
ON SOME PROPERTIES OF SYMMETRICAL PERFECT SETS1 

R. SALEM 

This paper deals with some properties of symmetrical perfect sets, 
in view of applications : (i) to the problem of multiplicity of trigono­
metrical series; (ii) to the study of Fourier-Stieltjes coefficients of 
singular monotone functions ; (iii) to the problem of absolute conver­
gence of trigonometrical series. 

1. Sets of multiplicity of trigonometrical series. We shall consider, 
throughout the paper, symmetrical perfect sets, that is, sets which are 
obtained, in the closed interval (0, 2w) by the following process. We 
divide the interval in three parts of lengths proportional to £1, 1 —2^i, 
£i, and we remove the central open interval. In the second operation 
we divide each one of the two intervals left in three parts propor­
tional to £2, 1 —2^2, £2, and we remove the two central open intervals, 
and so on infinitely, the sequence {£p} being such that 0 < £ p ^ ^ . 2 

After p operations, we have thus removed 2P — 1 intervals which we 
shall denote by 8pk (& = 1, 2, • • • , 2P —1) and 2P intervals are left, 
which we shall denote by rjpk (k = l, 2, • • • , 2P). Each interval rjpk is 
of length equal to rçp = 27T • &É-2 • • • £P. Let Ep be the set constituted 
by the 2P intervals rjpk and let E(p) be its measure. We have 

(1) E(p) = 2%, = 2*.2*f1fc- • . { p . 

E(p) is a non-increasing function of p and the measure of the perfect 
set P obtained by the above-described process is lim E(p) for p = 00. 
We shall only consider, throughout the paper, sets for which this limit 
is equal to zero. 

We shall now construct a monotone continuous function F(x) con­
stant in every interval contiguous to P but increasing from one in­
terval to another, by the following well known process.3 For every p 
let Fp be a non-decreasing continuous function defined by the follow­
ing conditions: Fp(0) = 0 , Fp(2w) = 1, 

k 
Fp{x) = — in ôPk9 k = 1, 2, • • • , 2p — 1, 

2p 

1 Presented to the Society, May 3, 1941. 
2 If £p = J no interval is removed in the pth operation but the intervals left after 

the (p — l)th operation are subdivided in two equal parts, and we deal in the (£-fl)th 
operation, with the intervals thus subdivided. 

3 See Menchoff [ l ] ; Zygmund [l, p. 294]. 
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and Fp(x) linear in each rjPk. The consideration, in an interval rjpk, of 
the straight line representing Fp and of the broken line representing 
Fp+\ shows immediately that 

I t v — rp+i | ^ 
2»+1 iu , 

that is to say, by (1) 

2^1L £(*) J' 
(2) 

2*+1L £(#) 
Thus F p converges uniformly to a continuous function F which is 
non-decreasing, is constant in every interval contiguous to P but in­
creasing from one interval to another, and we have F(0) = 0, F(2ir) = 1. 

Let us consider now the Fourier-Stieltjes coefficients of dF. We have 

e»**dF = I g****/(F - Fp) + I enixdFp. 
o «J o •/ o 

Denoting by A and 5 the two last integrals, and integrating A by 
parts, we have, as F—Fp vanishes for x = 0 and X = 2T, 

/* 2ir 

A | S n I | F - F p | d*. ƒ 
J o 

ƒ» 2TT /» 2ir 

| F p - Fp+i'l dx + n I | Fp+i - Fp+21 doc + • 
0 J Q But 

ƒ. 
2TT 

| Fp - Fp+i | dx g E(£) -max | Fp - F p + 1 1 , 
o 

since Fp = Fp+i when # does not belong to Ep. Hence, by (2) 

ƒ, '\FP- Fp+1 \dxg-— [E(p) - E(p + 1)]. 
o jp -M 

Let us suppose now that E(p) is a convex function ; then E(p)—E(p + 1) 
is decreasing and we have 

\A\g n[E(p) - E(p + 1)] £ - L - = ^ [E(p) - E(p + 1)]. 
v-p 2v+l 2P 

Considering now the integral B we have 

file:///dxg-�
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J enixdFp = I enixdx = I enixdx. 
2pVpJ,pk E(p)Jr)pk 

Hence 

\B\ ^ 
E(p) n 

and 
I I n r n 2P+l 1 

(3) | ^ | * - [ £ ( * ) - £ ( * + ! ) ] + • 2? n E{p) 

Up to here we have followed very closely the above quoted Men-
choff's example, in extending it to general symmetrical sets. In Men-
choff's example 

P 1 

2(p+l) p+1 

Now the inequality (3) gives us in a very simple way a class of 
symmetrical perfect sets of measure zero which are sets of multiplic­
ity. As is well known, in order that P should be a set of multiplicity 
it is sufficient to have cn = o(l). 

