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ON THE NUMBER OF (¢+1)-SECANT S,.,'S OF A
CERTAIN Vg IN AN qu+q+k—1

BY B. C. WONG

In this note we are concerned only with those k-dimensional
non-developable varieties which are rational loci each of
ol (k—1)-spaces. By a rational locus of ©! (k—1)-spaces we
mean one whose (k—1)-spaces can be put in a one-to-one corre-
spondence with the points of a straight line. Let such a locus or
variety, Vi, of order # be given in an .S,. Now in S, there are
o0 ¢tr—atD) (g—1)-gspaces. For a (¢—1)-space to meet Vi ¢+1
times is equivalent to (¢+1)(r —g—k-+1) simple conditions. In
order that the number, N, of (¢—1)-spaces (g+1)-secant to
Vi, that is, having ¢-41 points of simple incidence with V2,
be finite, we must have (¢+1)(r—g¢—k+1)=¢q(r—g+1) or
r=qk+q-+k—1. It is our purpose to determine this number N
of (g+1)-secant S,—i's of Vi* in S pit gt

For this purpose we find it convenient to consider the V;* in
question as the projection of a Vi* in a higher space S,. This

¥» may always be regarded as the locus of «! (k—1)-spaces
joining corresponding points of k rational, projectively related
curves C™m, C™, - - - | C™ of respective orders #1, #ns, - + -, Hg,
where n1+#ns+ - - - +n,=n. The S, containing V" must be
such that? =n+k—1. If ¥ =n+k—1, Vi" is said to be normal
in S,ys-1. It is only necessary to consider this normal Vi/».

Let the %k curves be given parametrically by

Crt xoiwyl - v vty = fmigneln o 0]
Tnikl = Fnype = * = Xnpi—1 = 0;
C"3 x0=x1=~~-=xnl=0,
Knyb1s Enppas © 0t Epgmgpr = $regmeil o ]
Tnitnget2 = Xnptng43 = ° ° 0 = Xpgpk—1 = 07
Cme g = %1 =+ + = Fp_ppyr2 =0,

Fnemph—1* Knongphs * © S Xpppoy = EPRIEWTI .- 1L
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Then a general point of V)/» has the coordinates
ONTACTD NTACRR SRR H0 PYACHD VA it ENIIRD P+
ce o INREREINEETLD - TN
Now let ¢ take on g+1 values, say fy, &, - - -, 4, and we have

g-+1 points on Vy» determining an .S,. The parametric equa-
tions of this S, are, the parameters being the I's,

aq
Xn—njth—144), = An Z (litinh_ jh)’

=0
[h=1:2;""k;jh=1,2"":nh]'

If we now eliminate the #’s,I’s, and N’s from the above equa-
tions of .S, we obtain

%o X1 v Xn—g—1 Yngtl Xngte 0 Xngtng—g
X1 X2 C 0 Xn—g Xni+2 Xny+3 T Xnpbng—gtl
Xor1 Fot2 * * Xny Tnitat2 ¥nptat3 " Tnpdngtl
¢ Xp—nptk—1 Xn—nptk cr ot Xppk—g—2
: xn—nk+k Xn—np+k+1 C Xppk—g—1
= 0.
© Fn—nythta Fn—npthtetl T Vaph—1

These are the equations of a (¢k+g-+k)-dimensional variety
VH v oen of order M. This variety is the locus of the oo*(a+D
g-spaces each meeting Vi ¢+1 times. To determine M, notice
that the matrix in the left-hand member of the above equality
consists of #—gk columns and ¢+2 rows. Applying the rule
given by Salmon* for the determination of the order of a re-
stricted system of equations, we find that the order of VX, ., is

M=<"_qk).
g+1

Since Vigrtqrn 18 in Spti1, an Sp_gr—g—1 0f Sair—1 meets it in

* Modern Higher Algebra, 4th ed., Lesson 19.
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M points. Now let both V{* and Vs, be projected from
Sn—qb—q—1 upon an Sk The projection of the former is a
Vi’® and that of the latter is a system of o *(¢+1) g-gpaces. Each
of these g-spaces is (¢+1)-secant to V{'* and M of them pass
through a given point P. If we now project Vi '? from P upon an
S gkt g+h—1 Of Syt gk, We obtain for projection the Vi the num-
ber N of whose (¢+1)-secant (¢ —1)-spaces we wish to find. The
(g+1)-secant S,4's of Vi are the (¢—1)-spaces in which
Saitqri—1 intersects the (g+1)-secant S,’s of Vy’'® passing
through P. Hence the number N we are seeking is equal to M,

thatis,
n— qk
N=( 1 )
g+1

Thus, for k=1, we have a rational curve C* in Sy, having
(z51) (g+1)-secant S,i’s. If ¢g=1, we have the familiar case
of a rational plane curve of order # with (n—1)(n—2)/2 double
points. If ¢=2, we have the case which is also familiar of a
rational 4-space curve having (n—2)(n—3)(n—4)/6 trisecant
lines.

Let £=2 and we have a rational ruled surface F* of order
nin Sser with (3779 (¢+1)-secant S,1’s. Thus, a rational F»
in S, has (#—2)(n—3)/2 improper double points; an F* in S;
has (n—4)(n—5)(n—6)/6 trisecant lines.

If we put k=3 and then ¢=1, 2, 3, - - -, successively, we
find, by what precedes, that a rational planed variety Vi of
order # in Ss, Sio, Su,- - -, has, respectively, (n—3) (n—4)/2

improper double points, (#—6)(n—7)(n—8)/6 trisecant lines,
(n—9)(n—10)(n—11)(n—12) /24 quadrisecant planes, - - -
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