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sional Brownian motion, and Kac [2] for a restricted class of random
walks.
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The class G of all closed prenex schemata in the form AxEuAdyMxuy
whose quantifier-free matrices Mxuy contain only dyadic schematic
letters was shown in [2] to be a reduction class for quantification
theory. Here we shall study the decision problems of various sub-
classes of this unsolvable class. Since a dyadic schematic letter may be
followed by xx, xu, ux, uu, yy, xy, yx, uy, or yu, any letter atom occur-
ring in a given matrix Mxuy is in one of these nine letter atomic forms.
The subclasses of G to be studied will be specified in terms of these
forms,

Consider the four letter atomic forms xy, yx, uy, yu. First take any
three of them. From [2] we know that any subclass of G which in-
cludes all schemata whose letter atoms are in just these three forms
is a reduction class and hence is unsolvable. Now take any two of the
four forms. Combining them with the other five forms yields a sub-
class of G. In this way we obtain six subclasses of G which divide into
three pairs: J = {xy, uy}, J*={yx, yu}, L= {xy, yx}, L*= {uy, yul,
Q= {xy, yu}, Q*= {yx, uy}. We discuss these three pairs of classes in
turn.

The subclasses J and J* are solvable and contain axioms of infin-
ity, i.e., contain some schemata having just infinite models. This is
significant because thus far no naturally specifiable infinite class of
schemata containing axioms of infinity has been shown solvable. Since
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the arguments for J and J* are analogous, we discuss only J.

Let S be any member of J and let S contain N dyadic schematic
letters Fy, - + -, Fy. Without loss of generality, we can assume that .S
contains exactly 7N distinct letter atoms (V letter atoms in each of
the 7 permissible forms) and is in perfectly developed disjunctive
normal form. Hence the matrix Mxuy of S is a truth-functional dis-
junction of & distinct letter disjuncts each of which is a conjunction
of 7N signed occurrences of distinct letter atoms, where 1 <8277,
By the Skolem-Herbrand-Gédel Theorem, S has a model if and only
if no finite conjunction of numerical instances M (¢, +1, j) is truth-
functionally inconsistent for all ¢, j=0. But Mxuy is a disjunction of
8 distinct letter disjuncts. So each numerical instance M (s, 141, j) is
a disjunction of & distinct number disjuncts; that is, the numerical
instance M (¢, 2+1, j) has the form

Dy(i, i+ 1,7) V Doy i+ 1,5) V - - - V Ds(, i + 1,7).

Hence the schema S has a model if and only if for each finite set of
numerical instances of Mxuy there is a truth-functionally consistent
way of selecting simultaneously one number disjunct from each of the
numerical instances in the set. Assume now that such a consistent
Herbrand selection H can be made from the finite set of numerical
instances {M(O, 1, 0), - - -, M(e, e+1, e)} where e=2%, On this
assumption, we show how to select simultaneously a number disjunct
from each of the infinity of numerical instances of Mxuy such that
each finite set of selections is consistent. Thus the schema S has a
model if and only if the set { M (0, 1,0), - - -, M(e, e+1, €)} is truth-
functionally consistent.

For each fixed number ¢ < ¢ and for all j<e consider the finite set
of all number disjuncts in the Herbrand selection H of the form
Dy(c, c+1, j) where 1 £d <4. Call the set of all the distinct subscripts
d of such number disjuncts the index of ¢ over H. Since there are at
most 22— 1 nonempty subsets of § distinct subscripts and since e=2?,
by the pigeon hole principle there must be two distinct numbers a
and b each less than ¢—1 and each having an index over H identical
with the index of the other over H. Let a <b. Define now for all n <€
two functions o! and B! thus:

(1) if »=>0, then a'(n)=a;

(2) if n£b, then a'(n) is the least number =e such that the num-
ber disjuncts Dg4(b, b+1, ) and Da(a, a+1, a'(n)) occur in H and
are cosubscripted, i.e., d=d'.

(3) if n=a+1, then Bi(n)=0b-+1.

