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In this paper, we shall develop a sequence of limit tests for the 
convergence and divergence of infinite series of positive terms which 
is similar in form to the De Morgan and Bertrand sequence but in­
volves the ratio of two successive values of the test ratio rather than 
the test ratio itself. The proof will be based on the following integral 
test by R. W. Brink:2 

"THEOREM VI. Given the sequence {un}. Let rn = un+i/un and 
Rn = rn+i/rn=un+2Un/un+i. If lim^oo rn = l, and if R(x) is a function 
such that R(n) =Rnj and such that R(x) *zR(x') when x' >x, a necessary 
and sufficient condition for the convergence of the series ^n°LoWn is the 
convergence of the integral 

I exp S-- I I log R(x) dxdx> c 

Since a finite number of terms does not affect convergence or diver­
gence, the conditions of Theorem VI need hold only for n greater than 
some fixed number v, in which case zero is to be replaced by v as a 
lower limit of integration. 

The foregoing theorem admits a generalization similar to that given 
by C. T. Rajagopal3 in the case of another theorem of Brink's.4 How­
ever, Brink's Theorem VI is sufficient for the purposes of the present 
paper. 

LEMMA. Let \un\ and \uù } be sequences of positive terms with ratios 
rn=un+i/un, Rn = rn+i/rn, rû =Un+i/un , and Rn =^+iA«» such that 
\\mn ôo rn = limnH>00 rn' = 1. 

1. If the series ^2Z=vUn converges and if Rn^Rn for all values of 
n^v, then the series ^2in~vUn converges. 

2. If the series^n=vun diverges and if Rn^Rn for all values of n^v, 
then the series ^n-vUn diverges. 

1 Presented to the Society, April 27, 1940, under the title A sequence of tests for the 
convergence and divergence of infinite series. 

2 R. W. Brink, A new sequence of integral tests for the convergence and divergence of 
infinite series, Annals of Mathematics, vol. 21 (1919), pp. 39-60. 

3 C. T. Rajagopal, On an integral test of R. W. Brink for the convergence of series, 
this Bulletin, vol. 43 (1937), pp. 405-412. 

4 R. W. Brink, A new integral test for the convergence and divergence of infinite 
series, Transactions of this Society, vol. 19 (1918), pp. 186-204. 
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PROOF. In case 1, if n ^ v, 

*Vfl fn+1 rn+2 rn+2 ^N+l fjv'+l . > , > , . . . . > , , 
f f 7 f 

Yn rn rw+i rn + i rjv fi\r 
Multiplying these inequalities, we have rx+i/rn ^ rjv'+iAn , and taking 
the limit as iV becomes infinite, we obtain rn^rû, (w^*>). Hence if 
zL^LpUn converges, 22^Lvw„ also converges. A similar proof can be 
given for the case of divergence. 

THEOREM 1. Let {un} be a sequence of positive terms with ratios 
rn = un+i/unt Rn:=rn+i/rn, such that l ining rn= 1. If of the limits 

lim n2 log Rn = a0, 
n—><» 

lim log n{n2 log Rn — 1) = #i, 
n—>oo 

lim log log wjlog n(n2 log Rn — 1) — l } = 0 2 , 

lim log log log n[log log n{log n(n2 log JRn — 1) — 1} — l ] = a3, 

ak is the first which is finite and different from 1, or the first to be posi­
tively or negatively infinite, the series ^n-vUn converges if ak>\ and 
diverges if' ak < 1 . 

