METRIC SPACES WITH GEODESIC RICCI CURVES. II.
JACK LEVINE

1. Introduction. In this paper we give a partial classification of
four-dimensional metric spaces admitting geodesic Ricci curves. The
results of I* will be assumed known, along with the notations of that
paper.

We assume a given set of independent vectorst M., such that
¢;=0 (¢ not summed), so as to obtain geodesic curves, and impose
conditions (24), (25), (26) of I on the 6,. From I, (25) we see that if
urx=0 for any k, then by I, (24), we have (since |)\Z|| #0) Our/0x* =0,
or up=const. If, however, for any given k, uxx#0, then from I,
(25), ¢;;=0, for all 7 and j. This gives us a means of classifying the
spaces according to the number of us, which equal zero. For n=4
there are five cases, which, without loss of generality, we may take in
the form:

(A) pii = 0; (B) w11 = O; pas, mss, s # 0;
(C) w11 = paz = 0; uss, pas # 0; (D) w11 = paz = pgz = 0; pas # 0;
(E) pe = 0.

In the following discussion we consider cases (A), (B), and certain
special cases under (C). For these special cases we shall merely state
the results.

2. Cases (A) and (B). For case (A) we see from I, (25) that ¢},=0,
which implies that V,is a flat space.

We consider now case (B). Here u; and hence 0 is constant. From
I, (25) we have

2 3 4

1) ci; = Cij = ¢35 = 0.
If in I, (26) we make the substitution
4 0010 [
(2) Ciw = —;— Ciks

we obtain I, (23) in the barred quantities. We call this resulting equa-
tion I, (23/).

* Metric spaces with geodesic Ricci curves, 1, this Bulletin, vol. 44 (1938), pp. 145-
152. We refer to this paper as I, and the notation I, (23), for example, refers to its
equation (23).

1 All indices take the values 1, 2, 3, 4 unless otherwise noted.
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Since by (2), whenever cj; =0 the corresponding ¢, are also zero,
we may solve I, (23’) directly for the ¢’s, the normalized form of the
¢'s, without the necessity of first determining the 6’s. This process
will be made clearer in what follows.

By the use of (1) and (2), I, (23’) reduces to

1 1 11 1 1 — 1 — 1
(3)  Caslsa = 0, GasCas = 0, C39Ca2 = 0, Aulsa = 0, Aglss = 0.

We may thus take, for example, ¢33 =¢é5, =0, and there remains to
be determined ¢34, the only nonzero ¢.

A set of operators A, satisfying the relations

- — bk —
(4) (Aa; Ab) = Cablr,
where
— i 0
a = Ng| —
dxt

with all ¢%, =0 except ¢34, can be expressed in the form

- 9 — ] 9
4 —_— .
5) Ay = 6:)0"" Ay = A(a3, x%) —axl + -—ax“’ a=1,2 3;

whence &3, =04 /9x3.
From the last two equations of (3) and (5) we see that 3=k
=const. Hence 4 =kx*+4G(x%), and by the transformation

¥l = xt — dex‘, x'e = xe, a =234,

we can make G=0. As the canonical form for the A’s we have then
(dropping primes)

_ 9 _ ¢] J
A¢= 1] A4=kx3—+—: a=1,2,3,
ox dxl  9xt
where k#0.
To obtain the 6, we use
1 _ - ..
AJ‘,U.i = ;‘-A,’,U.,' = 0, or Aju; = 0, 7 ;éj.

7

This gives
00 = 0a(2%), a=2,34; 6 = const.

If we substitute these values for the 6; in I, (26) and use (2) to ob-
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tain ¢4, we will find that I, (26) are satisfied identically. Hence the
61, (1=2, 3, 4), are arbitrary functions of their respective arguments.
The forms of the \;; and g;; are given in the last section.

3. Case (C). In this case 6; and 6, are constant, and c¢§=cj=0.
Hence, by (2),

3 4
Cij = Cij = 0.

