| =0(R) as R— ),

(i) limiao D m Gmeim®—Imlt=0 for x in Tyu—0.
Then a,=0 for all m.

Before proving the above theorem, we would like to make a num-
ber of comments. In the first place, in view of the preceding remarks
the condition (i) cannot be replaced by > r_icimisr lam| =0(R) as
R— . In the second place the above theorem is false in one-dimen-
sion (we are assuming throughout this survey that k=2) as is easily
seen from a consideration of the Fourier-Stieltjes series of the unit
mass placed at the origin in T1. However, if (ii) is replaced by the
condition “0 in all of T3,” then the above theorem is true in one-
dimension and is due to Verblunsky. (For a history of the aspects of
the above theorem, see [37, pp. 382-383] and many other places.)
The k-dimensional version requires several new and interesting ideas.

A much more general version of Theorem 7 involving upper and
lower limits of the Abel partial sums and functions in L* on T} actu-
ally prevails. For the full statement and proof of these theorems due
to Shapiro, we refer the reader to [25] (and also to [27, Chapter 1]
where analogous theorems for the two-sphere are established. See also
[19; 12; 17; 18]).

In order to prove Theorem 7, we first need the concept of an upper
and lower generalized Laplacian which we define as follows:

Let G(x) be a function in L! in a neighborhood of the point x,, then
using the notation previously introduced (see (20)), set G(xo)
=|B(xo, k)| ~fB(0mG(x)dx. Then we call A*G(xo) the upper gen-
eralized Laplacian of G at xo and define it by
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A*G(x0) = 2(k + 2) lim sup [Ga(wo) — G(x0)]/R2.
h—0

In a similar manner, we define Ay using lim infs..o.

It is to be noticed that if G(x) is also in class C? in a neighborhood
of xo, then A*G(x0) =AxG(x0) =AG(xo) where A designates the usual
Laplace operator.

The following lemma then prevails:

LeMMA 7. Let G(x) be a function in L' on Ty, and extended by periodic-
ity to all of Ei. Let S[G]= D2 m G(m)ei™= and for >0, set G(x, t)
= > G(m)eimd=Imit, Syppose lim,.op G(xo, £) =G(xo) exists and is
finite. Set v*(x0) =1im supiaor — D m| m| 2G(m)eitm==Imt and define
vx(xo) similarly using lim inf;,oy.. Then

(a) A4G(x0) =v*(x0) and

(b) vx(x0) SA*G(x0).

(For the one-dimensional analogue of the above result see [37,
p. 353].)

To prove the lemma it is sufficient to prove (a), for (b) will then
follow by considering —G(x). With no loss in generality, we can also
assume that x¢=0 and G(0) =0.

If AxG(0) = — 0, or if v*(0) =+ « (a) is already established, so
we can also assume that A«G(0) > — « and y*(0) <+ .

Suppose (a) does not hold. Then there exists a constant # such that
AxG(0) >5>~*(0). Since we can find a periodic function A(x) which
is in class C* with the properties that A(0) =0 and AX(0) =7, we can
assume that 7=0. We prove the lemma by showing that A«G(0)
>0>+*(0) leads to a contradiction.

First suppose v*(0) <0. Then with G;(0, ) designating dG(0, t)/dt
we observe that lim sup:.o —Gu(0, £)=v*(0) <0. Consequently,
G(0,t) >0 for ¢ sufficiently small, and therefore for ¢ sufficiently small
G¢(0, t) is an increasing function of £, i.e. there exists a o> 0 such that
G0, ) is an increasing function in the interval 0<¢<Z,. Also
G(0, 1)/t=G(0, s) where 0<s<t by the mean-value theorem, since
lim¢.o G(0, t) =0. Therefore lim sups.o d[G(0, t)/t]/dt<0 is incom-
patible with the fact that G.(0, ¢) is an increasing function for
0 <t <. Consequently, if we can show that

(34) if AxG(0) > 0,  then lim inf — d[G(0, #)/t]/dt > 0,
t—0

we shall have arrived at a contradiction.
We now establish (34). Observing that I B(0,r) | G:(0) = [50,nG(u)du
we obtain from (17) that for £>0,
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0
G, 1)/t = 4 f [£2 ++ £2]-+D 235G (0)
0

=4 f HG,(0) [12 4 12]- @012y,
0

where 4 and A4’ are positive constants. Since G.(0)=0(1) as r— »,
we conclude that

(35)  d[~G(0,8)/t]/dt = A"t f "RG0 + ]9 g,
0

where 4’ is a positive constant. By the assumption in (34), there
exists ko> 0 such that for 0 <7 <8, G,(0) > r2he. We thus obtain from
(35) that

8
lim inf d[—G(0, ¢)/t]/dt = A" lim inf ¢ f 7ot [42 + #2]=G8)i2gy,
-0 t—0 0

> hoA”fwf"""[l + ,z]—-(k+5)/2d,
0

> 0;

(34) is established, and the proof of the lemma is complete.

We now prove the theorem. From a consideration of the series
Zm (@m+d_n)ei™= and Zm 1(@m— G_m)e'™? we see from the start
that it is sufficient to prove the theorem under the additional as-
sumption @, =@_n, which we shall henceforth make.

We next set for £>0,

fa, ) = 3 amettnrini,

m
fl(x) t) = - E a,,.l m I—lei(m'x)—-lm[t,
m<0

Flx, 8) = — Y dml ml-—-2ei(m,z)—|m[g’
my0

f*(x) = limsupf(x,¢) and fix(x) = lim inf f(x, &),

(36)

and observe that

(37) forxinTp, 0, limfi(x,#) and lim F(x,?) existand are finite.
t—0 t—0

To see this, fix x in T»—0. Then by (ii), there exists a constant
K depending on x such that | fx, t)| =K for t>0. Then by the
mean-value theorem for 0 < #; < f3, there exists an s such that
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|f1(x, t2) — f1(x, tl)] = ]f(x, s)—-ao| (t2—t1) where 0<t;<s<t,. There-
fore, fi(x, t) satisfies the Cauchy criterion for convergence and the
first part of (37) is established. Repeating this same argument for
F(x, t) establishes the second part.

