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Let G be a locally compact group, H a closed subgroup of G, and 
L a unitary representation of H on the Hilbert space "Ü. Let UL be 
the representation of G induced by L (see [l ] for the definitions and 
notations of the present note). For A£C 0 (G/ i ï ) and jf£3C(Z7L), set 
(EL(h)f)(x)=h(ir(x))f(x), where ir is the natural projection of G on 
G/H. Then EL is a *-homomorphism of the commutative *-algebra 
CQ(G/H) (under the pointwise operations) into <£(3C(£/L), 3C(UL)). 
Let M be another unitary representation of H on a Hilbert space "W 
and form UM and EM. If r £ ( R ( L , M), the space of operators inter­
twining L and M, define T~ by setting (T~f)(x) = Tf(x), f<EW(UL). 
Clearly, T~G<5l(UL, U*)r\<5L(EL, EM). T->T~ is functorial in the 
sense that it commutes with operator multiplication and adjunction 
and sends any identity (resp. zero) operator onto an identity (resp. 
zero) operator. 

The following theorem is due to G. W. Mackey in the case that 
G, V, and *W are separable [2, Theorem 6.4]. His techniques are 
measure theoretic and do not seem suited to the nonseparable case. 

THEOREM. T--^T~ is an isomorphism onto. 

PROOF, (a) Linearity is clear. Suppose T?=T£. For </>£Co(G), 
u£1) , form 

J H 

as in [l ]. (All integrations in this paper are with respect to right Haar 
measure. A (resp. 5) is the modular function of G (resp. H).) ez,(<£, V) 
£3C(£/L). €jf(0, w), w £ W defined similarly, £3C(£/M). Moreover, 
T?€L(<I>,V) = €M(<I>, 2 » . Therefore €^(0, Tiv)(e) = eM((l>, T&)(e) f or all 
$£Co(G). Letting <j>\ H approach the 5-measure, we obtain T\v — T&t 

vÇzV. Therefore T—*T~ is one-to-one. 
(b) Suppose L — M. To show the mapping is onto, it is sufficient to 

show that if To£(R(î7L, UL)n${(EL, EL), O^To^I, then T,= T~ 
for some r £ ( R ( L , L). 

We define a linear map 5 of C0(G) ®3C(UL) into V by setting 
5 (0®/ ) =JG<t>(y)f(y~l)dy. Now 5(0 ®e(^, »)) = e(^*0, iO(e). Therefore 
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5(0® e (i/s v))—>v as i/>*01Ü-—>the 5-measure, and the range of 5 is 
dense in V. Again, 

(S(4>®f),S(^®g)) 

= ƒ ƒ «ÊOOhKaOhCftr1), g(.x~i))dx dy 

= f f 4>(y^l)[W*r1)]-A(*)-K(.tfhj)(*), g{x))dxdy 

= f {EH{4>,*}{;y))UÏ-*f,g)dy, 

where {<£, ^} is the function in Co(G/HXG) defined by 

{*, *}(*(*), y) = f ^(ytt^-O^Ctt*)-1)]^»*)-1^. 

This follows from the fact that if/, g6X(f / i ) and if h£C0(G), then 
(E*(TA)/, g)=fh(x)(f(.x), g(x))dx, where (rft) (*•(*)) =ƒ*ƒ«*)#. For 
any XGC0(G/HXG), we define *(X)G£(3C([/t), SCCt/1-)) by setting 

#(X) = ƒ E*(X(-,y))ifrdy. 

We have shown (5(0®/), 5(^®g)) = (#({0, ^})/ , g). 
Now 

||S(E fc ® ri'Voir = E (*({** *y})ri'V<, ri'1/,) 

= E (ro*({*<, */})ƒ<,ƒ/), 

because $(X) commutes with T\f2, \&C0(G/HXG). Adding this equa­
tion to the equation got from it by replacing T0 with ƒ— T0, we obtain 

\\s(Z*t ® TI%)\\* ^ ||5(E*« ® ri'tollV l|5(E*« ® (J - r^/Olf 
= E (*({**,**} )ƒ*ƒ/) = II^E^(®/.-)lls-

y 

Since E<£»®/i—> E^s® ?o/2/* is linear, there is a unique bounded 
linear operator Tx on V such that TiS(<j> ®f) = S(4> ® T%*f), all <t> and 
ƒ. But LiS{<t> ® /) = S(^)-1/2A(01/25((i?^) ® ƒ), all £eiT, where 
{Rd>){x)=<t>{x$). It follows that Ti.Ç.(R.{L, L). 

Let T= rtTiG&iL, L). We have 
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(S(* ® T~f), Sty ® g)) 

= (rs(* »ƒ),$(* ® «)) = (s(* ® rj/2/), sty ® rTg)) 
= (*({*, *j)ri'V, rj/2g) = (*({*, *})zv,«) 
= (5(0 ® r 0 / ) , s t y ® g)). 

Hence tt(y)(T~f)(y-l)dy=f<t>(y)(T0f)(y-1)dy for all 0GCo(G). I t fol­
lows that r ~ / = TV, a l l / , and T0=T~. 

(c) General case. Let r0G(R(t/£ ' ) tf*)n<R(£L, £ M ) . Now UL®M 

i—TJL® UM in a canonical way. Using this isomorphism and matrix 
notation, set 

\To 0 / 

Ti€<&(UL<Bu, tf*®*)n<R(EL®*, E*©*). Thus 7 ^ = 2 7 where Tt 

E&(.L®M, L®M). Write 

T • > 

T G ö l ( i , M). I t is easily seen that T0=T~. 
REMARK. I t follows immediately from this theorem that (UL, EL) 

is equivalent to (UM, EM) if and only if L^M and that (E/L, EL) is 
irreducible if and only if L is irreducible. 
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