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1. Introduction. Let x be a general point of an analytic non-ruled 
surface S referred to its asymptotic net in ordinary projective space. 
By a line h at the point x we mean any line through the point x and 
not lying in the tangent plane of the surface at the point x. Dually, 
a line /2 is any line in the tangent plane of the surface at the point x 
but not passing through the point x. The lines /i, /2 are called recipro­
cal lines if they are reciprocal polar lines with respect to the quadric 
of Lie at the point x. In this case, when the point x varies over the 
surface S, the lines h, h generate two rectilinear congruences Ti, T2 

which are said to be reciprocal with respect to the surface. If, how­
ever, the point x moves along the w-curve, the locus of the line h is a 
ruled surface R^ of the congruence IY The osculating quadric along 
a generator h of the ruled surface R^ is the limit of the quadric de­
termined by the line h through the point x and the lines h through 
two neighboring points Pi, P 2 on the w-curve as each of these points 
independently approaches the point x along the w-curve. The quadric 
thus defined will be denoted by Q{u\ A second quadric Q[v) is deter­
mined by three consecutive lines h at points of the fl-curve through 
the point x. Moreover, there are two quadrics, denoted by Q^ and 
Q2V\ which are associated with two ruled surfaces of the reciprocal 
congruence T2 and which can be defined similarly. This note will study 
the projective differential geometry of the quadrics thus defined. 

2. Analytic basis. Let the surface S under consideration be an ana­
lytic non-ruled surface whose parametric vector equation, referred to 
asymptotic parameters u, v, is 

(1) x = x(u, v). 

The four coordinates x of a variable point x on the surface satisfy two 
partial differential equations which can be reduced, by a suitably 
chosen transformation of proportionality factor, to Fubini's canoni­
cal form 

(2) %uu = poc + duxu + fixV} xvv = qx + yxu + dvxv, 6 = log (iy, 

in which the subscripts indicate partial differentiation. The coeffi­
cients of these equations are functions of u> v and satisfy three in-
tegrability conditions which need not be written here. 
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Two lines h, l2 are reciprocal lines if the line h joins the point x 
and the point y defined1 by 

\o) y == (ixu oxv ~j~" %uv 

and the line h joins the points p, a defined by placing 

(4) p = xu — bx, a = xv — ax, 

where a, b are functions of u, v. As u, v vary, the lines h, /2 generate 
two rectilinear congruences Ti, T2 which are reciprocal with respect 
to the surface. 

The curves corresponding to the developables of the congruence I \ 
are called the IYcurves of the congruence, and those corresponding 
to the developables of the congruence T2 the IYcurves of the con­
gruence. The differential equation of the IYcurves is 

(5) (F - 2ap + ptfdu2 - (bv - au)dudv - (G - 2by + y<j>)dv2 = 0, 

where F, G are defined by the formulas 

F = p - bu + b$u - b2 + ap, G = q - av + adv - a2 + by, 

and 0, yp by 

0 = (log^72)., ^ = (log/327),. 

If ki, Jt2 are the roots of the equation 

(6) k2+(A + B)k + AB- (F- 2aP + ^)(G - 2by + y4>) = 0, 

where the functions A, B are defined by 

A = — au — ab + fiy + 6UV, B = — bv — ab + @y + 6UV, 

the corresponding points 

y + kiX, i = 1, 2, 

are the focal points of the line l\. Furthermore, the differential equa­
tion of the IYcurves is 

(7) Fdu2 — (bv — au)dudv — Gdv2 = 0. 

If n , r2 are the roots of the equation 

(8) F + (b v - au)r - Gr2 = 0, 

the corresponding points 

p + Tt-cr, i — 1,2, 
1 In this section we employ the notation used by E. P. Lane in Chapter III of his 

book Projective Differential Geometry of Curves and Surfaces, Chicago, 1932. 
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are the focal points of the line h. I t will be assumed that the coeffi­
cients of du2 and dv2 in equations (5), (7) are all nonzero. In this case 
the IYcurves and the IYcurves of two reciprocal congruences form 
conjugate nets if, and only if, bv — au = 0. 

3. Osculating quadrics of ruled surfaces of the congruence I \ . Any 
point z, except the point y, on the line h at the point x is given by the 
equation 

(9) z = x + œy, œ scalar. 

As the point x varies along the w-curve, the line h generates a ruled 
surface R{u). Equation (9) is the parametric vector equation of this 
ruled surface, u, co being the independent parameters. The asymptotic 
curves on R^ consist of the lines h and the integral curves of the 
differential equation 

(10) Lidu + 2Mid<a = 0, 

where L\, M\ are determinants of the fourth order defined by 

1J\ = \ZUUf Z, ZUy %œ)i M. i =z \ZUo)j Zj Zu, Z(x>). 

Differentiating equation (9) and using equations (2), (3) to calculate 
the values of i i , Mi, we find that equation (10) can be written in the 
form 

dœ P + Co> + Deo2 

(11) _ = _ J 1 Z Z , 
du 2(F - 2ap + ffl) 

where we have placed 

C = F W - 2 ( ^ ) w + (M,)U + 20A, 

D = PA2 - a(F - 2afi + M2 + A(F - 2ap + ffl)u 

- (F - 2ap + W)[pv + (3q- ap + A(b - du) + Au}. 