Using (37), we define the periodic function F(x) in E; for x2wm
by F(x) = lim;.o F(x, ). As is easily seen, (i) implies that
Z,,.,éoz%amlzﬂ m|4< o, Consequently F(x) is in L? on Ty and S[F]

st Q@ ™12) [ lml2 Using the notation of (20), (i), and the
fact that |B(x, h)|—lfB(,,;.)e"('”-”)dy=uke"("'-’).7k/z(lml h)(|m[ h)—kI3
where ux is a constant depending on k2 but not on m, we conclude
that for 2>0,
38)  Fa@) = — m 3 antea(| m| e/ | m|2(| m| myrrs,
mz=0

(Note that it is clear from (38), that u;'=Ilim..o Ji2(t)¢*/2. Also,
note that the series in (38) is absolutely convergent.)

We next obtain from (ii), (36) and Lemma 7 that

(39) A*F(x) = — ap and A«F(x) £ — ao for x £ 2wm.

Consequently, it follows from well-known theorems concerning
generalized Laplacians [21, p. 14] that if B(x,, 4o) contains no point
of the form 2mwm and if F(x) is continuous in B(xo, ko), then (39) im-
plies that F(x) -I—aol x[ 2/2k is actually harmonic in B(xo, ko).

We now show that given such a B(x,, ko), F(x) is actually continu-
ous there, which is the heart of the whole proof. In order to accom-
plish this, we first need to establish some more facts concerning F(x).

We set ai(t) =supocasSUps 4 | Falx) — Flx, h)] and shall show
that
(40) im 0(1(t) = 0.

t—0

It follows from the definition of F(x, k) in (36) and Fu(x) in (38)

that

S_ukal Fa(x) — F(x, %) |

(41) zim
= 2 |an| [e™® = widipam| k| )(| m| ByH2| | m|-2.
m=0

We split the sum on the right side of (41) into two parts, A, and
Bj, with Aj designating the sum over the lattice points m, 15 |{m
=k, and B; designating the sum over the lattice points m, |m
=h1. To establish (40), it is sufficient to show that lims.o 45=0
and lim;.*o Byr=0.

Observing that there is a constant K such that
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| e — uk.fklg(r)r"‘”l = Kr for0=7r <1,
we see from assumption (i) of the theorem and (41) that
A=Kk Y, | an| |m|™t = ho(h).

1ziml skt
Therefore, limy_.o 43 =0.
Using the fact that there exists a constant K such that ]Jm(r)[
< Kr~Y2, we obtain from (41) and from assumption (i) of the theorem
that for % small,

Bh é 0(1) e"f}'r"‘ldr + 0(h“(k+1)/2) r_(k+3)12df.
h1-1 h1-1
We conclude that lims.o B,=0, and, consequently, that (40) is
established.
The next fact we establish concerning F(x) is the following:
Set a2(t) =S8UDPo<rst SUP|z—p|sh,z and p in Ex I Fh(x) - Fh(p)l . Then

(42) lim as(f) = 0.
t—0
By (38),
sup | Fu(x) — Fi(p) |

|z—p|sh,zandp In B,

= sup Mk
|z—p|sh,zand p in B, 15im|gh—1

L anl L3 ml D1 [l s 2] s — o]
+2m 2 | | am| | Jese(| m| B) | (| m] By=+2| m |2

rlg|m

(43)

= A} + By.

To establish (42), we have to show that both 4, and By tend to
zero as h goes to zero. That lim,.o BY =0 was already shown when
we established (40). For A,/ , we observe that

Al w2 anl| [ Tue(m| B[ (| m| By m|=2{m| b

1simlght

oWk X |aw| |m|

1s|m|sh-1

< O(V)ho(iY).

Consequently, limj.o A¥ =0 and (42) is established.

Next, using the fact that f(x, ) is continuous for >0 and periodic
in the x variables, we select a sequence t;>£,> + « « >, + + - =0 such
that


supis_.pi
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44) sup  sup I flz, 8) — f(=, t,,)i =1

zin B, tastst,

Now, let B(xo, k) be an open k-ball whose closure B(xo, ko) con-
tains no points of the form 27m, m an integral lattice point. We
propose to show that F(x) —|—ao| x| 2/2k is continuous in B(xo, k). By
(ii) of the theorem, limy., |f(x, £,)| =0 for x in B(xo, ko). Conse-
quently if B(y, s) CB(xo, ko), s>0, there exists (by the Baire category
theorem, see [37, p. 29 (12.3i)]) B(y’, s) CB(y, s), s'>0, and a con-
stant K such that [f(x, t,,)] <K for x in B(y', ') and n=1,2, - - - .
But, then by (44), |f(x, t)| SK+1 for 0<¢=<t# and x in B(y, s').
Employing the same technique used in establishing (37), we obtain
that fi(x, t) and F(x, t) converge uniformly as {—0 for x in B(y/, s’).
Consequently, F(x)+ao|x|2/2k is continuous in B(y', s'), and we
conclude that the set of points Z C B (%o, ko) at which F(x) +aol x[ 2/2k
is not continuous must be nondense (nowhere dense).

We next observe that Z contains no isolated points. For if 2, were
an isolated point of Z, then there would exist s,>0 such that F(x)
+ao| x| 2/2k would be harmonic in the punctured k-ball B(z, 2s0) — 2.
Therefore by (37), (40), (42), and the mean-value theorem for har-
monic functions, for x in B(2y, k) —2p and 0 <k <sp

IF(zo) + aol zol2/2k — F(x) — aol xP/ZkI

F(z0) + aol 20 [2/2k

— on—z 0 2q B y 0 — 2k
R R EI A E A BRI N E
= | F@o) = Fiaa@ |

+ l aOI fB(z.lzo—zl)(‘ ylz a l 20l2)dy’/ I B(x, izo - xl ) I 2k

< | FGo) = Prapa(@® | + o(1)
S | F(z) = F(ao,| 20 — %[ )| + | Flzo, | 20 — %] ) = Fiag-a1(20) |
+ | Flap—ei(20) — Fiea1 (%) | + o(1)
= o(1) + (k) + az(h)
=< o(1).
Consequently, lim, .., F(x) + ao|%|2/2k = F(z) + ao 20| 2/2k. We

conclude that Z can contain no isolated points.
Next, let Z designate the closure of Z. Since |f(x, £)| —0 for x in
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Z and since Z is a perfect, we can obtain once again from the Baire
category theorem and (44) that if Z is a nonempty set that there
exists a 2 in Z and an s,> 0 with B(zo, 250) CB(x0, %0) and a constant
K such that

(45) |fG, )] S K+1  for z in ZB(2, 2s0).

