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The purpose of this note is to prove the key theorem in a construc-
tion of the arithmetic scheme of moduli M of curves of any genus.
This construction, which relies heavily on Grothendieck’s whole
theory of schemes, may be briefly outlined as follows: first one defines
the family K of tri-canonical models of curves C of genus g, any char-
acteristic, in P%—% as a sub-scheme of one of Grothendieck’s Hilbert
schemes [3]. Second, one maps K—A4, where A (a sub-scheme of
another Hilbert scheme) parametrizes the full projective family of
the polarized Jacobians JCPY¥ of these curves. It may then be shown
that M should be the orbit space K/PGL(5¢—6); and it can also be
shown that this orbit space exists if the orbit space 4 /PGL(N) exists.
But, in general, given any family 4 of polarized abelian varieties
V CP¥ invariant under projective transformations, 4/PGL(N) does
exist; for simplicity assume that a section serving as an identity is
rationally defined in the whole family A. Then A may be identified
with the family of 0-cycles A CP¥ which are the points of order m
(suitable m) on the abelian varieties V. Now neglecting for simplicity
the group of permutations of the m? points of these 0-cycles, this
reduces the problem to constructing the orbit space (P¥ y=* /JPGL(N).
In this paper, an apparently very natural open sub-scheme! (P7)g
C (P*)™, any n, m, is constructed such that in fact (P*)7 is a principal
fibre bundle over its quotient by PGL(%). This result is apparently
new even over the complex numbers. The methods used are entirely
elementary, and no special techniques are used to deal with the gen-
eralization from varieties to schemes. Moreover, except for the re-
placement of Z by %, no changes are necessary or appear possible
should the reader wish to consider the objects as varieties rather than
schemes.

1. Let P” be projective n-space over Z, (P*)™ the m-fold product
with itself. Let homogeneous coordinates in the sth factor be X&,

® ..., X® and for all (n41)-tuples 4o, 41, - - - , 1 let
Dio-ily“':fn——_ Det (Xl(ik)).
0sSklZn

1 See also [2] for a slightly larger open sub-scheme.
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Define (P*)g C(P")™ to be the “set of m-tuples” (P, Py, « * -, Pn),
P,EP", such that less than m/(n-+1)P; are contained in any single
hyperplane of P*. This is immediately seen to be an open sub-scheme.

PrOPOSITION. Let P=(P1, Pa, - - -, Pn) be a geometric point in
(P)p-

(@) There are positive integers N and No such that for every i, a
monomial I19 in the D’s exists such that ILD(P) 0, and the degree of
09 in X9 is N if j#i, and N—Ng if j=1.

(b) There is a positive integer N such that for every 1], a monomial
TG exists such that TLGD (P) 0, and the degree of TLGD in XP s N
if k%14, j, and N+1 if k=1, and N—1 if k=j.

ProoF. Let E be the real vector space of dimension m, and let H be
the convex cone spanned by the points

P*'oﬂ'l."'.in = (xlr X2, * xm)r
where x;=0 if 154, any k, x;=1 if ¢=4;, some &k, D, i,,...,;,(P) #0.

By means of assigning to each monomial in the D’s the corresponding
additive expression in the P’s, the result (a) canreadily be translated

to the assertion that (1, 1, - - -, 1)EInt(H). But if this is false, there
is a linear functional on E, zero at (1, 1, - - -, 1) and negative on H,
i.e. there exist oy, - - -, as such that
6) D a0 if Dipsy,....in(P) % 0,
k=0
(ii) > a; = 0.
=1
Say without loss of generality that ex= 2= - - - Zam. Pick the se-
quence %o, 41, * * +, %, as follows: ¢y=1; 4;=smallest 4 such that

P15#P;; i;=smallest ¢ such that Py, P;, P; do not lie on a line; etc.
It is easy to see that the hypothesis on P implies t.—1<m/(n+1),
hence 1, < [m/(n+1)]+1=p+1, for instance. Now

n
02p ay
k=0
pay + pno,
por + unoyg
wor + (m — poyp (since au41 < 0)

ia;-{— f: a; = 0.

1=1 t=p+1

v v v

v
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Hence all equality signs hold, and one sees easily that all a;=0. To
obtain (b), given ¢, j, note first that there exist 4, - - -, 4, such that
D;;,,....i,(P)#0, and Dj ;... :,(P) #0 which follows easily using only
that <m/2 points P; lie in any one hyperplane. Then set:

MGD = Disyovovins (Diiy, e i)V IIGD . o 6., Q.E.D.
2. THEOREM. There exist a quasi-projective scheme M, and a mor-
phism Y: (PM)g— M such that (P*)g is a principal fibre bundle over M,
with group PGL(n).
ProoF. Let
Xifooosim = X%'(ll)'X"(z”' t Xi(:): S = Z[ ) X;i)) b
R = z[ ey Xy iy ], So = z[ cooy Digainy ],
and
Ro = So ﬂ .R.