Any point X, except the point 25, on the tangent at the point z of the 
curved asymptotic on R^ is defined by placing 

(12) X = \z + dz/du, X scalar. 

If we use the tetrahedron x, p, <r, y as a local tetrahedron of reference 
with a unit point chosen so that a point 

xix + x2p + xza + x±y 

has local coordinates proportional to Xi, • • • , #4, we find that the local 
coordinates of the point X are given by 
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*i = b + X + [a{F - lap + ffl) + bA + pv + pq - ap]œ, 

X2 = 1 + Ao)j 
(13) 

xB = (F - 2a/3 + W)w , 
|8 + Ceo + £>co2 

X4 = coX — (b — 0w)co — 
1(F - lap + ft) 

Homogeneous elimination of co, X from these equations gives the alge­
braic equation of the quadric Q[u\ referred to the tetrahedron x, p, a", y, 
namely 

P(F - lap + ffl)xl + Hxl + 1(F - lap + fflfxtx* 

(14) - 1A(F - lap + PiftxzXi 

- 1(F - 2a0 + M)xixz + 2Px2xz = 0, 

where the coefficients H, P are defined by 

ff = a(F - 2a/3 + /¥) - 34(5 - 0M) - Au + pv + pq - apy 

P = (2b-du)(F-lap + p*) + i(F-laP + Pt)u. 

The equation of the quadric Q^ can be written by interchanging u 
and v and making the appropriate symmetrical interchanges of the 
other symbols. The result is 

Kxl + y(G - Iby + y<j>)x\ + 1(G - Iby + y<j>)2xzxA 

(16) - 1B(G - Iby + y<t>)x2Xt 

— 1(G — Iby + 7$)#i#2 + !Qx2xs = 0, 

where the coefficients K, Q are given by 

K = b(G- Iby + y<t>) - 3B(a - 0V) - Bv + qv + yp - bq, 

Q = (la - 6V)(G - Iby + 7*) + i(G - 257 + T*).. 

Some properties of the quadrics Q^*\ Q^ will now be deduced. In 
the first place, the tangent plane, #4 = 0, intersects each of the quad­
rics in a conic. The conic of intersection of the tangent plane and the 
quadric Qiw) touches the ^-tangent at the point x and intersects the 
^-tangent in the point whose local coordinates are 

(18) (iff, 0 , F - laP + Pt, 0). 

Similarly, the quadric Q® is intersected by the tangent plane in a 
conic which is tangent to the ^-tangent at the point x and intersects 
the w-tangent in the point 
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(19) dK,G- 2by + y^ 0, 0). 

The face x$ = 0 of the tetrahedron of reference intersects the quadric 
<2iw) in the line h and in the line whose equations are 

(20) 0*2 + 2(F - 2ap + ffy)xA = 0, x3 = 0. 

Moreover, the face #2 = 0 cuts the quadric Q^ in the line h and in 
the line which joins the point (18) to the point on the line h with 
local coordinates 

(21) ( - . 4 , 0 , 0 , 1 ) . 

Similarly, the face #2 = 0 cuts the quadric Q^ in the line h and in the 
line 

(22) 7*3 + 2(G - 2by + y<f>)xA = 0, x2 = 0. 

The face Xz = 0 cuts the quadric Q[v) in the line h and in the line which 
passes through the point (19) and meets the line h in the point 

(23) ( - 5 , 0 , 0 , 1). 

The points (21), (23) are found to coincide if, and only if, au = bv. Thus 
we reach the following conclusion : 

The Yi-curves and the I\-curves of two reciprocal rectilinear congru­
ences form conjugate nets on the surface if, and only if, the points (21), 
(23) coincide. 

It is well known that two nonsingular quadric surfaces having one, 
and only one, generator in common intersect elsewhere in a twisted 
cubic. Elimination of Xi between equations (14), (16) gives the cubic 
cone projecting the curve of intersection of the two quadrics from the 
point x. This cone has the line h for a double line, the equations of the 
nodal tangent planes along the line h being given by 

(24) (F - 2a$ + ffl)x\ - (bv - au)x2xz - (G - 2by + y<t>)xl = 0. 

A glance at equation (5) suffices to substantiate the following state­
ment: 

The nodal tangent planes along the double line l\ of the cone projecting 
the curve of intersection of the quadrics Q[u\ Q[V) from the point x are 
the planes which intersect the tangent plane of the surface at the point x 
in the tangents of the Fi-curves. 

Eliminating xi from equations (14), (16), we obtain the equation 
of the cone which projects the curve of intersection of the quadrics 

file:///-curves
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Qt\ Qiv) from the vertex p of the tetrahedron of reference. This pro­
jecting cone is found to be a composite quartic cone, one component 
being the face #3 = 0 of the tetrahedron of reference. The other com­
ponent is a cubic cone which is intersected by the face #2 = 0 in a 
plane cubic curve. Placing #3 = 0 in the equation of this curve, we find 
the intersections of the curve with the line h. I t is now easy to verify 
the conclusion : 

The quadrics Q^, Q^ intersect in the line h and in a twisted cubic 
which crosses the line h in its two focal points. 