We propose to show that F(x) +ao|x| 2/2k is actually continuous
at 2, and consequently that Z is the empty set, i.e. F(x) +ao| x| 2/2k
is continuous in B(xo, o).

Employing the same technique used in establishing (37), we see
from (45), that fi(z, t) and F(z, t) converge uniformly as t—0 for z
in ZB(zo, 250), and consequently since this latter set is closed that
F(x) is continuous for x restricted to ZB (2, 250). Therefore given an
€>0, choose s; such that 0<s;<sp and such that

(46) | F(z) — F(z0)| < e for z inZB (g, s1).
Next, using (40), (42), and (45) choose s; such that
ai(s) < e and ax(s) <e for 0 < s < s9;
| ao| (2] 20| + 3s2)s2 < ¢
| F(z,s) — F(3)| <e for0<s<s, and zinZB(z,2s0);
259 < $1.

(47)

We propose to show that
(48) | F(«) — F(z0)| <S¢  for x in B(zq, s2).

If x is in B(zo, s2) and «x is in Z, then (48) holds by (46) and (47).
We can therefore suppose that x is in B(2, s2) and x is not in Z. Let
2 be the closest point in Z (or one of the closest if more than one
exists) to x. Then Iz’——xl =s53<s2 and F(y)+ao|y]2/2k is a har-
monic function in B(x, s3). Therefore,

| F(¥) — F(z)| < | F() — F(&)| + | F(z)) — F(z0)|
S | Fo® — PG| + | ao

fB( u)“yP_ lxl2]dy IB(x,ss)I—l

+ | F() — F(z0) |
= lFsa(x) —F(Z’)I + 2¢,

(49) 2

by (46) and (47).
But once again by (47),
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| Fu(2) = F(2)| S | Fu(®) — Fo(@) | + | Fu(@) — F(@, 59) |
+ | F(z,s9) — F(2) |
< as(ss) + a(ss) + | F(g,s9) — F@) | = 3e.

This last part coupled with (49) gives us (48). We conclude first
that F is continuous at 2, next that Z is empty, and finally that
F(x) +ao| x| 2/2F is harmonic in B(xo, ko).

Since B(xo, ko) was any open k-ball in E; whose closure does not
contain a point of the form 2wm, we have that F(x) +ao|xl 2/2k is
harmonic in E,—U,, {27m}.

To complete the proof of the theorem, we need the following
lemma.

LeEMMA 8. For t>0, set
Ho(x, t) —_ Z ei(m.z)—lmlt/l le’

mz0
and for j=1, - - - | k,
Hi(x, ) = 2 imeima=imit/ | |2,

m=0
Then for j=0,1, - - - , &,
lim Hj(x, t) = H;(x) exists and is finite for x % 2am, Hi(x) is in L' on Ty,

1—0

and
lim ! Hj(x,t) — Hi(x)| dx = 0.
t—0 Ty
Set
&%) = @m)*wp—1(k — 2)]7| 2|~  forainTp —0 and k=3

= (2) log | « |~ forxinTy—0 and k=2,
and extend ®(x) by periodicity to all of Ei. Then
lim [Ho(x) — &(x)] exists and is finite
and e
Ho(x) — | x|2/2k is harmonic in Ey — g {27m}.
Furthermore, for j=1, - -, k,

lim Hj(x) + (2m)*x;/wi— | % |* exists and is finite
lz]—0

and
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Hj(x) is harmonic in Ex — U {2wm}.
m

Let us temporarily assume the validity of the lemma, complete
the proof of the theorem, and then prove the lemma.

We have that F(x)-+ao|x|2/2k is harmonic in Ex—Un {27m} and
that F(x) is a periodic function in L? on E;. It is well known [16,
p. 269] that under these conditions there is a function U(x) which is
harmonic in B(0, 1) such that (with ®(x) as in Lemma 8)

(50) F(%) + ao| #|2/2k = U®) + ¢ ®(x) + f: Varos(x| 2|0 ] 2|
nek—1

for x in B(0, 1) —0 where Y, is a surface spherical harmonic of order
n and the series on the right side of (50) is uniformly convergent
outside of any sphere containing the origin. (Note that in two dimen-
sions, using polar coordinates (r, 0), ¥, is a linear combination of
sin 70 and cos n8.) The fact that F(x) and ®(x) are in L! on B(0, 1)
immediately implies that Y,(x) is identically zero for #=k. We con-
clude, consequently, from (50) that

F(x) + ao| x|2/2k
k
= Ux) + cf®(x) + 2 ¢! x,-l x|+  forxin B(0,1) — O,

J=1
and, therefore, from Lemma 8 that there are constants ¢, ¢y, * * * , €
such that
k
lim F(x) 4 (a0 — co) | #[%/2k + 2 o;H(#)
(51)  |z1-0 =0
=  where 8 is finite-valued.
Setting
V(x) = F(x) + (a0 — co) I x|2/2k
k

(52) + > ¢;Hi(%) forxin By — U {2xm}.

