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Introduction. The three classical set-theoretic concepts of dimen-
sions for topological spaces are [2, p. 153]: small inductive dimension
—denoted by ind—such that ind(S) = —1if Sis empty, ind(S) <n if
for every point p &S and open set U containing p there is an open set
VwithpE VCUandind(bdry V) =n—1,and ind(S) =#if ind(S) =
but ind(S) £n—1 is not true; large inductive dimension—denoted by
Ind—such that Ind(S)=—1 if S is empty, Ind(S) =z if for every
closed set C and open set U containing C there is an open set V
with CCV CU and Ind(bdry V) =#—1, and Ind(S) == if Ind(S) =n
but Ind(S) £=#—1 is not true; and covering dimension—denoted by
dim—such that dim(S) = —1 if S is empty, dim(S) <# if every open
cover of S has an open refinement of order £#-41—no point of S
belongs to more than #+41 many members of the refinement, and
dim(S)=# if dim(S) <»n but dim(S)=<n—1 is not true. It is well
known [2, p. 153] that for separable metric spaces .S, ind(S) =Ind(S)
=dim(S). For arbitrary metric spaces S, only recently Katétov [3]
showed that Ind(S) =dim(S). However, the question [1, p. 3]:

is ind(S) = dim(S) f{for arbitrary metric spaces S?

remained open. We answer this question in the negative by demon-
strating the following assertion.

THEOREM. There is a complete metric space A such that ind(A) =0
but dim(A) =1.

We shall give here only a description of the space A, accompanied
with remarks intended to aid in visualizing the space, and some idea
of the proof. The details of the proof will be published elsewhere.

NotaTION. The symbol & will denote the empty set. By a sequence
we shall mean a function defined on either the set of non-negative
integers, or the set of positive integers, or any initial segment of either
of them. With this in mind the following notations are adopted. X
=the set of all finite sequences of real numbers defined on initial
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segments of the non-negative integers such that if x X then x(7) =0
only in case i=0. Furthermore if ¥ X then | x| will denote the great-
est integer for which x is defined. ¥ =the set of all reversible (=one-
to-one) sequences of positive numbers defined on the set of all positive
integers. Z =the set of all infinite sequences of positive numbers de-
fined on the set of all positive integers. If 7 is a positive number then
Y, will denote the set of all members of ¥ which take on the value 7,
and F, will denote a reversible function from the positive numbers
onto Y,.

Points of A. There are two types of points of A and they will be
denoted by P, and P..

P, =the set of all infinite sequences of nonzero real numbers defined
on the set of all positive integers.

REMARK. One may visualize P; by imagining two rows of balls
from some power-of-the-continuum dimensional complete Hilbert
space, each row having as many balls as there are real numbers, with
the top row being matched up with the set of positive numbers and
the bottom row being matched up in a natural fashion with the nega-
tive numbers. Now imagine that inside each of the balls we have again
two rows of balls as originally and so on (countably many times).
Thus for each point in P; one can choose a systematic nested sequence
of balls and conversely.

Py=XXYXZ, with px, pr, and pz denoting the coordinates of a
point pE Ps.

RemARK. The points in P; are best visualized in pairwise disjoint
sets of the form Se,= {pEngpx=x and py=y} with x€X and
y& Y. Given an x&€X and y& Y and viewing the whole space A as a
ball we have that x picks out an unique ball B. In the two rows of
next smaller sized balls inside B, ¥ picks out a sequence of balls from
the top rows and the corresponding sequence from the bottom row.
Imagine that S, is located inside B and at the “end” of the two
parallel sequences of balls indicated by y. Now since the location with
regard to S, of a point pE S,y is dependent only on pz (an infinite
sequence of positive numbers), we can view S,y itself as a “cantor”
type set obtained by taking a row of power-of-the-continuum many
balls (matched up with the positive numbers) and a similar row of
smaller balls inside each of previous balls and so on (countably many
times).

Regions of A. By regions we mean what is often called a topological
basts. That the sets described below indeed form a topological basis is

not proved here. There are two types of regions and they are denoted
by 'y and T..
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R is a member of T'; only in case there is an x&X such that
R=R\UR?, where

R ={pE P p@3) = (@) fori=1,---,|=|, if ]xl>0}
and
R={pEPs| | px| 2| x| ; px() =2() fori=1,- - -, | x|, if | |>0]}.

Such a region R will be denoted by R,.

REMARK. The members of I'y can be thought of as dilapidated ver-
sions of the balls involved in the description of Pi—each modified
ball consists of the points of P; that are left in the ball and the points
of P, that are placed in the ball.