PROOF. Let / i = log^, /fc = log/fc-i, (Jk>l); 

L0(n, a) = 0. 
By hypothesis, 

(1) lim h[h^{/*_,( • • • h[h(n* log Rn - 1) - 1] • • • ) - 1} - 1] = a*. 
»->00 

Hence 

l im—-— -[/*{fc_i(fc-,[-- • h{h(n* log Rn-1)-1] • • • J —1) —1} 
( , «->» 1+Lk(n, 1) 

— hh-i ' • * hL\(n, l)—lklk-i • • • hL2(n, 1)— • • • — lklk„iLk_2(n, 1) 

— lkLk„i(n, l)] = aki 

since limn^oo l/[l+Lk(n, 1)] = 1 and l i m ^ ^ lklk~i • • • ljLj-\{n, 1 ) = 0 , 
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(a) If ak>l, let a\ be a number such that l<ai<ak. Let Ni be 
chosen sufficiently large so that for n^Ni, lk(n) is defined and posi­
tive and 

AXT ( <N [/*{/*-l(/*-2[ ' ' ' / 2 { / l ( ^ 2 l 0 g ^ - l ) - l } • • • ] - l ) - l } 

( 3) 
— lkh-i • • ' hLi(n, l)—lklk_i • • • IJL^in, 1)— • • • —hh-iLk-2(n, 1) 

— hLk-i(n, l ) ]>« i . 

I t follows that 

log Rn > - + — [1 + £i(», D] + —— [1 + £,(», 1)] + • • • 
»2 «2h M2W2 

, , , + 27y
 1 . [l + £*-i(», l) ] 

(4) #2/i/2 • • • h-i 

Let 

+ "* [ 1 + ^ , 1 ) ] . 
^ 1 / 2 • • • h 

Af *(#, a ) = — H ——• -\ h • • • 
V

 r 2 Y272 ^ 2 / 2 / 2 
1 1 2 

1 + Zfc-i + h-ih-2 + * • * + h-i • * * h 

+ a 

**m • • • j u 

xHHl • • • /? 
1 2 A; 

where now /i = log #, and so on. Then (4) can be written 

(5) log Rn > Mk(n, ai). 

(b) If ak<l, let Œ2 be a positive number such that ak<0L2^\. Pro­
ceeding as in (a), we can show that for n greater than a suitably 
chosen number N2, 

(6) log Rn < Mk(n, ai). 

Consider the series 
00 / n - l °° \ 

( 7 ) ] C Un; a Un; a = e x p < — ] £ Z ) A f * ( * , tt) > , V > NU Nt-

For this series, rn' = exp { —]C*LnMfc(i, ce)}, i?n' =exp {Affc(», a ) } . I t 
is easily shown that the conditions of Brink's Theorem VI are satis-
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fied with R'(x) =exp {Mk(x, a)} and n^v. The test integral then has 
the form 

/
exp I — I I Mk(%, a)dxdx>dx = K I dx} 

v \ J v J x ) J v OChh • • ' h-lla
k 

where K is constant. This integral, and hence the series ^*=^»;a» 
converges for a > 1 and diverges for a ^ 1. We now apply the lemma 
to the series]j^Uww and XX^«;«-

In case (a), we set a==ai in series (7). 22r=^w;a, converges since 
cei>l. From (5), we have i£n>exp {Mk(n, ai)} =Rn, n^v. The condi­
tions of part 1 of the lemma are satisfied, and hence53£=„wn converges. 

In case (b), we set a = a2 in series (7). 22 "=„#„.«, diverges, and from 
(6), 

Rn < exp {Mk(n, a2)} = JR», n = v. 

Hence XX=^n diverges by part 2 of the lemma. 
The tests of Theorem 1 apply to series for which an explicit ex­

pression for Rn is known. The general term of such a series has the 

form un=Y[l=lY\l=Mm)-
Example 1. Consider the series 2 ^ 3 ^ , where 

( ^ ~ ) a + 0 log (m2) 
un = exp < - 2^ 2L, *(w) > , *(w) = - — — > 0 > 0. 