J=0 m
V(2rm) = 8+ (a0 — ¢o) l 2am |2/2k,

we obtain from the periodicity of F(x) and H;(x) and (52) that V(x)
is continuous in E; and consequently from Lemma 8 and the proper-
ties already established for F, that V(x) is harmonic in E; But
V(x) — (@o—co) | x| 2/2F is periodic and therefore bounded in Ei We
infer, then, from well-known properties of harmonic functions [16,
pp. 252-253] that V(x) must be a polynomial of degree less than or



74 V. L. SHAPIRO [January

equal to two. However, the only way that the polynomial V(x)
~(ao—co)|x| 2/2k can be periodic is if it is a constant. We conclude
from (52) that there is a constant K such that

k
(53) F(®) + 2, ¢iHi(x) = K forxin B — U {2xm}.
3=0 m
From the definition of F(x) and Lemma 8, we obtain from (53)
that

k
(549) am + co = — D icim; for m # 0.
j=1

By (i) of the theorem, a,,.+co=o(| m]) as m— o, We conclude
from (50) that ¢;=0 for j=1, - - -, k and therefore from (50) that
@m=—C¢o. But by (i) of the theorem Y rgimisk+ |a,,.| =0(R) as
R— w0, On the other hand the number of lattice points in the annulus
R= [ m| SR+1 is O(R*1) as R— . ¢y must therefore be zero, and
consequently @, =0 for m 0. But then by (ii) of the theorem, a,=0,
and the theorem is established.

We now prove Lemma 8 (see [24, p. 500]).

We first show that there exists a continuous periodic function ¥ (x)
such that

d(m) — (m) = I ml—” for m # 0,
&(0) — ¢(0) =o.

(56) S lem)| < .

(55)

Observing from Green's second identity that for k=3 and m=0

f | xl—-(k—Z)e—i(m,z)dx
Ti—B(0,¢)
= f e=ima) | |29 | & |~ ®=2/andS + o(1)
[Tr—B(0,¢)]

with a similar remark holding for log |x|~!, we obtain in a manner
similar to the establishment of (5) that for m 0

d(m) = Iml""’
explilm, z1+ - - - + mgwy + + + - + mym)]
*
~cosmymdxy + ¢+ - dxy c - - day

(7

k
d -2
+di| m] j{;{ _— [+ -+t - 2o
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where d; is a constant depending on & but not on m and mx} stands
for the deletion of mjx;.

We now define ¥(m) to be the second expression on the right in
(57) if m5£0 and $(0) =&(0). ¥(m) consequently satisfies (55). To
show (56), we observe that for m;40

[ ]

2 B sin mi1xXy X1 J
N - SRR S L S [

and obtain consequently that there is a constant di such that

58) [$em | = at([m] + 07 X (fm] + 17

(Jms| + 0% (m]| + 1)
On the other hand,

[(lmll +1)- --(Imkl -|-1)](k+1)/k
(59)
< (|m| + 02| m| +1) - (m] + 0% (| m]| +1).

(58) and (59) imply that
2 em| sk ZAm| +1 - (] + D08 < o,

and (56) is established.

We now define ¥(x) = D_m ¥(m)ei™= and obtain that ¢(x) is a
continuous periodic function and furthermore that
(60) 3() = ¥(@) ~ X @/ | 2

mz=0

Setting Ho(x, ) = D mwo €itmd=Imit/ I m] 2 it now follows immediately
from Theorem 2 that lim;.o Ho(x, ¢) = H,(x) exists and is finite for
x in Ez—U, {2rm} and furthermore that for x in Ez—U, {27m},
Hy(x) =®(x) —y(x). But ¢(x) is a continuous function. Consequently,
lim .0 Ho(x) —®P(x) exists and is finite.

To complete the part of Lemma 8 dealing with Ho(x), we have
to show that lim;.o Ho(x, ) =H,(x) in the L-norm on T and that
Ho(x) — | x| 2/2F is harmonic in Ex—U, {27m}.

In order to accomplish this, we look at the function P(x, #)
= D eima=Imlt for t>0, Using the calculations in Theorem 2, we
see that
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(2m)* gmien—lultdy = b2 + | x|2]- D12
By

and consequently that
bit[t? + l le]-(k+1)/23i(u.z)dx = ¢lult,
Ey,
But then by Remark 1, (30),
bi(2m)k D [12 4+ | & — 2am |2]-0+DI2 = P(x, 1),

We conclude that
(61) P(z, 1) 2 0,
(62) lim P(x,t) = 0 uniformly for xin T% — B(0, €) for ¢ > 0.
t—0

We next establish the following remark:
REMARK 2. Let f be a funcition in L* on Ty and extended by perio-
dicity to all of Ei. For >0, set A(f, x) = > fm)eitma —Imit, Thepn

lim . | 4.(f, ) — f(2) | dx = 0.

Observing that A.(f, x) = Q2n)*[r.f(x—3)P(y, t)dy and that
@2m)~*[r,P(y, t)dy=1, we see that

A(f, 2) — f(x) = Q@m)~* . [f(x — 5) — f®)]P(y, )dy

and consequently that

J 140 - s
)" ) -3 - d
@ seof 2o [ 1se-9-1o]e]s

seo [ po0] [ 19 -] as]ar 4+ o

by (62) for 0<d<1.

Using the fact that limy .o [r,| f(x—9) —f(x)|dx=0, Remark 2
follows immediately from (63).

Since Hy(x) =®(x) —¢(x) is in L! on T}, it follows from Remark 2
that [r,| Ho(x, £) — Ho(x) | dx—0 as t—0.
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Next, let 9 be a point in Ez—Un,, {27rm}. Then there exists ¢>0
such that Ho(x) is continuous in B(xo, €) since it is equal to ®(x)
—y(x) in this k-ball. By Lemma 7 and (62) Ax[Ho(x) —|x|2/2k] <0
and 0 SA*[Ho(x) — | x| 2/2k] for x in B(xq, €).

But then by [21, p. 14], Ho(x) —|x|2/2k is harmonic in B(x, €),
and all the statements concerning Ho(x) in Lemma 8 are established.