It is possible to find a coordinate system in which the A; assume the
canonical form

Z_é) Z_a K—X16+X26—|—a
YT et Tt am TN T M e T e T e
(6)
< 2 0 d
Ay = >\4|-—1+)\4|-5;c—2+-6—;
and from (4) we find
-1 =2 —1 —2

) A5i(234),  Ag(134),  Ay(234),  A(134),
where f(4j - - - k) means that f is a function of x¢, x7, - - - | x%.

For convenience we shall drop the bars on the A and ¢ and then use
the notations

1 1 1 2 2 2
a = C23, b = caa, C = C34, d = ¢, f = C14, 8§ = C34,
1 2 1 2
=N, B=DNnyp, v=NA\y, = Ay

Then from (4) and (7) we obtain,

o oy ED B

= e—— = — = —) = —
0x? dx? dxt dxt
1 % da dy da aé aB ) aB
He=g——O6—+———g=a0——y——+ — — —;

@ =B o Tow Tam T % T Yam T aat

a(234), b(234), c(1234), d(134), f(134), g(1234), «(234),
B(134), 7(234), 5(134).
Ifin I, (23’) we take for the indices bc the values 34, we obtain
af + bd + eres(ab + df) = (f + beies)(d + aerer) = 0.
Let us take
) d = — eeqa,
which, from (8), shows that d(34), ¢(34). The remaining five equa-
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tions of I, (23’) now have the following form, use being made of (6),
(9), and the equation Az =0 which follows from (6):

dc dc dc
(0 Vom T2 T o T T
a a a
(11) 7—5%—’_55%—]—55_4: — eeabc,
(12) ic—-!-ﬁ—--l—ic—-i-egeaﬁ--b—=ag,
dx? dx?
of
(13) — + ﬁ—— + + aes —— =~ eieadc,
(14) e1 (6 a—b + 6—b-> + e (’y —f + f> = eje9€30g.
ox?  Ox* dx!  Oxt

4. Subcases of (C). We shall consider several subcases under (C)
and divide these according as a =0 and a>#0:

(Cy) a = 0; (C2) e #0.

For (C 1), we have from (9), d=0, and by a change of coordinates
we can make a=8=0. If we then differentiate (10) and (11) with
respect to x! and «2, we find that

9% d%g

9x29x2

dxtoxt
This leads to the subcases under (C 1):

(C1.1) b=f=0; (C1.2)b0,f=0; (C1.3) b0, 0.

(15) f

bl

The results for these three subcases are as follows:

Case (C 1.1). From (14) we see that ¢ or g is zero. In either case
we have case (B) repeated.

Case (C 1.2). For this case we obtain the following two possible
solutions:

€162
kB, g1 = Bi, c1 = — 7 © 01 = Bia®, y1 = ¢a® + bia?,

I

(16) b,

(17) bz = kBgl, g2 = Bg, Ce = C, 52 = B2x3, Y2 = cx3 + ngﬁ,

where B; and B; are given by the relations
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x4 x4
By =k sin—k—+ kg COS 7; if ee3 =+ 1,
By = kie®*'® + koe=**'*, if eie5 = — 1, &, ki, ke const.
To obtain the 8; we proceed as in case (B) and find
1, 05 const. , 03 = 03(x%), 04 = 04(x%).

If we use (2) to obtain ck, cis, ¢, (unbarred) and substitute in I,
(26), these equations are satisfied identically; hence 6; and 6, are
arbitrary. The forms of N} and g;; for this case are given in the last
section.

Case (C 1.3). It can be shown that we must have b, ¢, f, g all func-
tions of x* only, and connected by the relations

(18) ¢ = —eeafg, g = — ewesbc, b + erf = escy.

If either ¢ or g is zero, then by (18) the other is also, and the
third equation of (18) shows that

esb + eif = ¢ = const.,

and
v = E(x*)x2, 8 = (t — exE)erx?,
with E(x*) arbitrary.
As for (C 1.2), 03(x?), 04(x*) are arbitrary.

If neither ¢ nor g is zero, we have (18) to determine b, ¢, f, g, none of
which is now zero. By eliminating b and f we obtain

(19) ei(g'/c) + es(c'/8)" = — escg.

We may take, for example, g as arbitrary, and then determine b, c,
f from (18) and (19).