R is a member of I'; only in case there is a positive integer #» and a
point p& P, such that R=R"JRHUR~, where

(1) R* = {q € Ps| qx = px; qv = pv; ¢z(6) = p2()
fori=1,---,n—1,ifn> 1},

@) R+=U Rymn+); and R™ = U Rytpin—y;

=1 =1

where {'y(p, n, -I—);},“’ and {y(p, #, —):}; are two infinite reversible
sequences of members of X such that if j is a positive integer, then

3) v m, £)5] = | px| +n+1,
(4) v(p, n, 1);(6) = px(i)  fori=0,---, | px|,
(5) v, m, £)i(| px| +1) = + pr(n+j — 1),
(6) v,y m, £)i(| px| +2) = ¢pr<n+j—1)_l(PY), and if # > 1,

(N v, m £)i(| px| + 249 =F pz(i) fori=1,---,n—1.

Such a region R will be denoted by R,,x).

ReEMARK. The members of I'; are the crucial items in the space A
for they hold together the hitherto highly scattered space to the pre-
cise extent necessary to produce the peculiar disparity of dimensions.
In order to picture a member R(,,) of I's, since it is a neighborhood of
pE P, recall the definition of P, and the remark following it. Condi-
tions (1) and (4) state that R(,,.) lies inside that ball B designated by
px. The part of S¢py,py) belonging to R,,sy is determined by (1). The
rest of R,y consists of two sequences of balls (as indicated by (2)) of
which the sequence {R.,<p,,.,+) ; } 1 is obtained as follows: to begin with,
as indicated by (5), discard the first z—1 balls in the top sequence of
balls determined by py; secondly, inside each of the remaining balls
B’, select a next sized ball from the bottom row as specified by (6)
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(note that the latest ball obtained will not be selected at this stage
for any other R, ,») With p’ & Spz.5p)) and continue the process n—1
many more times, always selecting a ball from the bottom row of the
previous ball as stated precisely in (7), until a small ball is determined,
whose size is given by (3) and whose position in the structure of “bot-
tom rows of bottom rows” of balls inside B’ is the same as the position
of the ball corresponding to RO is to the structure of balls involved
in the “cantor” type generation of S¢,,pp; finally, the region in T
corresponding to this latest ball obtained will be a term in the se-
quence of balls we are describing. The sequence {R.,(,,,,‘,_.),.}{“ is ob-
tained by the “mirror image” of the above process—of course applied
to the bottom sequence of balls determined by py, as is specified in
the change of signs in (6) and (7).

A sequence of open coverings of A. For each positive integer n let
Go={R|R=R,ETy; |z| = n}
Y {Rl R=Rgm &Iy qul +m= %}.

That {G,,}l” is a decreasing sequence of open covers of A follows
directly from the definition.

The space A is metrizable. To prove this we use the above sequence
of coverings in applying the following theorem:

MOORE’S METRIZATION THEOREM [4, pp. 18, 19, 21]. 4 topological
space S is metrizable if

(1) S is a Hausdorff space, and

(ii) there is decreasing sequence {HlDﬂzDHaj cee } of open
coverings of S such that for every point p and every open set U containing
p there is a positive integer N with the property that if ki and he belong
to HN, PEh],, and hlnh2¢,®, then h1Uh2CU.

The space A is complete. In fact the space A is complete with re-
spect to the sequence {G,}; of open coverings—that is, if {C)1 is
a sequence of nonvoid closed sets and {g,}; is a sequence of regions
such that for each positive integer #, Cnp11CCnCgu&EGs, then

a-1 Co#® &,

ind(A) =0. This follows from the fact that none of the regions—
which form a topological basis for A—has a boundary.

dim(A) > 0. To prove this in view of Kat&tov’s result, it isenough
to show that Ind(A)>0. In particular we show that the space A is
not the union of two disjoint open sets U+ and U~ containing respec-
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tively the disjoint closed sets C+= { P€P1l p(@)>0fori=1,2,3, - - -}
and C—= {pEP;] p() <0 fori=1,2,3, - -},and this may be done
by using the completeness of A in conjunction with the following
observation:

LeMMA. If x&X and A is the union of two open sets Ut and U~ which
have on the region R, the following effect:

U*D Kt and U~ DK~

where K+ and K~ are disjoint closed sets contained in Py\R, with the
property that if pE K+ (respectively K—) and n is a positive integer then
there is an inﬁnite set T of positive numbers such that for each number
LET there is a point g€ K+ (resp. K—) with q(|x| +1) = p(lx[ —+1) for
1=1,- -, n—=14i n>1, and q(lx| +n)=t (resp. —1t); then Ut and
U~ have the same eﬁect on Ry for some x' €EX with Ix | = le +1, and
x'(4) =x(%) for 1=0, - - -, le

REMARK. In other words if Ut and U~ contain respectively a closed
set K+ at the very top of R, and a closed set K~ at the very bottom of
R, where each of K+ and K~ is generated by “cantor” type process of
taking “infinitely many balls inside each previous ball” (sticking with
top rows for K+ and bottom rows for K~), then Ut and U~ do the
same for some next sized region R, inside R,. Note that K~ is not
required to be the “mirror” image of K+ nor is it claimed that the
appropriate closed sets in R, are smaller copies of K+ and K—.

dim(A) =1. This can be proved in a straightforward manner: given
an open cover of A, we can get a refinement of order =<2 consisting of
regions.
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