To establish the rest of the statements in Lemma 8, we note that
for €¢>0 and small that Yy (x)+ | xl 2/2k is harmonic in B(0, €) —0, and
furthermore that 1//(x)+]x|2/2k is continuous in B(0, €). Conse-
quently, ¥(x)+| x|2/2k is harmonic in B(0, €), and therefore
limsy.0 0Y(x)/dx; exists and is finite for j=1, « + -, k. But then

(64) lilm dH (x)/0x; + (21r)kx,~/wk_1‘ % l" exists and is finite.
lzl—0

Also, from what has already been established, we know that
dHo(x)/0x; is harmonic in Ez—U, {2rm}. Furthermore from (64),
we observe that dH,(x)/dx; is in L' on T Consequently, it follows
from Theorem 2 that we shall have established all of Lemma 8 once
we show that

(65) f . dH(x)/dx;dx = 0,

(66) f e—im@IHo(x)/dx; = (2m)kim; | m |2 for m # 0.
Ty

To establish (65), let v(x) be the vector field defined in T3 —0 whose
jth component is Ho(x) and whose other (2—1) components are zero.
Then by the divergence theorem the left side of (65) is equal to

lim (v, n)ds.
€0 J J[T;—B(0,0)]
But Hy(x) is a periodic function. Consequently [yr,(v, n)dS=0.
Therefore the left side of (65) is majorized by

lim sup Imlax l Ho(x) l € lwgp_.
«—0 z|=¢

However we already have shown that H(x) =a(] xl 1-k) as [x] —0.
Consequently, (65) is established.

To show that (66) holds, we now let v(x) be the vector field defined
in Tx—0 whose jth component is e ™) Hy(x) and whose other
(k—1) components are zero. Then the same reasoning as above shows
that
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lim (v, n)dS = 0.

€0 Y 3[Tr—B(0,6)]

On the other hand, the divergence theorem gives

f (v, n)dS =f de=im» Hy(x)]/dx;dx.
d[Tr—~B(0,e)] Ty—B(0,¢)

We conclude that

I,

(66) is established, and the proof of the lemma is complete.

e~ im2)9Ho/dxdx =f tmiHo(x) e~ m2)dy

Ty

= im;(2m)* | m |‘2 for m # 0.

k

5. Conjugate Fourier series. In this section, we shall describe some
results in the theory of conjugate multiple Fourier series and the
related topic of analyticity in several variables. The conjugate series
will be defined by means of the Calderén-Zygmund kernel. (Other
names associated with the development of the singular kernel in-
volved are Beurling, Mihlin, and M. Riesz. See [8, p. 137].)

In order to place the theory in its proper perspective let us briefly
review some aspects of the theory of 1-dimensional conjugate Fourier
series. If g(x) is a function in L! on E;, then g(x)=P.V. gux~! is
defined to be the Hilbert transform of g where

P.V. gea~! = lim 71 f :[g(x —9) — gz + /v dy.

h—0

Now this limit exists almost everywhere, and it is well known that
if g(x) is in L'ML? then g (x) = —7 sgn xZ(x) (where sgn x=1 if
x>0, —1 if x<0, and 0 if x=0). However, even if g(x) is not in
L'N\L?, we still obtain [34, p. 147] that for almost every x

R

lim — isgnyg(y)ev(l — | | /R)* = g(x) fora>0.
R—w —R

To pass from Fourier integrals to Fourier series, we first observe
that [37, p. 73]
1 x ®
5 cot E = a1+ Y [(x+ 20m)~t — (2rm)~1] for x #£ 27m.

m=—c0

Next, we observe that if f(x) is in L! on T; and extended by periodic-
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ity to all of E;, then f(x) =P.V. f«2~1 cot x/2 is defined to be the
conjugate function of f where

P.V. fs2 1 cot /2
67 f«2"tcot x/

= tim (0 [ "[j(= = 9) = fGe + D127 cot y/2dy.
h—0 h

Now, it is well known [37, p. 131] that this limit exists almost every-
where, and that if f(x) is in L1, then f~(m) = —i sgn mf(m). However,
even if f(x) is not in L', we still obtain that for almost every x,
32w —1i sgn mf(m)en= is Cesaro summable of order o, a>0, to
f(x) for almost every x.

We note also that if the limit on the right side of (67) exists then

T

lim | [f(x—9) = f(x + 5)]27 cot y/2dy

h—0 h

A
= lim lim | [f(x— y) — flx + y)]y1dy.

h—0 A—ow h

Now the function x~'=sgn x|x|-!, and sgn 1+sgn—1=0. We
generalize this function to k-space by means of the kernel

(68) K(x) = W(x/| x|)| z|* foras=0
where W(x/ [ xl) satisfies the additional conditions:

there is a constant u such | W(£) — W (%) l = /-tl L—& l’,

69

(69) B> 0, for¢ and £ on C(0, 1) the unit (¢ — 1) sphere in Ej
and

(70) W(&de(®) =0

C(0,1)

where dc(£) is the natural volume element on C(0, 1).

A kernel K(x) of this type is called a Calderén-Zygmund kernel
and is clearly a generalization of the Hilbert kernel x~!in 1-dimension.
The generalization persists in the sense that if g(x) is a function in
L! on Ey, then g(x) = (2#)~* P.V. g« K is defined to be the Calderén-
Zygmund transform of g where

PV, K = lim [ses00 8e = DEGI.

It is shown in [8, p. 118] that this limit exists almost everywhere.
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It is also shown in [8] that the principal-valued Fourier transform
K(y) of the Calderén-Zygmund kernel K (x) exists for every ¥ where

K(y) = lim lim (27r)"°f e @NK (y)dy.
B(O,M)—B(0,6)

e—0 A—w

This limit is specifically evaluated in [27, p. 69] where it is shown
that if W(£) has the surface spherical harmonic expansion

WE ~ 3 Vald)

n=1

then for y#0,

(1) RO) = X (—)rValy/ | 3] T(a/2) /2T [0 + B)/2]w0,

n=1

where the series in (66) converges absolutely uniformly.

(The special case of (71) when W(£) = V,,(£) was first evaluated in
[5]. See also [9, p. 261].)

Next, we define K*(x) the periodic analogue of K(x) as follows:
(72) K*@) = K@&) + > [K(x + 2zm) — KQam)]  for & # 2am.

m#=0

In [9], it is shown that the series in (72) converges absolutely
uniformly for x in T (with a similar fact holding for x in any bounded
domain after a finite number of terms of the series are deleted) and
that for x #2mwm, K*(x+2wm) = K*(x).

If f(x) is in L' on T% and extended by periodicity to all of Ey, it
then follows that

0 J@=tmeot [ - KONy
«—0 T3—B(0,¢)
exists and is finite for almost every x.
It is easy to see that if [r,f(y)dy=0 and if the limit on the right
side of (73) exists and is finite then

go @ =imimaen [ fegxe.

