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ON A THEOREM OF PLESSNER*
BY NELSON DUNFORD

If f(¢) is a real-valued function of a real variable, periodic
with period 27 and of bounded variation, then f(¢) is absolutely
continuous provided v(%), the total variation of f(¢+%) —f(¢) on
any interval of length 2w, tends to zero with «. This theorem,
which is the converse of a well known theorem of Lebesgue,
has been proved by Plessner, and by Wiener and Young.?}
Ursell} has given some interesting results concerning the total
variation of f(¢4+u)—f(¢) for measurable functions f(¢), which
when combined with the above theorem show ( as he has pointed
out) that that theorem holds for measurable functions. The
papers referred to contain the essential ideas sufficient for a very
short proof of the general theorem. In fact, with two additional
lemmas which are given below, the proof as given by Plessner
holds in the general case.

By an admissible function will be meant one which is finite-
valued and periodic with period 2.

THEOREM 1. If f(8) is admissible and lim —o v(u) =0, then v(u)
15 continuous.

Let u1, u; be any real numbers and §;= (¢;_1, ¢;) be a partition
of the interval (—m, w). Then, if ¢/ =¢;+wu;, the intervals
8/ =(¢!/_1, t!) form a partition of (—m+u1, 7+u;) and§

8t + w4 w) — f(O)} = 8:{ (¢t + w) — F(0)}
+ 8/ {f(t + w) — (1)},

and so v(u1+us) Sv(u1) +v(us). This shows that v is finite every-
where; for if v(#) <K on (—a, a), then v(u) <2K on (—2a, 2a).

* Presented to the Society, April 20, 1935.

t Plessner, Eine Kennzeichnung der totalstetigen Funktionen, Journal fiir
Mathematik, vol. 160 (1929), pp. 26-32. Wiener and Young, The total variation
of g(x+h)—g(x), Transactions of this Society, vol. 35 (1933), pp. 327-340.

1 Ursell, On the total variation of f(t47)—f(¢), Proceedings of the London
Mathematical Society, (2), vol. 37 (1934), pp. 402-415.

§ If 6=1(a, b), by 8f(¢+u) is meant f(b+u) —f(a+u).
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From the above inequality it follows that |v(u) ——v(u1)|
<v(u—u1)+v(u1—u), which shows that v(%) is continuous.

LeMMA 1. If the function f(t) is admissible and measurable and
limy—o v(%) =0, then f(¢) is uniformly continuous.

If not, there exists a positive number v such that for every
a >0 there is an interval 6=(¢, ¢') in (—m, 7) with lt—t'| <a
and such that | Bf(t)l >+. There is an oy >0 such that v(u) <v/3
if [u| =ai. Let B be a positive number <a1/2 and <+v/2. Then
by the theorem of Lusin lf(t) —-f(t’)l <Bfor all ¢, ¢’ in the inter-
val I=(—2m, 2m) except those in a set E; with measure less
than 8, provided |¢—¢' ] is sufficiently small, say <a,. Fix an
interval 8= (¢, /) such that |t—¢#| <@, and |8f(#)| >v. Then
with this 8 and any « such that || e, we have

v/3 > o(u) 2 | 8{f¢t 4+ u) — FO} ]| >~ — | of¢t + w)|.

If there exists a # with |«| S such that t+u, #'+u are both
in I—Eg, then the above inequality gives the contradiction
v/3>v—B>v/2. To see that such a u exists define a one-to-
one correspondence between the intervals A= (¢t —ay, t+a;) and
A’ =(t’ —ay, t' +ai) by the equations x =¢+u,x'=¢'+u. [f Eisa
set in A, E’ will denote the corresponding set in A’. Now if no
such u exists Eg 2 EgA+(A— EgA)’ and so

ai/2 > 8 > m(Ep) 2 m[EsA + (A — EpA)']
2 [m(EA) + m(A — EpA)']/2 = ay,
which again is a contradiction.

THEOREM 2. If f(¢) s admissible and measurable and if also
limy—o v(u) =0, then f(t) is absolutely continuous.

The proof is entirely analogous to that of Plessner. By Lemma
1, f(¢) is summable and if s, (¢) is the first arithmetic mean of
its Fourier series, then

+
st @) =10 = [+ 0 = 50} Fawan,

where F,(u) is Fejér’s kernel; and thus the total variation



358 NELSON DUNFORD [June,

+r
Tls0@) — /01 S [ sPadn—0

by Fejér’s theorem, since v(#) is continuous and »(0) =0. For
€>0 there is an #o and a § >0 such that

Tls.l () — f0)] < /2, 2 |osal (0)] < ¢/2

for an arbitrary set {6@} of non-overlapping intervals with
| 8| < 8. Thus, for such a set of intervals,*

S| =] 6:{f) — sl O} |+ | 0ssal (8) ] < e

It might be pointed out that the theorem as stated is no less
general than the corresponding theorem where f(¢) is finite and
measurable on (¢, b) and v(u«) is the total variation of f(¢+u)
—f(¢) on (a,b—u).

The following example which is similar to one given by Ursell
is interesting in connection with Theorem 2. Let {x.} be a
Hamelt base with x; =, so that every real number is expressi-
ble uniquely as a finite linear combination of elements of {xa}
with rational coefficients. If t=rw=+ rix; and f(t) =r—t/=,
then f(¢) is admissible and additive, that is, f(¢+u) =f() +f(u),
and hence v(u) is identically zero. Theorem 2 shows that f(¢)
is not measurable and the example shows that the hypothesis
of measurability is essential in Theorem 2 as well as in Lemma 1.

BrowN UNIVERSITY

* My attention is called, by Hans Lewy, to the fact that the use of Fourier
series may be avoided by approximating to f(¢) by means of the absolutely
continuous functions (1/4) fof(t+u)du.

t Hamel, Basis aller Zahlen und der unstetigen Lisungen der funktional
Gleichungen F(x4y)=F(x)+ F(y), Mathematische Annalen, vol. 60 (1905),
p. 459.