Case (C 2). Here a0; whence follows d5£0. It can be shown that
we must have b0, f#0 also. We consider only the special case
(C 2.1) in which ¢ or g is zero, from which, by (10) or (11), it follows
that the other is also. The results for this case, (C 2.1), are:

a = a(x?, 29)x2, B = — ereaax', v = b(x ¥Hx2, & = — e1esdn?t,
d= — €162a, f = — 6162b,
and a and b are arbitrary subject to db/9x® =3da/dx.

5. Forms for the g;;. In this section we obtain the forms of the g;;
for the various cases previously considered. From
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¢ =3 en
h

we can easily obtain the g;;. The A} are the normalized form of the
Ricci congruence vectors and are obtained from A,=2.d/dx%. The
canonical forms of the A, have been used for each case. We now use
the bars on the N's and the ¢’s.

Case (A). This gives a flat space, and A =8, gi;=e:d;" .

Case (B). For this case ¢i, =k =const. (nonzero), and the rest of
the ¢’s are zero. We have also 61 =k, =const., a(x%), (=2, 3, 4). The
\e and gi; have, respectively, the following forms:

1 0 00 21 0 o — erka?
—i 0100 0 ee 0 0
oo 1ol TL o0 0 e 0

kx30 0 1 —ekx® 0 0 e(kx®)? 4 ey

Case (C). We obtain ¢, =¢;=0, 6y, 0, const., 05(x%), fa(x*).

Case (C 1). The forms of A} and g;; are the following:

10 00 €1 0 0 — ey
—3 0 1 0 O O €2 0 - 625
Aoy . %
0 010 0 0 e3 0
Y 6 0 1 — &y — 625 0 61‘)’2 + 6252 "l" €4

Case (C 1.1). This case is equivalent to case (B).

Case (C 1.2). In this case we have ¢y =% =¢1=0, 340,
v1 = cx® + (kycos x4/k — ko sin x*/k)x2,

81 = (ky sin x4/ k + kg cos x4/ k)3, eries = + 1,

Yo = cx’ + (k]élq/k - kze‘x“”“)x“’, Oy = (k;ex‘”‘ -+ kze"’“‘/")xa,

€163 = — 1,
1 . 1 €62
(Cea)1 = ki cos x*/k — ke sin x%/k, (Ga)1=¢c = — —
2 . 1 eiee
(€34)1 = k1 sin x%/k + ks cos x*/k, (Csa)e = ¢ = — P

s 2 .
(6‘24)2 = kie®tlk — k26—”4lk, (634)2 = kie®k 4+ koe z”k, k, kl, ks const.
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Case (C 1.3). We have Eé3=6-¥3=0, 6;;#0, 6%4#0. If 5;4'—“6-:4:0,
then
v = E(x%)a2, 8 = (t — exE)esn?,
b= c‘lu = E(x%), f= 0'214 = (¢ — esE)ey, E arbitrary, ¢ = const.

If ¢hyc2, %0, then éi, €1y, Caa, Cag are all functions of x% only, connected
by equations (18). One of the four functions can be arbitrary, and

v = éx3 + ba?, 8 = gad + fal.

Case (C 2). We have &;70, ¢l3>0, and the form of N} is given
by

R O =
S = O O

0 0
1 0
B 0
vy & 1
Case (C 2.1). For this case 5213, 5%3, 5214, 5?4#0, E;4=C_§4=0, and
the g;;1s given by
e 0 — e - ey
0 (2] - 62}3 - 825
— e — e e1@? -+ e+ e ey + €306
— ey — €0 ey + e,36 ery? + 0?2 + ey
a=a(3, )x?, B=—aedxl, v =b(x* ), 5= —eaebs!, 4 and b arbi-
trary subject to db/0x® =09d/dx*.
As stated in I all metric spaces with geodesic Ricci curves for =3
have been obtained. For # =4 or greater, this does not seem possible.
In this paper we have solved the simplest cases for #=4; cases (D)

and (E) and the remaining case of (C), in which none of @, b, ¢, d, f, g
are zero, have not been considered.
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