Next, defining the principal-valued mth Fourier coefficient K*(m)
as lime.o 2m)~* [1,—p(0, 9~ ™= K*(x)dx it is shown in [9, p. 257] that
for m#0, K*(m) = K (m). It is, furthermore, shown in [9, p. 259] that
if f(x) is in L' on T, then ™~ (m) = f(m) K (m) for m5%0. Consequently,
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bearing the 1-dimensional situation in mind, it is natural to define
S[f], the conjugate series of S[f], as
(75) Sl = 2 Rm)fm)eim=.
m#0

We shall say that K(x) =W (x/ lxl )/ |x| k is a kernel in class C» if
W (£) is a function in class C* on the (¢ —1) sphere C(0, 1). The follow-
ing companion results to Theorems 1 and 2 of this survey were then
obtained by Shapiro in [27, pp. 43-44].

THEOREM 8. Let f be in L' on Ty and extended by periodicity to all
of Ex, and let S[f]= D m f(m)i®™®), Furthermore let K (x) be a Calderén-
Zygmund kernel in class C*+ and let K(y) be its principal-valued
Fourier transform. Set

Fa(f, ®) = . IEI . R(m)f(m)e

with(k —1)/2 <a=2(—1)+1/24fkisevenand (k — 1)/2 < «

S(k—1)/241 if k is odd. Suppose that

| B(xo, 1) I'lf

i(m,x)

1 — | m|/RY"

|f(x) *‘f(xo)ldx—»O as h—0.
)

B (zg
Then
im [ 3,20 ~ 1im S0 = DKG)dy | = 0
R-w Ao B(0,\)—B(0,R-1)

For the 1-dimensional analogue of the above theorem, see [37,
p. 95]. We obtain immediately from Theorem 8, (73), and (74) that
if [r,f(y)dy=0, then for almost every x, 52(f, ¥)—f(x) fora> (k. —1) /2.

The following companion result for Abel summability (Theorem 2)
is also obtained:

THEOREM 9. Let f be in L' on Ty and extended by periodicity to all
of Ex and let S[f]= D_nf(m)ei™=. Furthermore, let K(x) be a Cal-
derén-Zygmund kernel in class C*'? or C*+tVD12 gccording as to whether
k is even or odd. Set A,(f, x) = 2 mwo J(m) K (m)eima=Imit for t>0,
Suppose that | B(xo, k)| = p@on | f(x) —f(xe) | dx—0 as h—0. Then

lim I:fig(f, xo) — lim f(xo — y)K(y)dy:I =0,
t—0 A0 B(0,\)—B(0,%)
Actually both Theorems 8 and 9 are proved for a wider class of
Calderén-Zygmund kernels than indicated. In particular, Theorem 9
is true for kernels K in class C**, a> (k—1)/2. For the definition of
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the class C*2 and for the proofs of the above theorem, we refer the
reader to [27, Chapter 11].

Particular cases of what we have called the Calderén-Zygmund
kernel were as mentioned earlier previously studied by other indi-
viduals. In particular, the kernel K’,-(x)=x,~/|x|’°"’1 G=1,--+, k)
which clearly satisfies (68), (69), and (70) is referred to as the Riesz
kernel. (See [32, p. 30].)

The Riesz kernel is quite useful in studying generalizations of the
notion of analyticity. In particular if u(x) = [ui(x), - - -, ux(x)] is a
k-dimensional vector field in class C! in a domain D of E;, we call
u(x) an harmonic vector field in D if

(76) divu=0 and curlu=01in D
or otherwise stated
k
(77) Z auj/ax,- =0 and au,-l/axj, = au,v,/ax,', j1 75]'2.
1

It is clear that if 2=2 and % is an harmonic vector field in D, then
ug-+1uy represents an analytic function in D.
With K;(x) as above, it follows from (71) that for y>40

(78) Ri(9) = — i/ | 9| 26T[(k + 1) /2] 012,
Consequently, if S= Em anet™® it is natural to call
Si=—> im,-l ml—lame"('"'”), j=1,+-+-,k,
mz=0

the jth conjugate trigonometric series of S.
Letting S(x, £) = D _m aneit™a=Imlt and
Si(x,t) = — Z imil ml—xamee(m,z)—mu,
mz0

we see that the vector field
u<x’ t) = [Sl(x: t)) tt Sk(x: t): S(x) t)]

is an harmonic vector field in the variables (x4, * « «, xx, £) for £>0.

We shall say that S given above is a Fourier-Stieltjes series if there
exist a countably additive set function u defined on the bounded Borel
sets of E; which is of bounded variation on T%, which is periodic in
the sense that u(4-+42wm)=u(4) for every lattice point m and
bounded Borel set 4, and which furthermore satisfies

O = (2m)7* f e—ima)dy (x) for every m.
T

k
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Stein and Weiss [32, p. 55] have succeeded in generalizing the
classical theorem of F. and M. Riesz in the context of the above
terminology. It is a valid generalization in the sense that if one sets
k=1 and replaces e~t by r where 0 <t and 0 =7 <1, one gets back pre-
cisely the theorem of F. and M. Riesz. (See [37, p. 285].) The theorem
of Stein and Weiss (though stated in terms of Fourier integrals in
[32]) is the following:

THEOREM 10. Let S= Y, anei™® be a Fourier-Stieltjes series due
to the set function u and let S;= — D mxo imjl m[ ~lg,,eim2 be a Fourier-
Stieltjes series due to the set function u; (j=1, - -, k). Then u and
m; (=1, - - - | k) are absolutely continuous set functions. Furthermore
if f and f; are the functions in L' on T corresponding respectively to
w and uj, then there is a constant vy depending on k such that for almost
every x

/i) = lim tim o [ 1 = 3)9i 3 [-#+vay.
€0 A—w B(0,\)—B(0,¢)

There are other notions for generalizing the concept of analyticity
than that mentioned above. In particular, there is a method associ-
ated with the concept of Dirichlet algebras (see for example [15,
p. 54]). This concept leads to the following theorem of Bochner’s
[4, p. 718] (later reproved by Helson and Lowdenslager [14,
p. 184] using different techniques) which is also a generalization of
the F. and M. Riesz theorem:

THEOREM 11. Let S= 2, a,ei™ be a Fourier-Stieltjes series due
to the complex-valued set function u. Suppose there exists a v with 1>y
>0 and an x0#0 such that am=0 if (m, x0) <vy|m| |xo|. Then p is
absolutely continuous.