I j=2 m=i ) m2 log O 2) 

We have rw =exp { —2m-n0(w)} ; lim^,» rn = 1 since ]C£-a0(w) con­
verges for all values of a and fi;Rn = exp {0 (n)} ; log Rn=<t> (n) • We ap­
ply the first test of Theorem 1, 

a + 0 log (^2) 
lim w2 log Rn — lim = 0. 
w->oo w->oo l o g ( w 2 ) 

Thus the series converges for 0 > 1 and diverges for 0 < 1 , regardless 
of the value of a. For the case j3 = l, we apply the second test, 

fa + log O2) "1 a 
lim log n(w2 log Rn — \) — lim log ^ 1 = — > 
w->oo n_>oo L log (n2) J 2 

and the series converges for 0 = 1, ce>2, and diverges for 0 = 1, a<2. 
For the case 0 = 1, a = 2, we go on to the third limit test, 

lim log log n [log n(n2 log Rn — 1) — 1 ] = 0, 
n—>oo 

and the series diverges. 
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The tests of Theorem 1 are valid if log Rn is replaced by Rn — 1, the 
tests of the resulting sequence being in some cases more convenient 
to apply than those of Theorem 1. 

THEOREM 2. Let {un} be a sequence of positive terms with ratios 
rn = un+i/un, Rn = rn+i/rny such that l inu-» rn=l. If of the limits 

lim n2(Rn — 1) = b0, 
n—>oo 

lim log n[n2(Rn — 1) — l ] = b\y 
n—K» 

lim log log n{\og n[n2(Rn — 1) — l ] — l} = &2, 

bk is the first which is finite and different from 1, or the first to be posi­
tively or negatively infinite, the series ^n^v^n converges if &&>1 and 
diverges if bk<l. 

PROOF. Proceeding as in the proof of Theorem 1, we are led to the 
following inequalities : 

(a) If bk> 1, then for any number ft such that 1 <fii<bk, and for n 
greater than a suitably chosen number N{, 

(8) -Rn - 1 > M kin, ft). 

(b) If £&<!., then for any positive number ft such that &fc<ft^l, 
and for n greater than a suitably chosen number N{, 

(9) Rn - 1 < M kin, ft). 

In case (a), consider the series X X ^ n ' , 

ui' = exp J - £ £ [Mk(i, ft) - {Mk{h ft))2]} , v^N{. 

It can be shown that this series satisfies the conditions of Brink's 
Theorem VI with R"{x) =exp {Mk(x, ft) - (Mk(x, ft))2}. The test in­
tegral has the form 

I exp<— J I [Mk(x, ft) — (Mk(x, fii))2]dxdx> dx 

^ f e x p i - f f Mk(x,p1)dxdx+ \ f (Mk(x, pi))2dxdx\dx 
J y \ J y J x J y J x J 

= K' I exp< — I I Mk(x, fii)dxdx>dx, 
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where K' is a constant. Since ft > 1, the latter integral converges, and 
hence the series ^*=„wn" converges. From (8), 

Rn>l + Mk(n, ft), n^v. 

Hence if v is sufficiently large so that Mk(y, ft)<l, 

log Rn > log [1 + Mk(n, ft)] > Mk(n, ft) - (Mk(n, ft))2 = log R", 

fl ^ V, 

Rn>Rn', and the series23»„„wn of our theorem converges by part 1 of 
the lemma. 

In case (b), set a = ft in series (7), and take v = N£ and sufficiently 
large so that \RJ[ — 1 | < 1 for n^v. X^^nj/fy diverges since ft = l . 
From (9), we have 

Rn-1< Mk(n, ft) = log R^<Rn-l, n ^ v, 

Rn<Rn , and hence the series X)»-^* diverges by part 2 of the 
lemma. 

Example 2. Consider the series ^n«3#», un = IIfc=2lIm=fc(l — <x/tnP), 
( a > 0 , j8>l ) . Here 

m==n \ mP/ 1 — t 
y Rn — 1 — 

a/nP nP — 

Limn^oo rn — 1, since H ^ a C l —a/m^) converges. Applying the first test 
of Theorem 2, we find 

lim n2{Rn — 1) = lim n2-
n-*oo w-+oo w — a n$ — 

Thus the series converges when 1 <f3<2 and diverges when |3>2. If 
]8 = 2, the series converges for a > 1 and diverges for a < 1. If /5 = 2 and 
a = 1, we apply the second test of the sequence, 

lim log n [n2(Rn — 1) — 1 ] = lim log n n2 1 = 0 , 
n—>oo w—>oo L ™ — 1 J 

and hence the series diverges. 
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