The integer p being arbitrary, let us choose it satisfying the follow­
ing condition : 

2P- 1 

(E(p - \)Y'KE{p - 1) - E(p))u* 
(4) 

< n S 
(E(p)yi\E{p) - E(p + l))i/« 

Thus, by (3) 

i«,is^_«£±i)r+4£(tz«^__«w_r. 
1 ' ~ \ E(p) ) E(p) \ E(p - 1) / 

If n increases infinitely, so does p defined by (4) ; hence if we suppose 
E(p + 1)/E(p)->1, wehavec„ = tf(l). 

We have thus obtained the following result:4 Each symmetrical per­
fect set of measure zero such that E{p) is convex and E(p + 1)/E(p) 
tends to 1 is a set of multiplicity. 

4 A more general result is due to Nina Bary [l ], but the proof is very complicated. 
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2. The Fourier-Stieltjes coefficients of singular monotone func­
tions. Let us now consider for every p the characteristic function/^, 
of the set Ep. We have 

ƒ* 2T 1 C 1 C2ir 

enixdF„ = I enixdx = I fp(x)enixdx. 
2^JEv E(p)Jo 

Hence 

ƒ» 2T 1 /* 2 T 

eni*dF = I fp(x)enixdx + A, 
o £(/>) «/ o 

4̂ denoting, as above, the integral 

J»2?r 

o 

We have seen that 

U I è njt - ~ [E(v) - E(v + 1)]. 

Here we shall make no hypothesis whatever about the behaviour of 
E(p) — E(p + 1). I t is plain that in any case we have 

2P+I 

Hence 

. . I f 27r I2 /nEHp)y 
(5) E\p) | cn | « a 2 | J fp(x)e"**dx | + 2 ( ^ r j • 

The integer £ is arbitrary. We can associate to every n an integer 
p = p(n) non-decreasing, tending to infinity with ny and sum the in­
equalities thus obtained from n = 1 to n = oo provided that the sum 
of the right-hand side terms be convergent. 

Let us observe that the sets Ep are such that EP+1QEP that is to 
say fp+i ^fp. Now it is known that in this case the sum 

00 1 / » 2 T 

S = Z ƒ,(*)«»' 
1 1 ^ 0 

"dx 

where p takes the same value for all n such that np^n<np+i, con­
verges if np+1/np>\>l; moreover S<C(X), C being a constant de­
pending only on X. This is a consequence of the well known theorem 
stating that if Sn(x) is the nth sum of the Fourier series of a function 0 
of integrable square, then 
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X
2TT r- /* 2TT —11/2 

sup | Snp(x) | dx S KÇk) I tfdx 
where KÇK) depends on X only.5 

Hence if we take, for example p=[a log n] ([m] denoting the inte­
gral part of m), p will take the same value for np^n<np+i, np being 
given by 

a log (np — 1) < p ^ a log np> 

Hence 

a log np+i - a log (np — 1) > 1; 

that is to say, 
JL- > X > 1 

X depending on a only. 
On the other hand, we will have 

< 
2 P + I 2a l o g n 

and it is easily seen that the series ^2(n/2p+l)2 will converge if 
a > 3 / ( 2 1og2). 

Hence, returning to inequality (5) and writing E{a log n] instead of 
E([a log n]), we get the following result: 

The series 
oo 

T = £ £ 2 [ a l o g « H c B | 2 

1 

is convergent f or a > 3/(2 log 2). Moreover T<C(a), C being a constant 
depending on a only. 

5 See Zygmund [l, p. 252]; and for the equivalence of the two statements, Salem 
[l, 2 ] . The proof is briefly as follows: p — p(x) being any function of x, we have 

/

2ir I r /»2f ~ 1 1 / 2 

Snp(x)(x)dx ^ K(\)\ J tfdx , 
and this can be written if <j>(x)~£cne

nix, 

I C2T I 

XX I fpe™dx\ ^#i(X) (£|<;n 12)i/2, 
I * / o ] 

where the fp are characteristic functions of sets, corresponding to p(x), such that 
fp+i Sfp and such that fp is the same for all n for which \np\ û\n\ < | %+i | . Since this 
holds good for any sequence {cn} such that X I cn | 2 < °°, the statement about the 
sum S follows immediately. 
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The interest of this theorem lies in the fact that we can construct 
our perfect set P of measure zero such that E(p) tends to zero as 
slowly as we please. Hence, while the function P(x)'s being singular 
(that is, constant in every interval contiguous to P) makes the series 
53 Ie» I2 necessarily divergent, the divergence of this series can be as 
slow as we please, and the rapidity of the divergence is connected in 
a very simple way with the function E{p). 

We refer the reader to other results which have been obtained pre­
viously in this field. See Wiener and Wintner [l, 2] and Schaeffer [ l ] . 

