
A NOTE ON THE OPERATORS OF BLASCHKE 
AND PRIVALOFF 

D. H. POTTS 

Let f(P) be a function of a point P^P(x, y) in Euclidean 2-space. 
Let L(f\ P\ r), A(f\ P ; r) be the mean values of/(P) on the perimeter 
and on the interior, respectively, of a circle of center P and radius r, 
that is, 

L(f; P; r)=^-f f(Q)dsQ, 

A(f;P;r)=~ff f(Q)dQ 

where C(P; r), D(P;r) are the perimeter and interior, respectively, of 
the circle with center P and radius r. The operators 

vPf(P) = Mm4 [£(ƒ; P;r)- f(P)l 

Vaf(P) = lim- [A(f; P;r) - f(P)] 
r-»0 f2 

have been defined by Blaschke and Privaloff, respectively. The fol­
lowing are a few of the results which have been obtained by these 
and other investigators. 

THEOREM A [l, 2J.1 If f(P) has continuous second partial deriva­
tives, then Vpf(P), V0/(P) exist, and 

THEOREM B [l]. If (i) f(P) is continuous on a circle D(Q; r)f 

(ii) Vp/(P) exists on the interior, D(Q; r), then 

^[L(f;Q;r)-f(Q)] 
r2 

lies between the upper and lower bounds of Vpf(P) on D(Q; r). 

THEOREM C [3, 4]. If u{P) is a logarithmic potential f unction 
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«(P)= f log—-iKQ) 
J w "v 

where /x is a mass distribution, and if the density exists at R, that is, 

lim — - f dv(Q) = D,n(R) 
r-*0 Tr2JD(R;r) 

exists, then Vpu(R), Vau{R) exist and Vpu(R) = V0w(P) = — 2irD8ix(R). 
(W indicates integration over the whole space,) 

The purpose of this note is to give extensions of Theorems B and C. 
Theorem B is readily extended to the operator V0 by the following: 

THEOREM 1. If (i) f(P) is continuous on a circle Z>((?; r), (ii) Va/(P) 
exists on the interior, D(Q; r), then 

-2[A(f;Q;r)-f(Q)i 
r2 

lies between the upper and lower bounds of Va/(P) on D(Q;r). 

PROOF. Consider the function 

X(P) = f(P) - h(P) + L(f; Q; p) - f(Q) - i - [£(ƒ; Q; p) - f(Q)\TQ* 
P2 

where per, and h(P) is the function harmonic on D(Q; p) and such 
that A(P)=/ (P) on C(Q; p). Clearly X(P)=0 on C(Q; p). Further 
\(Q)-L(f;Q;p)-h(Q). But 

KQ) = — f h(P)dsP = — f f(P)isP = !(ƒ; Q; p). 
27rr •/ C(Q;p) ^ f •/ C(Q;p) 

Therefore X(Q)=0. Thus the continuous function X(P) has both a 
maximum and a minimum value on £)((); p). Now if R is a maximum 
point of X(P) then V0X(P) ^ 0 , for 

VaX(£) = lim f f [X(P) - X(P)]dP g 0. 
p->0 7Tp4J J D(P',p) 

But 

VaX(P) = Va/(P) - VaA(P) - — [L(f; Q; p) - f(Q)]VaPQ\ 
P2 

By Theorem A, VoA(P)=0, VaPQ2 = 4. Therefore 
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VaX(P) = Va/(P) - ~ [£(ƒ; Q; p) - ƒ(£)]. 
P2 

But VaX(P)^0, hence 

P2 

Similarly if 5 is a minimum point of \(P) on D(Q\ p) we have 

Vaf(S)^-[L(f;Q;P)-f(Q)]. 
P2 

Thus, if M, m are the upper and lower bounds, respectively, of 
V„/(P) on D(Q; r), then for all p ^ r 

»^4^;Q;P)- / (Q)]^^ . 
p2 

and so 

2 /» r 8 r r 8 /*r 2 rr 

I w p 3 ^ p g £(ƒ . Q. p)pdp __ / ( e ) p ^ p <g J l f p S ^ 
r Jo r Jo r Jo r2 J o 

But 

irrzJ J D(Q;r) r' J o lirpJ c(Q;P) 

= — frL(f;Q;p)pdp. 
Y J 0 

Thus « r V 2 ^ 4 [ i l ( / ; (2; 0 -ƒ«? ) ] g Afr2/2 and 

r2 

For the operator V0 a somewhat stronger form of Theorem C is ob­
tainable. 

