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A REMARK ON THE ODD SCHLICHT FUNCTIONS
BY M. S. ROBERTSON
Let (S) denote the class of analytic functions
(1) @) =24 a4+ -+ az"+ - -

regular and univalent or schlicht for |z| <1, and (U) the sub-
class of odd schlicht functions

) 8(s) = [f@)]V2 = 24 bet® + bsz® + -~ - .

If ¢(z) is real on the real axis, it has been shown® by ]J.
Dieudonné that for all »n

3) [ bonca| 4+ | bonir| =2, [ 0s] = 1.

This is not known to be true in the case where the coefficients
are complex except for n=1. For complex coefficients it is
knownt that

(4) [0s] =1, Iba|§e"2/3+*;' (> 1),
from which we could conclude only that

lbsl+|b5l§%+e-2/3 > 2).

It is the purpose of this paper to establish the inequality (3)

for n =2 for the case when the coefficients are complex numbers;
and to show further that

| bs] + | bs] <(Ibs|2+|b5[2>1/2

(5 = 5

2
(6) las| < 1+ b + |65

IA

IIA
IIA
w

* See J. Dieudonné, Annales de 'Ecole Normale Supérieure, vol. 48 (1931),
p. 318.

t See M. Fekete and G. Szegd, Journal of the J.ondon Mathematical So-
ciety, vol. 8 (1933), pp. 85-89.
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The inequality |as| <3 is well known,* but the second half of
the inequality (6) is new, as far as the author is aware.
Since

n
an = 2 bok—102 (n—k)+1, by =1,

k=1

we have by Schwarz’s inequality
@) I anl s Zl bar—1 IZ,
k=1

and in particular,
las| < 14|05 + ] bs[".

It is knownt that there exists an absolute constant 4 such
that |b2n+1] <A for all n. The conjecture of Paley and Little-
wood that 4 =1 was found to be false by the example of Fekete
and Szego, who demonstrated the existence of an odd function
univalent for |z| <1 for which |bs| =e=2/3+1/2>1. We wish to
point out that a weaker statement of the conjecture that
|b2,,+1| =1 might conceivably be true, namely, that

(8) 2|t S0,  bi=1.

k=1
If this weaker conjecture is correct, then by (7) the well known
conjecture of L. Bieberbach, Ianl <n, would also be true. To
substantiate the weaker conjecture (8), we shall demonstrate
here that (8) is true for n=23. It is already known to be true for
n=1,2by (4).

The method used is that of Fekete and Szegs,f who employ the
representation of the coefficients of (1) obtained by K. Lowner.§
Denoting a continuous function of absolute value unity by k(%),
we have the following representation which Léwner obtained
for the coefficients:

* See K. Lowner, Mathematische Annalen, vol. 89 (1923), pp. 103-121.

t See R. Paley and J. Littlewood, Journal of the London Mathematical
Society, vol. 7 (1932), pp. 167-169.

1 See M. Fekete and G. Szegd, loc. cit.

§ See K. Lowner, loc. cit.
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[*2

- 2f k(t)etdt,
1]

4[j;wk(t)e“dt]2— 2fowk2(t)e‘2‘dt,

asg ©
by = — = — f k(t)etdt,
2 0

po= 3[ f °°le(t)e—tdt]2 f wlﬂ(t)e“”lt
= — = — - al.
T2 8 2LJ, 0

Let
by = I b5| ¥ (Breal), by = l b3| eilath) (areal), k(t)e # = e¥®

as

where 6(¢) is real and continuous save for a finite number of
points. Then

© 2 ©
| bs| = q{{l:if e"‘~e""(”dt:| _f e‘“~e2“’(‘)dt}
2Jy 0
3 © 2 3 © 2
= —I:f et cos B(t)dt] - ——[f e~tsin O(t)dt]
2 0 2 0
* 1
- 2f e~2 cos? (¢)dt + —>
0 2
2 °° 2
| b3, = [f et cos {0(15) — a}dt]
0

+ [f:e—t sin {6(t) — a}dt:r.

Since the left-hand side of this equation is independent of «, we

have
[ s |2 = I:fowe—‘ cos B(t)dtT—l— [fow e~ sin B(t)dtir.

Let x denote the non-negative real root of the equation

1 o0
(x + _2_>e—2x = f e~ cos? 0(¢)dt.
0
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Then, by the theorem of Valiron-Landau,* we have

f et cos B(t)dt' < (x4 1)e=.
0

0
J,
0

It follows that | b5|*> + | b5|* < P(x), where

Let

-~

4 =A(x) =

sin G(t)dt' = 1.

P(x) [3(+1>H e 2(+1>2+1T
X)) =) — T — — —_ —— )2 N
2 v ¢ 2 v 2 ¢ 2

+ [(x + 1)22= + 42]
e—Z:c 1 3A2 2
3o
2 2 2
+ (x4 1)222 4 A2,
Cask 1. Suppose

= I:(3x2 +2x+1)

2 1
0=4%= ?[(sz + 2x 4 1)e 2 4 —3—:|

Then

—2z

2

P@) = [(3062 +224+1) +%] + (v + 22 e,

The maximum of the right-hand side of this inequality is 2 and
occurs for x =0. Hence in this case

| 6o " + | 5s]* = P(x) = 2.
CAsE 2. Suppose

2 1
—3—[(3x2 + 2¢ + 1)e 2 4 —3—] = 42

1
< 5 [Bx? 4+ 24 + 1)e2= + 1].

* See E. Landau, Mathematische Zeitschrift, vol. 30 (1929), pp. 608-634,
especially pp. 630-632.
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Since |b;|*<1, we have, within the range of A2 in this case,

e 1 347
|b3|2+|bs|2§P(x)é1+[(3x2+2x+1) ; +7—7]
1 — 3(3x2 4 2x + 1)e )2
§1+[ ]
6
< 2, (for all x = 0).

Cask 3. Suppose
1
5 [(322 + 22 4+ 1)e2e + 1] < 42 < 1.
Then

e-2:u 1 3A2 2
[bs[*+ | bs|* < P(x) < 1+[(3x2+2x+ 1)—2—+7—7]

<1+[<32+2 FPTEE 3]2
< ® —_———
= ? 2 202

2, (for all x = 0).

1A

Since these cases exhaust all those possible, we have
| s + ] 0s]" = 2,

and the equality sign occurs for the function z/(1 —ei*3?).
An application of Schwarz’s inequality gives also

lbsl2+lbalz)
2

1/2
= 2.

]bal+]b5|§2<
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