(4) if ns£a+1, then B'(n) is the least number =Ze such that the
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number disjuncts Dgy(a, a+1, #) and Dg (b, b+1, BY(n)) occur in H
and are cosubscripted.

Also, let a®(n) =B°(n) =n; am*(n) =al(a™(n)), and =+ =B(B"(n)),
for all m=0.

Hence for each n<e and each m=0, (I') the number atoms
F;(b+1, am(n)) and Fy(a+1, amt(n)) are cosigned in H and (y) the
number atoms Fy(a, 8™(n)) and Fy(b, B™t(n)) are cosigned in H.
Moreover, (A) for each n<e and for all m=0 the number atoms
Fi(n, n), Fiam™(n), a™(n)), and F;(B™(n), B™(n)) are cosigned in
H (f=1, - - -, N). In particular, the number atoms Fy(a, a+1) and
F¢(b, b+1) are cosigned in H, the number atoms Fy(a+1, a) and
Fi(b+1, b) are cosigned in H, and the number atoms Fy(a, a) and
F;(b, b) are cosigned in H.

We now define a mapping u on the set of all numerical instances of
S and into the set of instances {M(O, 1,0), -+, M(e, e+1, e)}. We
then complete the proof of the solvability of the class J by showing
consistent the infinite Herbrand selection H, formed by selecting
from each numerical instance M(¢, 141, j) the unique number dis-
junct cosubscripted with the number disjunct contributed by
w(M(z, i+1, 7)) to the finite Herbrand selection H.

The definition of the mapping u is in three cases:

Cask L. Let ¢, j<b. Then set u(M (2, 141, 7)) =M(©, i+1, 7).

Case II. Let 4>b, 124, j=0, and b=a-+s. Then ¢=b+ks+q,
where 0=k and 1 =5¢=s.

(1) If ¢=j, then set u(M(, i+1, j))=M(a+q, a+qg+1, a+9).

(2) If 2>7, then set

MG i+ 1,7) = M@+ g a+ g+ 1, (5 — g9))

where g is the least number such that j—gs<b (05g=<k+1).
Case III. Let >0, j>4, 420, and b=a+s. Then j=b+ks+gq,
where 0=k and 1 =Z¢=s.
(1) If j=1441, then set u(M(, i+1, j))=M@+q—1, a+q, a+q).
(2) If j>4+1, then set

I‘(M(” i+ I’j)) = M(" — 85 i— gs + 17 Bk-a+1(a + 9))

where g is the least number such that i —gs<b (0Sg=<k-+1).

To show the consistency of H, we have to show for each number
atom that all of its occurrences in H,, are cosigned. So let F(z, j) be
any number atom (3, j=0).

(1) Let i=j. If 4=j<b, then all occurrences of F;(¢, j) in H, have
the same sign as its occurrences in H, If 4=j=>b--ks, then occurrences
in H, of Fy(¢, j) are cosigned with occurrences in H of Fy(a™(a), a™(a)),
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of Fy(am(b), am™(b)), of Fy(8*(a), B*(a)), or of Fy(B7(b), B*(b)) for all
m, p=0. Hence by (A) above, all occurrences of F;(3, j) in H, are
cosigned. Finally,ifi =j=b+ ks +r(1 £ 7 £5s — 1), thenall oc-
currences in H, of F;(¢, j) are cosigned with occurrences in H of
Fi(am(a+r), am(a+r)) or of Fy(B?(a+r), B*(a+7)) for all m, p=0.
But again these latter atomic occurrences are all cosigned in H.

(2) Let j=14+1 or 1=j+41. If ©<b, then all occurrences of Fs(s, )
have the same sign in both H and H,. If ¢=b-ks, then occurrences
of Fy(¢,1+1) in H, are cosigned with occurrences in H of Fy(a, a+1)
or of F;(b, b+1). Again consistency. Similarly for occurrences of
Fi(s+1, 7). If e=b+ks+r (1=r=s5—1), then occurrences in H, of
F;(¢, 1+1) are cosigned with occurrences in H of Fy(a+r, a+r-+1).
Again consistency and again a similar argument for F;(1+1, 7).