The first step is:

(A) Ry is finitely generated. First notice that R, is generated by the
monomials in Dy,... ;,’s that are homogeneous of the same degree in
each set of variables XJ. Following Hilbert [1], use:

LeEMMA oF GORDAN. A finite system of homogeneous linear Diophan-
tine equations has a finite set of positive integral solutions so that every
other positive integral solution is a positive integral combination of them.

If the D;,,...,i, are listed as D®W, D@ . . . ' D® then the monomi-
als DWT. D@ . . . DMV in R, are those satisfying:
Z r;, = Z r; = etc.
[1 occurs among [2 occurs among
subscripts of D(t)] subscripts of D(’)]

and the lemma applies. Q.E.D.
Now recall the well-known lemma [2]:

LEMMA. R= Z,. R, a graded ring, finitely generated over Ry. There
exists an N such that if R(N)= D . Ryn, then R(N) is finitely gener-
ated over R, by elements of R(N)1=Ruy.

Pick such an N for R, and consider the inclusion Ro(N)CR(N).
This corresponds to a rational map of projective schemes:

g: (P — M.

(B) ¥ 1isdefined on (P*)g. By the usual translation into algebra, this
means that if P is a geometric point in (P*)g, there is an o« &€ Ry, vz,
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some positive &, such that a(P)#0. But by part (a) of the proposi-
tion, there is indeed a monomial TERy, 7(P)=0. Q.E.D. Let
¢=¢| (P")g. It is immediate that, if m;: PGL(n) X (P*)g—(P*)g are
the morphisms of the action of the group PGL(%) and the projection,
for =1, 2 resp., then Y o my =y o m;. We wish to show that given any
geometric point P& (P")y, there is an open sub-scheme UCM,
Y(P)E U, and a morphism s: U—(P*)7 such that

(i) ¥ o s=identity,

(i) UXPGL(n)—>4~Y(U) given by (x, ¢)—>m(o, s(x)) on geo-

metric points, is an isomorphism.
When this is shown, it follows that M =y ((P")g) is open in M and the
theorem is fully proven. s will be constructed by the help of a very
simple “Typische Darstellung” (as such identities are called in classical
invariant theory). Namely, seek

() I;;€ERo,nk, 05i=n,and 1 5j=m,

(1) a;ESo, 1 <j=m, homogeneous in XP, all k,

(ili) ¢;,;ES, 0=4, j=n, homogeneous in X¥, all k£ with degree

independent of 7 and j, but dependent on k&, such that

n
@ ) .
@) aXi = D cili, 0=si=n,1=j=m,
k=0

** aj(P) # 0, 1<j<m

Then {a;,,-} define a rational map ¢: (P*)»—PGL (%), while for each
7 {I i,j} define a rational map M —P=, hence together a rational map
M—S(Pm)m, Define UCM as the “set of points” Q& M such that for
all j, @;(Q) #0. Clearly by (*), s is a morphism when restricted to U,
and ¢ is a morphism when restricted to ¢y~'(U). Moreover (*) then
translates to the statement that the composed morphism below is
the identity:

10 22 b6y x @yn TS (P

Then (i) follows formally, and to show (ii), define B:y~1(U)—U
X PGL(n) by ¢ X¢, then 4 o B=identity also follows formally. To
see that B o 4 =identity, note first that for any geometric points P
and ¢ in (P*)7 and PGL(#n) resp., mi(o, P) =P implies ¢ =e¢; for there
are clearly n+1 independent points P/ among P=(Py, - - -, Pu),
and since<m/(n+1) of the P;are in any one hyperplane, all P; could
not lie in one of the #» 4 1 hyperplanes spanned by
(P¢,---, Pl,---, Pl). Consequently Bo A is the identity on
geometric points, and since U and PGL(%) are reduced, B o 4 is the
identity.
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Finally, construct the Typische Darstellung as follows. Given P,
obviously there exist %o, - + +, 4, such that Dy,... s, (P)#0. Simply
multiply through by a suitable function the standard identity:

. n
) )
™o Dy, ..., X: = Z D;y,.. 5, vin X
k=0
For some arbitrary «, set
aj = (Dio’_."in)No.H(a.i).H(io,a) ..... IIGn@) . TIGO) . . . . .H(in),
I; = (Da‘o,-u-,i,,)No—l'Dio,---.?'k,j,-~-,i,,'H(“’i)'H(il"a)‘n(“) ..... II¢n) |
oip = MG, ... JiGa). ... JIGra). X G

and (*) and (**) follow. Q.E.D.
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