A NOTE ON THE OPERATORS OF BLASCHKE
AND PRIVALOFF

D. H. POTTS

Let f(P) be a function of a point P=P(x, ¥) in Euclidean 2-space.
Let L(f; P:r), A(f; P;r) be the mean values of f(P) on the perimeter
and on the interior, respectively, of a circle of center P and radius 7,
that is,

1
L(f; Py r) = Py f@dse,

Y J ¢ (Pir)

agirin = — [ [, o

where C(P;r), D(P;r) are the perimeter and interior, respectively, of
the circle with center P and radius 7. The operators

4
Vof(P) = lim — [L(f; P;r) — f(P)],

8
Vof(P) = lim — [A(f; Py ) — f(P)]

have been defined by Blaschke and Privaloff, respectively. The fol-
lowing are a few of the results which have been obtained by these
and other investigators.

THEOREM A [1, 2].t If f(P) has continuous second partial deriva-
tives, then V,f(P), Vof(P) exist, and

(ﬁ n ii) = VY(P) = V,f(P) = V.f(P).
0yt/p

dx?

TureoreM B [1]. If (i) f(P) is continuous on a circle D(Q; 7),
(ii) V,f(P) exists on the interior, D(Q; r), then

4
= [L(F; 051 — @]

lies between the upper and lower bounds of V,f(P) on D(Q; r).
TuEOREM C [3, 4]. If u(P) is a logarithmic potential function
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1
up) = [ 10g 2 au@

where p is a mass distribution, and if the density exists at R, that is,

lim —— du(Q) = Duu(R)

r—0 7”’2 D (R;ir)

exists, then V,u(R), V,u(R) exist and V,u(R) =Vau(R) = —27rDu(R).
(W indicates integration over the whole space.)

The purpose of this note is to give extensions of Theorems B and C.
Theorem B is readily extended to the operator V, by the following:

THEOREM 1. If (i) f(P) is continuous on a circle D(Q; r), (ii) V.f(P)
exists on the interior, D(Q; r), then

8
o [A(f;Q: ) — fQ))

lies between the upper and lower bounds of Vof(P) on D(Q; 7).

Proor. Consider the function
1 —
ANP) = f(P) — h(P) + L(f;Q; p) — f(Q) — o [L(f; Qi p) — f(Q) |PQ?

where p=r, and &(P) is the function harmonic on D(Q; p) and such
that &(P)=f(P) on C(Q; p). Clearly N(P)=0 on C(Q; p). Further
MQ) =L(f; Q; p) —k(Q). But

1 1
Q) = o h(P)dsp = — f(P)dsp = L(f; Q; p).
Y C(@Qip) 27rJ c@ip

Therefore N(Q) =0. Thus the continuous function A(P) has both a
maximum and a minimum value on D(Q; p). Now if R is a maximum
point of A(P) then V,A(R) =0, for
1
VA(R) = lim — f f MP) = AR)]dP = 0.
4 D (P;p)

p—0 TP

But

1 —
VaA(P) = Vof(P) = Vah(P) — = [L(f; Qs p) — F(Q]V.PO™

By Theorem A, Vi (P) =0, V,PQ?=4. Therefore
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4
VAP) = Vf(P) ~ — [Z(f: 0 p) — f@]-
But V.A(R) £0, hence
4
V.f(R) £ " [L(f; 0 0) = @]
Similarly if S is a minimum point of A(P) on D(Q; p) we have
4
Vof(S) 2 ~ [L(f; Q; p) — Q]

Thus, if M, m are the upper and lower bounds, respectively, of
Vof(P) on D(Q; 7), then for all p=7»

4
m= = [L(f;050) — fQ] = M,
and so
2 r 8 r 8 r 2 T
—f mpddp = ——f L(f; Q; p)pdp ——f f(@)pdp é——f Mpddp.
r? 0 72 0 r? 0 r? 0
But
1 2 r 1
AGiein =— [ [ qeyir == ot
wr?J J p@in 2 J 2mpJ c@in

2 r
= r—zfo L(f; Q; p)odp.

f(P)dse

Thus mr2/2 Z4[A(f; Q; ) —f(Q)] < Mr2/2 and
8
ms— 40N - /@] = M.

For the operator V, a somewhat stronger form of Theorem C is ob-
tainable.