3. Absolute convergence of trigonometrical series. The set P is 
said to be of the type N if there exists a trigonometrical series 
53Pn cos (nx—an) with p w ^ 0 , 53P™ = : °°, such that53p™| cos (nx—an)\ 
< oo for every x belonging to P . It has been proved6 that if P is of the 
type N we have 

cos InxdF = 1. 
o 

If we split the sequence of integers \n\ in two complementary se­
quences {ntk}, {nk} such that for every k : 

cos 2mkx dF ^ 1 — €, I cos 2nkx dF > 1 — e, 
o J o 

€ being any fixed positive number < 1 , the proof of the theorem just 
stated shows that no series 5 3 ^ c o s (nikX — ak) can converge absolutely 
in P unless 5 3 ^ < °° • Hence, if the set P is of the type N every trigo­
nometrical series absolutely convergent in P but not everywhere can 
be broken into two complementary series: the first one, 

53 rjc cos (mkx — ah) with 53 '* < °° » 

which is a parasitic series convergent absolutely everywhere ; and the 
second one, 53P& C O S (nkX—pk), which converges absolutely in P , with 
53P* = °° • 

Now, the question arises of what can be the frequency of the in­
tegers {tik}. We can draw some conclusions from the theorem proved 
in §2. We have, by (6), by a suitable choice of e, \c2nk\ >h Hence 

00 

5 ^ £ 2 [ a l o g 2 ^ ] < oo. 

6 See Salem [3, p. 323]. 
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Roughly speaking, the more slowly E(p) decreases, the more sparse 
are the integers {nk}. More precisely if between p and q there are 
v(p, q) integers of the sequence {nk} we have 

v-Ez[alog2q] < J ) £ 8 [ a l o g 2 ^ ] < E [a log 2p] C(a); 
P<nk<q 

hence 

£ [a log 2p] 
(7) v < C(a) • 

£ 3 [a log 2?] 

It has been shown7 that the perfect set P for which all the £p are equal 
to J, except for a sequence {i3-} for which ^ = 1/2/, is of the type iV. 
By taking the sequence {ij\ very sparse, we can plainly obtain a set 
of the type N with E(p) decreasing as slowly as we please. Hence, the 
inequality (7) shows that there exist sets of the type N for which 
p[p> (l>(P)]<0)(P)i <t>(P) increasing as rapidly, and a)(p) as slowly as 
we please. 

This result throws some light on the fact that the sum of two sets 
P , P ' , both of the type N, may be not of the type N, a result which is 
due to Marcinkiewicz.8 If the sets P , P' are both of the type N, then, 
F' being the corresponding function for the set P ' , there exist two se­
quences of integers {n}c}, {U'K} such that 

(8) lim I sin2 nkx dF = 0, lim I sin2 ni x dF' = 0 
•̂ o J o 

by the theorem stated at the beginning of §3. But it can be shown 
exactly in the same way that if P+P' is of the type N, we must have 

sin2 nx dF + I sin2 nx dF' = 0 ; 

that is to say, there must exist a common sequence {mk} such that 

ƒ
» 2 T /» 2 T 

sin2 mux dF — 0, lim I sin2 m^x dF' = 0. 
o J o 

Now the sequences \nu\, {nf
k\ satisfying (8) can be, as we have seen, 

both very sparse, hence the existence of a common sequence {nk} 
satisfying (9) may be impossible. 

The question of what happens if the second set P' is reduced to a 
7 See Salem [3, p. 329]. 
8 Marcinkiewicz [ l ] . 
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single point has been mentioned to me by Dr. Marcinkiewicz and 
Professor Zygmund. We will show here that the sum of any set of the 
type N (not necessarily a perfect set) and of a single point is also of 
the type N. 

It has been proved9 that by a suitable translation of the given set E 
we can suppose that the series converging absolutely in E is a sine 
series. Let us suppose, then, that for every x belonging to E we have 

00 

J2 Pn | sin nx \ < oo, Pn ^ 0, ]T) Pn = °°. 
1 

We can always find a positive function œ(n) increasing infinitely with 
n, such that 

Pn Pn 
< 0 0 . 

i œ(n) i o)2(n) 

(We can take, for example, co(w) =]C?Pw) Let Q be a point of abscissa 
#oi not belonging to E. By Dirichlet's theorem, for every n we can 
find an integer pn such that 

( Xo\ 1 1 

n — \ - A» < T — ~ T ; 

X / I [«(«) J 
£w being an integer and (s) = z — [z] denoting the fractional part of z. 
Thus 

pnn pJn — — hn 
TT L Î T J 

1 
< 

[«(»)] ' 
that is to say, 

I pnnx0 

kn being an integer. Thus 

knT < 
co(n) 

sin pnnxo \ < 
<ti(n) 

for every n. Hence 
00 

(ii) Z 
rw | . i T--^ Pn 

sin ^ww#0 I < 4 2^ 
co(tt) o)2(n) 

< oo. 

'See Salem [3, p. 319]. 
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On the other hand, applying the well known theorem: | s i nw/ | 
^ m \ sin t\ for m a positive integer, we have, by (10), if x belongs to E: 

—— I sin pnnx | ^ 2^ —rr Pn I sin nx \ 
i « W i « ( « ) 

^ s Ptt I s m nx I < °° • 
1 

Hence, by (11) and (12) the series ]Cî° [pn/co(w)] sin nx converges ab­
solutely in E+Q. But ^2iPn/o^(n) = oo ; hence E + Q is of the type N. 

This leads immediately to the following result: The sum of any set 
of the type N and of any finite set is also of the type N. 
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