(3) Let i—j>1. Then the number atom F(Z, j) occurs in just two
number disjuncts in H,, say Da(i—1, 1, ) and Da (3, 441, ). [Indeed,
this is the basic reason for the solvability of the class J.] If i <b,then
all occurrences of F;(z, j) are cosigned in both H and H,,. If i=b-+ks
+1, then i—1=0b+ks=b+(k—1)s+s. Then all occurrences of
F;(¢, j) in D4(i—1, 4, j) are cosigned with the occurrences in H of
Fi(b+1, of—1—0+1(j —gs)) and all occurrences of Fy(z, ) in Dy (3,441, )
are cosigned with the occurrences in H of Fy(a+41, a*9+1(j—gs)),
where g is the least number =0 such that j—gs <b. Hence by (I')
above, all occurrences in H, of Fy(¢, j) are cosigned. Finally, if
1=>b-+ks+t where 2=t =s, then all occurrences of Fy(z, j) in H, are
cosigned with the occurrences in H of Fy(a+t, a*~9+1(j—gs)), where
g is the least number =0 such that j—gs <b.

(4) Let j—i>1, Again the number atom Fs(%, j) occurs in just
two number disjuncts in H,, D4s(i—1, ¢, j) and Dy (3, i+1, 7). If
j=b, then all occurrences of F;(¢, j) are cosigned in both H and H,.
If j=b+4ks+q where 1=¢=<s, then we must look at 4. If £<b, then
all occurrences in H, of Fy(t, j) are cosigned with the occurrences in
H of Fi(z, B+ (a+q)). If s=b+ws where 0 Sw=k, then all occur-
rences of F;(z, j) in D4(s—1, <, j) are cosigned with the occurrences
in H of Fy(b, B***'(a+¢q)) and all occurrences in Dy (s, 1+1, j) are
cosigned with the occurrences in H of Fy(a, 8*~*(a+q)). [Remember
that b=a+s.] Hence by (y) above, all occurrences in H, of F;(i, j)
are cosigned. Finally, if ¢=b+ws+p where 1=p=s—1, then all
occurrences in H, of F;(1, j) are cosigned with the occurrences in H
of Fy(a+p, Br-®+D+1(g+q)). [Note that here g=w+1.]

Thus the subclass J of G is solvable. For we have just seen that if S
is any member of J and the number of letter disjuncts in S is §, then
S has a model if and only if the set {M(O, 1,0), -+, M(e, e+1,€)}
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is truth-functionally consistent where ¢=2% Moreover, it is easy to
show that the letter atomic forms xy and uy (or yx and y«) in con-
junction with any other form can give axioms of infinity. For example,
if we add the form xx, the following schema has no finite model but
is satisfied when we replace Fipx by n>x, Fax by n+1>x:

TFixx N\ (Fixy D Fruy) N\ (Fexy = Fiuy) /\ Foxx.
Other examples are:

Fux N\ (Fixy DO Fiuy) N\~ Faux /\ (Fauy = Fixy).
TFwxx A\ (Fiuyx D Fiyu) N\ Faxx /\ (Foyx = Fyyn).
Fuux /\ (Fuyu D Fiyx) N\~ Faux )\ (Fayx = Fiyu).

The classes L and L* contain no axioms of infinity and are there-
fore solvable. This can be deduced from [1]. A much simpler direct
argument can also be given. It will be omitted here. The decision
problem of the classes Q and Q* remains unsettled. We have the
following partial results. The classes {xy, yu}, {yx, uy}, with no addi-
tional forms at all, are solvable and indeed contain no axioms of
infinity. We can delete xu, uu from Q, ux, uu from Q* and the deci-
sion problem remains the same. If Q and Q* did contain axioms of
infinity, they would have to be of a more complex sort than those
occurring in J and J*. The available data obtained so far lead us to
believe that Q and Q* are solvable and indeed contain no axioms
of infinity. The open questions may be stated thus: Is {xx, xy, yu}
with no additional forms, or {xx, ux, yy, xy, yu} solvable? Does
either contain an axiom of infinity?
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