THEOREM 2. If u(P) is a logarithmic potential function

1
w®) = [ 10g 2o du©)

where u is a mass distribution, and if at R
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1

lim ap —-—f du(P) = Duu(R)
r—0 1r1'2 D (R;r)

exists, then Vou(R) exists, and Vu(R) = —2wDu(R).

Proor. Consider

270 J crin 2mp

1 1 1
L(u; R; p) = — u(P)dsp = —~—f dsp: f log — du(Q)
C(®ip) w  PQ

1 1
= au(Q) — log — dsp.
f W 2mpd ey PO

Now
1 1 1
—_ log — dsp = —_—
2mp fcm:n %8 PQ or = log OR G =)
= log — (QR = p)
Hence
L(w; R; p) = du(Q) 1 1+ au(Q) -1 !
U y P —fD(R;p) MQ) Og p WD “Q). Og QR
[ @10 1+f [101 1 1]d(@)
== . — — — 108 ——
v & QR D (Rip) & p & QR g
1 1
= u(R) + i [log7 — log _Q—IE] du(Q).
Thus

2 r
A(u; R;r) = —;f L(u; R; p)pdp
r 0

2 pr 1 1
= u(R ——f d f [1 1 ——:Id ,
u(R) + el N N og— —log OR 1(Q)

and so

8
— [4@u; R 1) — w(R)]
r

16f'd f [1 1 1 l]d ©
= — pdp- og — — log —= | du(Q).
rtJy D (Rip) gP gQR
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The integrand depends only on |QR|, so we can write

[A(u R;7) — u(R)] fo pdp- f [log——log :ldp.(t)

where

a(t) = f( (@)

Integrating by parts we have

2 @i R - a®)]
=1_46 orpdp~{[<10g—1-—10g )u(t)] fop E(?) d%}

A = f (Q) = TDa(R) + o(#)
D(R;t)

But

for almost all small ¢£. Hence

8
— [A(u; Ry r) — u(R)]

16 pr , dt p dt
=— | pdp-3— f 72D ou(R) — — f o(t%) —}
74 0 0 ¢ 0 t

16 pr T
= — pdp-[-— ) p*D.pu(R) + o(pz)]
0

r4

16 po7
= — 2mDap(R) + — f o(p®)dp.
r 0

Thus

lim —8— [ACu; R; r) — u(R)] = Vau(R) = — 2xD.u(R).

r—0 r?

Many results which have been proven for one operator can be ex-
tended to the other operator by use of the following theorem.

THEOREM 3. If V,f(P) exists, then so does V.f(P), and V.f(P)
=V,,f (P )-
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Proor. L(f; P; r) exists for small 7, and further
2
L(f; Pi1) = f(P) + = Vof (P) + o).
Also
2 r
A(f; P;r) = —2f L(f; P; p)pdp.
r 0
And hence
8
pr [A(f; Py r) — f(P)]
8 r
= ~[2f "2 21 ot - i)

St [ Tror+ 2 v + o) oo = ()}

16 pr
VP + = [ o)
r 0
The last term is easily seen to approach zero as r—0. Thus

8
lim — [A(f; P; r) — f(P)] = Vaf(P) = V,f(P).

r—0 7

These results hold true for spaces of higher dimensions, and the
above proofs follow through with obvious modifications of the co-
efficients and the form of the potential function.

BIBL1IOGRAPHY

1. W. Blaschke, Ein Mittelwertsatz und eine kennzeichende Eigenschaft des loga-
rithmischen Potentials, Berichte iiber die Verhandlungen der kéniglich sachsischen
Gesellschaft der Wissenschaften zu Leipzig, Mathematisch-Physische Klasse vol. 68
(1916) pp. 3-7..

2. 1. Privaloff, Sur les functions harmonique, Rec. Math. (Mat. Sbornik) vol. 32
(1924-1925) pp. 464—469.

3. , On a theorem of S. Saks, Rec. Math. (Mat. Shornik) N.S. vol. 9 (1941)
pp. 457-460.

4. S. Saks, On the operators of Blaschke and Privaloff for subharmonic functions,
Rec. Math. (Mat. Sbornik) N.S. vol. 9 (1941) pp. 451-456.

NORTHWESTERN UNIVERSITY