6. Riemannian theory. In this section, we shall indicate some of
the results in what is called the Riemannian theory of trigonometric
series, i.e. the local aspects of trigonometric series.

We shall first look at the theory of formal multiplication as de-
veloped by Berkovitz [1] and Shapiro [23] in k-dimensions (k=2).
These results generalize the 1-dimensional results obtained by Rajch-
man and others [37, pp. 330-344].

Let S1= D anei™® and Sy = D ome’ ™2 be two trigonometric series
with the property that for each m the series Y n la,,.a,,_.,,.[ <., We
then define the formal product S;=S1S: to be the trigonometric series

(79) Sy = D, Anei™® where Am = 2 Grln s
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The situation that will occur in the sequel is that the coefficients
in S; are “bad” in the sense that they grow large as ImI — o or at
least do not go to zero very rapidly and the coefficients in S; are
“good” in the sense that they go to zero very rapidly.

Given a closed domain D contained in the interior of T, we shall
say S= D m amei™ is a series in class (Sp) if

for every § > n, there exists an 4 depending on 8 such that

|am| < A(|m| + 1) for all m;

> i mj"ame‘(m'z)
T m
81) ‘a

(80)

= 0 for  in D and 4y, - - -, /5 non-negative integers.

We shall say that K (x) is a spherical harmonic Calderén-Zygmund
kernel if

(82) K(x) = Pu(x) | « |-+

where P, (x) is a homogeneous polynomial of degree z=1 and AP,(x)
=0. It then follows from (71) that

(83) R(m) = v(n, ) Pu(m) | m I“" form % 0

where y(n, k) =(—3)*T'(n/2)/2*T' [(n+k)/2]x*/2 In this section, we
shall deal only with spherical harmonic Calderén-Zygmund kernels.

The following theorem concerning formal multiplication of trigo-
nometric series then prevails (see [1, p. 326 and p. 330], [23, p. 374]).

THEOREM 12. Let Si= D 1 @ne' ™ and Sp= D, anet™ where
an=0(|m|"), v an integer = —(k—1), and S, is a series of class (Sp),
D a closed domain contained in the interior of Tw. Set Sy = SiS:
=D o Anei™ and Sy= D puo AnK (m)ei™ where K (x) is a spheri-
cal harmonic Calderén-Zygmund kernel. Then

(i) Ss is uniformly (B—R, y+k—1) summable to zero for x in D.

(ii) Ss s uniformly (B—R, v+k—1) summable for x in D.

As a corollary to the above theorem and method of proof, we ob-
tain the following generalization of the classical theorem of Riemann

(see [1] and [23]):

THEOREM 13. Let S= D Gnei ™ where @, = 0(| ml 1), ¥ an integer
Z—(k—1). Set F(x)= D meo (—1)8(an/|m|%)ei™) where B is the
integral part of (k++v)/2-+1. Suppose that F(x) is class CR8H:tD 4y g
domain D contained in Tx. Then

(1) Disimisk Gmei™D (1 —|m| 2/ R)TH-15AF(x) as R— o uni-
formly in every closed subdomain of D,
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(i) Disimise K(m)aneim= (1 — |m|’/R2)7+’°"1—-+ﬁnite limit as
R— o uniformly in every closed subdomain of D where K(x) is a
spherical harmonic Calderén-Zygmund kernel.

In the proof of the uniqueness theorem for trigonometric series we
introduced the notion of generalized Laplacians through the use of
averages on k-balls. Using averages on (k—1) spheres we can also
introduce the notion of generalized Laplacians. (See [22, p. 224].) In
particular, we now say that f(x) has a generalized rth-Laplacian at
the point xo, designated by A,f(xo), if [using the notation of (70)]
Slxo+1E) is in L' on C(0, 1) the unit (k—1) sphere in E; for all ¢
sufficiently small and positive and if

it | fo+ #)de®) = 3 et + ot™).
c(o,1) 7=0
We then set A;f(xo) =221 (j+k/2)a;/T(k/2) for j=0,1, -, r.
Using this concept of a generalized rth-Laplacian, Shapiro [22]
obtained the following result which is a generalization of the classical
theorem concerning trigonometric series and generalized derivatives
in 1-dimension [38, p. 69]:

THEOREM 14. Let S = D o Gme'™ where am = o(|m|7),
v=—(k—1). A necessary and sufficient condition that there exists an
a =0 such that

lim Y, anei™(1 — | m|2/R?) = 8 (finite-valued)

B—wo 15im|sR

1s that there exists an integer r >y -+k—1 such that if
F(2) = 22 (=1)"(an/ | m|m)eim=
m=0
then A, F(xo) exists and is equal to .
For a theorem similar to Theorem 14 for Fourier series generalizing

a classical theorem of Hardy and Littlewood [38, p. 69] we have the
following result of Chandrasekharan’s [10]:

THEOREM 15. Let f(x) be in L' on T and extended by periodicity to

all of Ex, and let S[f]= D m f(m)ei™ =, Then a necessary and sufficient
condition that there exists an a =0 such that

lim D, fim)eim=(1 — |m|2/R‘~’)°‘ = B (finite-valued)

R—wo |m|gR

is that there exists a p >0 such that
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Ak, p)r* flwo+ A — | y|E2)r1dy—>8  ast—0

B(0,t)
where A(k, p) is the constant [wi_yfo(1— h2)r—1pk=1dp]-1,

7. Geometric integration. In this section, we shall look at some of
the applications of multiple trigonometric series to geometric integra-
tion theory and potential theory. The future will see many such ap-
plications (see the comments in [37, p. 811]).

We shall first discuss an application of multiple trigonometric
series to the intrinsic divergence of a vector field. (This result is due
to Shapiro [26].)