4. Osculating quadrics of ruled surfaces of the congruence T2. The 
equations of the quadrics Q%\ Q® can be found without difficulty by 
applying the method of the preceding section. The details of the cal­
culation need not be reproduced here, but the required equation of 
the quadric Q^\ referred to the tetrahedron x, p, <r, yy is found to be 

2 2 2 

(25) /3xi — 2F#iX3 + IF x2#4 + 2(ab — a^Fx^x^ + 2SxiX± + Z,x4 =0 , 

where the functions 5, L are defined by 
S =\FU - Fdu + 2bF -p(ab - au), 

(26) L = PFG+ FFV - F(6U - 2b){bv - au) + F(bv - au)u 

— 2S(ab — au) — &{ab — au)
2. 

The equation of the quadric Q^ is 

2 2 2 

(27) Y#I — 2GxiX2 + 2G xzx^ + 2(ab — bv)Gx2X± + 2TxiX\ + Mx4 = 0 

where 
T = \GV- G6V + 2aG - y(ab - bv)y 

(28) M = yFG + GGU - G(dv - 2a)(au - bv) + G(au - bv)v 

- 2T(ab - bv) - y(ab - bv)\ 

The quadric Q^ is intersected by the tangent plane in the line h 
and also in the line 

(29) 0*i - 2Fxz = 0, x4 = 0. 

The face #3 = 0 cuts the quadric Q^ in a conic which is tangent to 
the ^-tangent at the point p and which intersects the edge xi = #3 = 0 
in the point with local coordinates 

(30) (0, L, 0, - 2F2). 
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The face X\ = 0 cuts the quadric Q^ in the line k and in the line which 
joins the point 

(31) (0, au- ab,F,0) 

on the line Z2 to the point (30). 
Similarly, the tangent plane intersects the quadric Q^ in the line Z2 

and in the line 

(32) yxi - 2Gx2 = 0, xA = 0. 

The plane #2 = 0 cuts this quadric in a conic which is tangent to the 
V'tangent at the point a and which intersects the edge xi = x2 = 0 in 
the point 

(33) (0, 0, M, - 2G2). 

The face xi = 0 intersects the quadric Q^ in the line h and in the line 
which joins the point 

(34) (0, G, bv - ab, 0) 

on the line h to the point (33). The following conclusion is immediate. 

If the points (31), (34) coincide respectively with the points cr, p, the 
Yx-curves and the Yi-curves form conjugate nets. 

Elimination of #2 from equations (25), (27) yields the equation of 
the cubic cone projecting from the point p the curve of intersection 
of the quadrics Q^\ Q^\ The line k is a double line of this cone, the 
nodal tangent planes along the line h being given by 

2 r -i 2 

(35) %i — (bv — au)xiXi — [FG + (ab — bv){ab — aM)]#4 = 0. 

I t is now easy to verify the conclusion : 
The two nodal tangent planes along the double line k of the cone pro­

jecting the curve of intersection of the quadrics Q^\ Q^ from the point p 
intersect the line h in two points which separate the points x, y harmoni­
cally if, and only if, the Ti-curves and the T^-curves form conjugate nets. 

Finally, simple calculations suffice to demonstrate the following 
theorem : 

The quadrics Q^\ Q^ intersect in the line h and in a twisted cubic 
which cuts the line k in its two focal points. 

5. A special case. The theory of the preceding sections will now be 
specialized by considering a particular covariant pair of reciprocal 
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lines associated with the point x of the surface. I t is known that the 
line h is the projective normal and the line /2.is the reciprocal projec­
tive normal in case a = b = 0 in equations (3), (4). Placing a = b = 0 in 
equations (14), (16), one easily shows that the equations of the two 
quadrics Q^\ Qi*0, which we shall call the projective normal quadrics, 
are respectively 

2 2 2 

fiir%2 + (pv + Pq + 30uk — ku)xz + 2T X2X± + (xw — 2TT6U)X2XZ 

— 27T&#3#4 — 2TTX\XZ = 0, 
( 3 6 ) 2 2 2 

7X^3 + (qu + yp + 3Qvk - kv)x2 + 2x x3x4 + (x* — 2xOv)x2x3 

— 2x&#2#4 — 2x^i^2 = 0, 

where 7r, X» k are defined by the formulas 

7T = P + #A, X = ^ + Y0> * = Pi + Ouv. 

Moreover, by placing a = 6 = 0 in equations (25), (27), we obtain the 
two reciprocal projective normal quadrics Q$*\ Q$\ whose equations are 
respectively 

2 2 2 

fixi + p(pv + &q)xt + (pu ~ 2pdu)x1x4 — 2pxxxz + 2p x2Xt = 0, 
( 3 7 ) 2 2 2 

yxx + q(qu + yp)x± + (qv — 2qdv)xiX4t — 2qxiX2 + 2q x3#4 = 0. 

SOUTHWESTERN COLLEGE 


