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Let G be a locally compact group, H a closed subgroup of G, and
L a unitary representation of H on the Hilbert space V. Let UL be
the representation of G induced by L (see [1] for the definitions and
notations of the present note). For k& Co(G/H) and fE3H(UL), set
(EX(h)f)(x) =h(m(x))f(x), where 7 is the natural projection of G on
G/H. Then EZL is a *-homomorphism of the commutative *-algebra
Co(G/H) (under the pointwise operations) into £(3¢(U¥), 3e(UL)).
Let M be another unitary representation of H on a Hilbert space W
and form UM and EM. If TE®R(L, M), the space of operators inter-
twining L and M, define T~ by setting (77f)(x) = Tf(x), fE3(UE).
Clearly, T~€ (UL, UMNR(EL, EM), T—T~ is functorial in the
sense that it commutes with operator multiplication and adjunction
and sends any identity (resp. zero) operator onto an identity (resp.
zero) operator.

The following theorem is due to G. W. Mackey in the case that
G, U, and W are separable [2, Theorem 6.4]. His techniques are
measure theoretic and do not seem suited to the nonseparable case.

THEOREM. T—T" is an isomorphism onto.

Proor. (a) Linearity is clear. Suppose T7 =T . For ¢ & Co(G),
&0, form

a6 9@ = [ o(E (O M@ L d,

asin [1]. (All integrations in this paper are with respect to right Haar
measure. A (resp. 8) is the modular function of G (resp. H).) er(o, v)
c3e(UL). en(p, w), wEW defined similarly, €3¢(U¥). Moreover,
T7 en(p, v) = en(p, Tw). Therefore ex(p, T1v)(e) = ex(p, Tww)(e) for all
¢ < Co(G). Letting ¢>| H approach the §-measure, we obtain Tyv= T,
v& V. Therefore T— T is one-to-one.

(b) Suppose L= M. To show the mapping is onto, it is sufficient to
show that if T\ER(UE, UNNR(EL, EL), 02To=I, then To=T~
for some TE®(L, L).

We define a linear map S of Co(G) ®3(UL) into UV by setting
S(¢ ®f) =Jed(Mf(y™)dy. Now S(p @€Y, v)) = e(Y*d, v) (¢). Therefore
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S(p Qe v))—v as gb*qS[H——)the 8-measure, and the range of S is
dense in V. Again,

(5(¢ ® 1), S¥ @ g))

= [ [ e @16, sz ay
- [ [ s WG a@ @@, s@)ixay

= [ @xto, v}, MU, 9ay,
where {qb, ¥} is the function in Co(G/H XG) defined by
(8,9}, 9) = [ ooten)v((eny]-ade

This follows from the fact that if f, g€ 3(U¥%) and if A& Co(G), then
(EX(rh)f, &) = [h(x)(f(x), g(x))dx, where (vh)(x(x)) = [uf(Ex)dE. For
any NECo(G/H XG), we define ®\) & £(53¢(UL), 3¢(U¥%)) by setting

20) = [ B, )V,

We have shown (S(¢ ®f), S¥ ®2)) = @({¢, ¥}, 2)-

Now

lz = Z @({ ¢, d’i})T(ll/%fi, Tll)lzfj)

j

= Z (To®({ iy &:})fr 1)

IS(E ¢ ® T0'f)

because ®(\) commutes with 752, AE Co(G/H X G). Adding this equa-
tion to the equation got from it by replacing T, with I — T, we obtain

IS(Ze: ® T37)|" = [1S(e: © T3 |+ [|S(Zo: ® @ — T I
= 2 @5 $:})fu f3) = IS (® )|

Since D ¢:®fi— 2 : @ TY?%; is linear, there is a unique bounded
linear operator Tj on U such that T1S(¢ ®f) = S(¢ ® Ty/*f), all ¢ and
f- But LeS(¢ ® f)=38(£)712A(5)2S((Rep) @ f), all & H, where
(Re) (x) =p(x£). It follows that Th€E R(L, L).

Let T=TFfTh€®(L, L). We have
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(S ® T, SW ® g)
= (TS ®f),SW ® g) = (S ® To f), SW ® Ts g))

1/2 1/2

= (S(¢ ® Tf), S¥ ® g)).
Hence [¢ () (T~f) (y ™ dy = [¢() (Tof) (y~1)dy for all < Co(G). It fol-
lows that Tf=Tof, all f, and Ty=T1".

(c) General case. Let T,€®(UE, UM)NR(EE, EM)., Now UL®M
=~ [UL@ UM in a canonical way. Using this isomorphism and matrix

notation, set
(7, o)
T 1= .
Ty O

T\ER(ULOM yLOMN\Q(EL®M EL®M) Thus Ty=7T; where T
ERILOM, LOM). Write

* *
Tz = (T *>.

TE®R(L, M). It is easily seen that To=T".

REMARK. It follows immediately from this theorem that (U%, EL)
is equivalent to (UM, EM) if and only if L=~M and that (U%, EL) is
irreducible if and only if L is irreducible.
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