Let v(x) = [va(x), - * -, v:(x)] be a continuous vector field defined
in a neighborhood of the point x¢. As before let B(x,, t) represent the
k-ball with center xo and radius ¢, let C(xo, ¢) represent the (k—1)-
sphere which is its boundary, let dc(x) represent the natural (—1)-
dimensional volume element on C(x,, ), and let n(x) represent the
outward pointing unit normal vector.

Define

div* v(xo) = 1in3j31p | B(xo, 8) | f oo [v(x), n(x)]dc(x).

Define divsv(xo) similar using lim inf;.o. In case div*v(xq) = divsv(xo)
is finite, call this common limit div v(xo). In case, div v(xo) exists,
we see that it coincides with the usual definition of the divergence of
a vector field defined from an intrinsic point of view. It is further-
more clear that if v(x) is in class C! in a neighborhood of the point
%0, div v(x0) = D_¥.; 09;(x0) /dx;.

Let Q be an open k-cube in E; and let dQ designate its boundary
considered as a point set. The divergence theorem in its simplest
classical form states that if v(x) is continuous in Q, in class C! in
Q and if div v(x) is in L! on Q, then

(84) fa Q[v(oc), n(x)]de(x) = f . divv(x)dx.

Let Z be a closed set of measure zero which lies in Q. We define a
class Cz of vector fields as follows:

v(x) is in Cz if

(i) v(x) is continuous in 0 —2Z,

(ii) v(x) is in L? on Q,

(iii) div* v(x) and divs v(x) are finite in Q—Z,

(iv) div v(x) exists almost everywhere in Q and is in L on Q.
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Because of (i) and (iv), both the left and right sides of (84) are
defined. We shall call Z a negligible set for the divergence theorem,
if the divergence theorem holds for every v in Cyz, i.e. if v(x) is in Cz,
then (84) is true.

In [26], the following result is obtained:

THEOREM 16. 4 necessary and sufficient condition that Z be a negligi-
ble set for the divergence theorem is that Z be of capacity gzero.

By capacity zero is meant logarithmic capacity zero in the plane
and capacity zero with respect to |x|~®= in E, for k3.

Condition (ii) above is not artificial because the above theorem is
false in E, if we widen Cz by replacing (ii) with “v(x) is in L? on Q
with 1=p<2.” To see this fact, set v(x) =grad log Ix]‘l in E,—0
and take Q= {x: lx,] <1, j=1, 2}. Then both sides of (84) are de-
fined but are not equal, and v(x) is in L? on Q for 1 £ <2 but is not
in L? on Q. Furthermore (i), (iii), and (iv) holds with Z= {0}

The theorem in multiple trigonometric series which is the key to
establishing Theorem 16 is the following [26, p. 611].

THEOREM 17. Given S= Em amet™® where dn,=a_n,. Let Z be a
closed set of capacity zero contained in the interior of Ti. Suppose that
the following holds:

1) Domo | @n| 2| m| 2 is finite.

(ii) There is a function F(x) continuous in the torus sense in Tpy—2Z
and in L' on Ty whose Fourier series is given by

S[F] = > amlml‘ze"("‘v"‘).
m<0

(i) f*(x) and f«(x) are finite in Tw—2Z and in L' on Ty where
F¥(x) = limsupso D _m amei™a=1mt and fo(x) s the corresponding
lim inf;.o.

Then f*(x) =fu(x) almost everywhere and S is the Fourier series of

Theorem 17 is a k-dimensional generalization and extension of a
1-dimensional theorem of Beurling [2]. (For further 1-dimensional
results and comments along these lines, see [38, p. 194].)

We next look at an application of multiple trigonometric series to
the curl of a vector field defined from an intrinsic point of view and
obtain a result which can be viewed as a three-dimensional vector
analogue of the classical theorem of Rademacher for functions in
Lip 1. (See [20] and [36, p. 371].)

Let v(x) be a three-dimensional vector field defined in a neighbor-
hood of a point x¢ in Es. Let Cy(x, 7) designate the circle with center
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xo and radius 7 lying in the plane through xo normal to the unit vector
n and oriented by the usual right hand rule. Define the upper cir-
culation per unit area of v at xo in the direction n, designated by
Div(xo), as follows:

Dav(xo) = lim sup (zr?)~! (v, t)ds
r—0 Cn (zo,7)
where t designates the unit tangent vector and ds the differential of
arc length. Similarly, define the lower circulation per unit area,
Dygv(x0), using lim inf,.o. If Dyav(xe) = Div(x) and both expressions
are finite, designate this common value by D,v(x,) and call it the
circulation per unit area of v at x, in the direction n.

The curl of v is said to exist at xo if D,v(xo) exists for every unit
vector n and if, furthermore, there exists a vector w such that
(w, n) =D.v(x,) for every unit vector n. w is then called curl v(x,).

The curl of v will be said to exist uniformly at x, if curl v(x,) exists
and if, furthermore,

lim (wrz)'lf (v, t)ds = n-curl v(xo)
r—0 Cn (zg,7)
uniformly in n.

It is clear that if v(x) is in class C! in a neighborhood of the point
%0, then the curl of v exists uniformly at the point x,. The above
definitions are classical and can be found in most of the standard
books on advanced calculus or vector analysis.

The following theorem was then established by Shapiro [29]:

THEOREM 18. Let v(x) be a continuous vector field defined in an open
set R contained in Es. Suppose there exists three mutually orthogonal unit
vectors e;, €, esand a constant K such that | ijv(x) ] <Kand | D*e,.v(x)]
=K forxin Rand j=1, 2, 3. Then curl v exists uniformly almost every-
where in R.

One of the theorems in multiple trigonometric series on which
Theorem 18 depends is the following [26, p. 606]:

THEOREM 19. Let v(x) = [v1(x), - + -, w(x)] be a continuous periodic
real vector field defined in Ei with S[v;]= D m alei™. Let f*(x)
=lim SUPs.o P m( 2 iny imjal)eimd=Imlt qud let fi(x) be the corre-
sponding lim inf,.o. Then for every x,

dive v(x) = fo(x) S f*(x) = div* v(x).

For other applications of the theory of multiple trigonometric
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series to geometric integration theory, we refer the reader to [27]
and [28].

We close this survey with the comment that the theory of multiple
trigonometric series is yet in its infancy.
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