THEOREM 2. If u(P) is a logarithmic potential function 

« ( p ) = r log—<*M(ç) 

w&ere /x is a mass distribution, and if at R 
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lim ap f dix(P) = Dati(R) 
r-»0 71T2 J D(R;r) 

exists, then Vau(R) exists, and Vau(R) = —2irDaix(R). 

PROOF. Consider 

L(u; R;P) = — f u(P)dsP = — f <feP. f log —-dM(Ç) 
2wpJc(R;P) LTTpJ C(R\p) J W *Q 

- f d»(Q)~f log—-dsP. 

Now 

— I log —- <fcP = log — (Q* > p) 
irpJ CŒ-.Ù'I PQ 

1 

= log — (QR g p). 

Hence 

£(«; R;p) = f <f/i(Q) • log — + f <*M(0 • l o g — 
J D &•,/>) P J W-D QR 

= r iM(ö) • log -1- + r [log - - log - j -1 JM(Q) 
•/jr QR JD<.R;P)L P QRJ 

= u(R) + f [log - - log — 1 d»(Q). 
J D{R\p) L P y^vJ 

Thus 

2 

^ 0 

2 f ' 
i4(«; R\r) = — I L(«; JR; p)pdp 

f •/ o 

= w(£) + — f ' pip • f [log - - log — 1 dui(Q), 
r2 Jo JDW.P) L P Q#J 

and so 

8 
[A(u; R; r) - u(R)] 

= -^T pdp- f [ l o g - - log — 1 d»(Q). 
r 4 J 0 JDW,?) L P G-RJ 
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The integrand depends only on | QR\, so we can write 

8 r 16 rr Cp T 1 H 
— [A(u; R; r) - u(R)} - — pdp- log log— Up® 
r2 r4 J o J o L P t J 

where 

j a w = r ^ ( Q ) . 
• / D ( J B ; 0 

Integrating by parts we have 

8 
[A(u; R; r) - u(R)] 

16 cr ivt i i\ T rp ^ 

But 

jB(«) = f <fo(Q) = *PDalx{R) + o(t*. 
J D(.R;t) 

for almost all small t. Hence 

8 
~2 

[A(u; R; r) - u{R)\ 

16 rT ( C' dt C" dt\ 

= ^ ƒ ' pdpl- j P*Dalx{R) + o(p*)] 

16 / • ' 
= - 2rDafi(R) + — | o(p 3)<*P-

r4 J o 

Thus 

8 r lim — [A(u; R; r) - u(R)] = Vau(R) = - 2TDap.(R). 

Many results which have been proven for one operator can be ex­
tended to the other operator by use of the following theorem. 

THEOREM 3. If VJ(P) exists, then so does V0/(P), and Vaf{P) 
-V(-P). 
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PROOF. L(f\ P\ r) exists for small r, and further 

Also 

And hence 

L(f; P; r) = f(P) + - Vpf{P) + o(r*). 
4 

A(f;P;r) = - f '' L(f; P; p)pdp. 
T J 0 

-[A{f-P;r)-f(P)\ 
r2 

= i-^2 ƒ 'Li/; P; p)pdP - rY(P)J 

= ^{2 Jo'[/(P) + j V ( P ) + o(p^pdp - r*f(P)j 

16 rr 

= v./CP) + — I *(p«)<*p. 
f4 J o 

16 

0 

The last term is easily seen to approach zero as r—>0. Thus 

lim - [A(f; P; r) - f(P)} = V„/(P) = VP/(P). 
r-X) f2 

These results hold true for spaces of higher dimensions, and the 
above proofs follow through with obvious modifications of the co­
efficients and the form of the potential function. 
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